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PREFACE 


Tbxt-]|Ooes on the Differential and Integral Calculus for school- 
boys and univei^ity students fall into two maiQ classes; those 
which are based, implicitly or explicitly, dn geometrical intuition, 
and which overcome the difficulties in an elementary presentation 
of the fundamental theorems either by omission or falsification, 
and those which develop the subject rigorously on the basis of the 
Dedekind numb«: theory. The Dedekind theory, or an equivalent 
formulation, is suitable only for the mathematical specialist, and 
the student who seeks to acquire a knowledge of the Calculus for 
application in other fields is obliged to depend upon an account of 
the subject which leaves him the servant, and never the master, 
of a fundamental technique. " 

After considering this dilemma for many years, and after many 
fruitless attempts to reconcile the claims of these two methods, 

I came to the conclusion that the solution of the problem lay in 
a simplification of the Calculus itself. 

The simplified system, it is clear, must folfil two principal re-, 
quirements ; firstly, it must have the full technical power of the 
current system, i.e. must serve to find rates of change, areas, centres 
of gravity, and generally must in all its applications differ in no 
respect from the classical Calculus. AH ‘ ordinary ’ functions which 
are differentiable or integrable in the current system must be 
differentiable or integrable in the simplified system (and of course 
the results of these operations must be unchanged). Secondly, the 
system must be founded in ideas so simple tlmt they can be appre- 
ciated by any student with a School Certificate knowledge of 
arithmetic and algebra. 

It is believed that the ‘Uniform Calculus', in the mmn, fulfils 
both these lequirenients. No doubt, time andexperienoe will bring 
be light modifications^ or even drastically different methods d 
development, which accomplish the task far better; no one 
looks forward to that progress mme eagerly than the presmit 
author. 

The less the Unifism Calculus is found to divmge from Idie 
dasdcalj, in practice, the better will one pf its objeobi have been 
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accomplished. The student who already has some experience in 
ordinary differentiation and integration will be able to use this 
work without perceiving any difference at all ; the following obser- 
vations are directed, not to him, but to the expert. 

One of the more difficult, but essential, steps in the current de- 
velopment of the Calculus is the proof of the uniform continuity 
of a function which is continuous in a closed interval. The diffi- 
culty is of corurse obviated by taking uniform continuity as the 
primary attribute, and this procedure is practicable smce the 
familiar proofs of continuity of the elementary functic^ serve 
equally to prove uniform continuity. So, too, the simpleiro prooffi 
of a surprisingly large number of elementary theorems, ^.g. the 

X \ 

fundamental theorem J f'(t)dt = f(x)~f{a), and theorems pn the 

a 

inversion of the order of repeated differentiations, require a con- 
tinuous derivative, and it seems preferable to obtain this continuity 
as a consequence of uniform differentiabUiiy, rather than to postu- 
late continuity ad hoc. The proofs of the uniform differentiability 
of the elementary ffmctions are no more difficult than the proofs 
of their differentiability at a point. 

It is of course true that there are functions differentiable in 
the ordinary sense but not uniformly differentiable, but these 
may fairly be described as uncommon functions with which an 
elementary work is not concerned. A well-known instance of such 
a function is f{x) defined by the conditions 
/(O) = 0, /(a:) = x*sin(l/a:), 

this function is everywhere differentiable in the classical sense, 
with a derivative discontinuous at the origin, and therefore it is 
not uniformly differentiable in any interval which contains the 
origin. 

The ‘Uniform Calculus’ is not, however, a mere collection of 
those parts of the current theory which treat uniform processes ; 
for one thirrg what has hitherto been considered is far from forming 
a comprehensive system, and— what is more important— there is 
no indication in the current theory that a cii.1«^i1tib of uniform 
processes is susceptible of a more elementary foundaiim tbap the 
calculus of non-uniform processes. 

The restriction to uniformity (and other simplifications) 
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it possible, within the field covered by this work, to dispense' with 
such notions as sections and exact bounds, and with the classical 
foundation theorems like that of Heine-Borel on covering intervals, 
and thd^'Weierstrass theorem on the existence of a limit-point of a 
bounded set (or its weaker form which asserts the convergence of a 
monotonic bormded sequence). 

We have taken as our foundation-stone the notion of a conver- 
gent sequence of terminating decimals. Such a sequence is shown 
to determine, digit by digit, an endless decimal which is called the 
limit of the sequence. In the first chapter this idea is developed 
in a purely practical manner, emphasis being laid on the numerical 
determination of the limit in actual cases ; the formal proof of the 
existence of the limit is given in the Appendix. The next step is to 
show that no new difficulty arises when the terms of the convergdht 
sequence are themselves endless decimals, and this result is equi- 
valent to Dedekind’s theorem. A somewhat similar treatment of 
convergence is to be found in Baire’s famous paper ‘Functions 
discontinues’, Cdl. Bord, 1905, and Acta Math., 1908, though the 
order of procedure is reversed and our defining properties are 
there derived from the classical formulation. 

The standard functions like e^, sin a;, cosx are defined by their 
expansions. The power series is a natural extension of the poly- 
nomial, and the step from polynomial to power series presents no 
difficulty to the student who has seen the development of the 
number concept from terminating to endless decimal. The simplest 
power series from this point of view are the geometric serira, and the 
series which can be derived from it by differentiation and int^ra- 
tion. The exponential series is then introduced as the series which 
is unchanged by differentiation ; taking the odd and even powers 
of the exponential series separately we meet the hyperbolic frmo- 
tions, and then, alternating the signs, we reach the circular func- 
tions. By these 8te{|s the fundamental series arise in a natural 
manner and the beginner is not left to wonder why just these 
series are studied in detail ; the periodicity of the circular functions 
must however appear as a remarkable and unexpected consequence 
(ff the addition theorems. The only natural definitions of the 
rirenlmr funoticms which make the periodicity immediately 
apparent (apart from the trivifd one in which an invorse cfrcular 
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function is defined for a certain range, as for instan^ 

integral, and then exkM beyond this ran^ by ^ulatmg 

periodicity) are either by the expansion m partial fractions 


or by the expression of sin* as an endless product xjj (1 x^jnht*), 

but these definitions do not lend themselves to a simple develop- 


One point of notation requires special mention. The notion of a 
decimal zero to n places of decimals, i.e. a number of absolute value 
less tbnn 1/10*, is required so frequently that a siiecific notation is 
used for it ; we have denoted by 0(n) any decimal which commences 
with a sequence of n zeros, and have expressed the fact that a 
particular decimal x is of this form by the equation x — 0{n). This 
notation was reluctantly adopted only after long and careful con- 
sideration, its main drawback being of course that the similar sign 
‘o(n) * has already a well-established usage in the theory of orders of 
magnitude. This theory has no part in the present work so there 
is no immediate danger of confusion, but it would certainly have 
been preferable to avoid it if possible. Unfortunately no other 
notation, invented for the purpose, served as well or suggested the 
desired idea so forcibly as the one adopted. The abbreviation 
‘if){n) = 0(r), n > w/, standing for '<f>{n) — 0(r) for any n not less 
than Tif’ (the term ‘any’ has the universal not the existential 
connotation, throughout the book) is used extensively and is inlro- 
dnced quite early in the first chapter. 

There are no diagrams in this book. All the propositions and 
proof processes are purely algebraic, even thcmgh the language of 
geometry is occasionally used as a more vivid form of expression, 
for instance when we talk of a number between a and 6 as a point 
in the interval (a, b), or of the tangent to a cum, or the ares con- 
tained by a curve. The reader may find it helpful to translate this 
geometrical language into rough sketches, for m graph may serve 
in analysis as illustration, provided illustration is not mistake i c for 
demonstration. But a diagram in the text catches the eye and 
tends to bring into play an oft-misleading geometri(»l intuition, 
b^ore there has been time to follow the argument, with a oon» 
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sequent failure to see the need for a detailed analysis of what is 
deemed self-evident in the picture. 

The |ext of the book covers the Calculus Syllabus for the Gleneral 
Honours degree of London and the provincial universities, and the 
London special degree. The first eleven chapters contain all that 
is needed of the Calculus for the ordinary and advanced papers in 
the Higher School Certificate examination. The order of chapters 
may be varied slightly to suit individual requirements. For instance 
Chapter XI, on differential equations, may be taken before 
Chapter X, which deals with area and arc-length and curvature 
in a plane. A number of theorems have been marked with an 
asterisk, and these may be omitted at a first reading. 

In addition to the ‘drill’ examples there are over four hundred 
harder examples, with complete solutions. The solved examples 
arc of various types. Some play an integral part in the develop- 
ment of the book, and should be regarded as additions to the 
chapter whose number they bear. Others indicate alternative 
lines of development, or generalizations and extensions, of the 
theorems in the text ; the majority of the examples, however, are 
exercises in the technique of the Calculus. 

In the preparation of this book most of the standard works on 
Analysis were consulted on one point or another, and although 
almost every demonstration has some element of novelty in it, the 
debt owed to these works is a great one. To Professor £. H. Neville 
my warmest thanks are due for many valuable suggestions, and for 
his generous and unstinted help in correcting the proofs. 1 should 
like to express also my gratitude to the Delegates and Staff of the 
Clarendon Press, and my pleasure in the excellence of their work. 

I am indebted, above aU, to Professor T. A. A. Broadbent, who 
read the manuscript and criticized the text down to the smallest 
detail. From the choice of words to the order of devebpment, 
every aspect pf the book has benefited firom his pmmtrating obser* 
irations and helpful suggestions, and I welcome this c^portunity 
to thank him and lo acknowledge how much I owe both to his kind- 
ness and to ids judgement, knowledge, and experience. 

The ‘Uniform Calculus* is not an attempt to solve philosophical 
problems in the foundations of mathematics. The selective modi- 
fioatipns whidi have been made are made solely with a view to 
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simplifying the technique, not to meetiiie well-known philoso- 
phical objections to the current system. Though no use is made of 
proof by reductio ad absnrdum^ the Uniform Calculus is nevertheless 
not strictly finitist, for many of t^e arguments are based upon 
undecidable disjunctions ; for instancy the proof of the fundamental 
theorem on the determination of the limit of a convergent sequence, 
and the proof that a continuous function which takes both positive 
and negative values takes also the value zero (though the proof is 
finitist if the function is rational). As far as possible, however, 
the emphasis has been placed on practicable construction!^, and in 
this respect at least the present approach may be philosophically 
preferable to the Dedekind-Russell formulation. \ 

R. h. G. 


THE UNIVBESITY, 
nSADINa 
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I 

SEQUENCE AND SERIES 

THE DECIMAL NOTATION. LIMIT OF A CONVERGENT 
SEQUENCE. PROPERTIES OF POWER SF.RTFH 

In elementary arithmetic we meet several lands of numbers, the 
natural numbers we use for counting, the fractions which record 
a selection from a total, like 6 out of 8, and the positive and 
negative integers which record increase and demease. The natural 
numbers alone, however, are fundamental, for all calculationli with 
fractions or integers are based upon calculations with natural 
numbers. For example, to find the product of two fractions we 
multiply the natural numbers which are the numerators and 
denominators of the fractions, and to find the sum of two positive 
integers, like +2 and -}-3, we add the natural numbers 2 and 3. 
The familiar numerals 2 to 9 are, of course, only abbreviations for 
the natural numbers ‘one and one’, ‘one and one and one’, and 
so on, and such numerals as 10, 26, or 173 are also abbreviationB, 
but in a different way, for these are numerals in a scale notation 
in which the digits represent so many units, tens, hundreds, etc., 
according to their position from right to left. 

The expression of numbers in a scale serves to facilitate calcula- 
tion; to add or multiply in the scale of ten, for instance, we need 
but tabulate the sums and products of any two of tiie digits one 
to nine, and in the scale of two only the two results 1-1-1 = 10, 
1x1 = 1 are needed. The smaller the scale the smaller the addi- 
tion and multiplication tables, but this advantage of a small scale 
is offset by its failure to represent large numbers by means of 
comparatively few digits; for example, in the scede of two the 
number ninety-nine is a number of seven digits whereas in the 
scale of ten it has but two. 

The convenience of a scale notation was extended to fractions 
by the introduction of the decimal fraction, which marks one of 
the great steps in the development of mathematics. A decimal 
fraction (or, shortly, a decimal) records a selection from a total 
by means'of single number, like <702, the dot smrving to distinguish 
•702 from 702 and the number of digits alone showing that the 
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seleoiaon is made from a total of 10* (the scale number 10 being 

taken for granted). 

The decimal representation of fractions is, however, not quite 
as simple as this suggests. A fraction like J is not represented by 
any terminating decimal, since there is a remainder unity when 3 
is divided into any power of 10; to express the fact that the 
remainder recurs we write a dot over the partial quotient, so that 
J is represented by ’3. *3 does not stand for any of the terminating 
decimals *3, -33, *333, etc., but is a new number sign. We niight 
say that the sign *3 stands for the endless decimal each of wbose 
digits is a three. 

Although we first meet examples of endless decimals in attempt- 
ing to find a decimal representation for certain fractions, it has 
long been known that there are endless decimals which do not 
represent any fraction so that, in general, an endless decimal is 
a new kind of number; for example, the endless decimal which 
arises from the familiar process of extracting the square root of 2 
is not the decimal representation of any fraction, for (in a sense of 
which we shall have more to say shortly) the square of this endless 
decimal has the value 2 whereas it can quite easily be shown that 
the square of any fraction p/y differs from 2 by at least 1/g*. 

Since an endless decimal consists of an endless succession of 
digits we are obliged to identify it by a description or a name; 
we have already met instances of this, such as the specification 
of the endless decimal, each digit of which is a 3, by the sign -3, 
and another familiar example is afforded by the endless decimal 
which expresses the number of radians in an angle of 180° and 
which is known as V’. In addition to specific endless decimals, 
named and identified, we can consider the general idea of a decimal 
as an endless succession of digits. 

The step from the terminating to the endless decimal is the step 
from Arithmetic to the Calculus. The arithmetical operations 
with endless decimals are of an essentially different character 
frt>m the operations with natmral numbers or terminating decimals. 
In elementary arithmetic, if we wished to multiply the midless 
decimals *3 and *3 we should multiply the fractions I and | which 
these endless decimals represent and should call *3, which repre- 
sents {, the product of the dedmals. Since, however, as we have 
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observed, there aro endless decimals which do not represmit frac- 
tions, this method of multiplying endless decimals is not generally 
applicable. If we consider in turn the products -Sx-e = *18, 
•33 X -66 = -#178, -333 X -666 s= -221778, -3333 X *6666 = -22217778 
we perceive that, step by step, we are constructing the decimal 
•2222... . We should have little difficulty in convincing ourselves 
that the more 3’s and 6’s in the multiplier and multiplicand the 
longer will be the run of 2’s in the product, i.e. the more (^ts, 
of the product will become fixed. From the second product 
onwards the first digit is a 2, from the third product onwards the 
second digit also attains its final value, and so on. But if we seek 
to prove that this is so, we cannot look for the proof in the products 
themselves, for however many multiplications we carry out there 
will always remain multipliers and multiplicands with more digits 
and so, for aught we have shown, we might reach products which 
do not commence with a run of 2’s. That the successive digits of 
the products do in fact gradually settle down is proved by showing 
that every product lies between certain values. Since each of the 
numbers -3, -33, -333,... is greater than its predecessor, and so, too, 

each of the numbers -6, -66, -666 therefore each of the products 

•3x-3, •33X-66, -333 X -666,... is greater than its predecessor; 
moreover, if we choose any of the numbers, say -333, and add 1 
to its final digit, we obtain a number, -334 in fact, which is greater 
than any of the decimals whose digits are all 3’s, and similarly -667 
is greater than any decimal whose digits are all 6’s, so that each 
of the products -3 X -6, -33 X -66, -333 x -666, -3333 X -6666,... is less 
than -334 X -667. Thus each of the products, from the third on- 
wards, lies between -333 x -666 = •221778and-334x-667 = -222778 
and so each product necessarily commences with the digits -22. 
In this way we can determine properties of a succession of products 
without carrying out the actual multiplications. 

If we denote the numbers -3, -33, -333,... by %, a,, a,,... and the 
numbers -6, -66, -666,... by b^, 6b, 6j,... we may exhibit the proof 
that the digits of the products a-^bi, a^bg, a^b^,... settle down, in 
a more general light. Since each decimal is formed by adding 
a digit to the precedii^ a„, it foUows that for any p the number 
On commences with n zeros and accordingly 

®«+p~®n ^ 1/10**; 
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bsquencb and series 
•333333— -33 = -003333 < *01. 


and therefore 




< (o„+l/10»)(6„+l/10“) 

= an6»+K4-6n)/10»+l/10*>*. 


I'urfchermore, for any n, < *4 and < -7 and so 

< ( 11 / 10 + 1 / 10 «)/ 10 » < 2 / 10 » < 1 / 10 -^ 

This shows that (unless the (n— l)th digit of the pr^uct o,6n 
a 9) the product Om+pfen+u same first n 2 digits as 

j],g. if 71 = 4, since 04^4 = -22217778, therefore f^p-t-tbp+t, for any 
p, lies between -22217778 and -22317778, i.e. all the products 
®n^»> after the fomth, commence with -22. 

The property of the sequences Oj, Uj, 03,..., b ^, 63. 63,..., and 
0361, O362, 0363,..., which can be deduced from the inequalities 
< 1/10™,6„+3,-6„ < 1/10“, and a„+p6„+p-a„6„ < l/10“-^ 
that in each sequence the difference between the wth term and any 
succeeding term can be made as small as we please by choosing n 
sufficiently great, is called convergence. Convergence is a sequence- 
property of fundamental importance in the calculus and we shall 
now define it formally. 


1. Definition of convergence 

A sequence of terminating decimals v,^, u,,... is said to be 
convergent if we can find a sequence n^, n^, such that for 
any r and N > the positive value of the difference between 
Uff and Un, is less than IjW. 

1.01. In less formal language: The sequence Oj, ttg, it,,... is con- 
vergent if we can make the difference between the term n-nrf 
any tenn which follows it less than any chosen number by a 
suitable choice of the value of n. In general the requisite v^ue 
of n will depend upon the desired difference between and its 
successors, though of course if from some term onwards the terms 
of the sequence are all equal the convergence condition is sati^Sd 
for a single value of n, no matter how small the required difference 
between it„ and its successors may be. 
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Examflb. The sequence whose nth term is (Vn— l)/‘s% is con* 
▼ergent, because, for N > n, 

(V^— 1)/VJV’— (Vn— 1)/Vn = 1/Vn— l/V^ < 1/Vn, 
and so, if n, = 10*^, then 

(Vy— 1)/^^— (Vn,--1)/Vn, < l/l(y 
for any N not less than n,. 

1.02. The decimal notation admits a certain ambiguity, since the 
two expressions *6, l-O represent the same number; that this is 
the case follows from the fact that if we divide unity into 1*0 we 
may write the result either as l-O or as *9 with remainder 1, which 
gives rise to the quotient -9. Accordingly, if o„ < 9, the expres- 
sions a(,’aia 2 ...a^d and oJ^ = o,„+I, represent 

the same number, for if' we multiply the first by lO™ we obtain 
l(H"ao-f-aiOj...o„,'9 which equals which is 

10®* times the second. 

1.1. The limit of a convergent sequence of terminating 

decimals 

All numbers which differ from some terminating decimal a by 
less than 1/10®+' have, in general, the same whole part and first 
n decimal figures as a itself; for instance all the numbers which 
differ from 13'27826 by less than 1/10* lie between 13’2781 and 
13*2783, and so all commence with the digits 13*278, and 13*278 
has the same whole part and first three digits as 13*27825. 

Thus if is a convergent sequence, so that for a certain n^, 
and n > 71,., all differ from by less than I/IO**, then all 
(n ^ n,) have the same whole part and first r— 1 decimal 
figiues as 8^ itself. Let be the whole part of so that is 
also the whole part of ^ ^ ™ particular tl^e 

whole part of s,,, (since n, > n^). Hence if is the first decuncd 
figure of 8^, then has the same whole part and firat demmal 
figure as and therefore the same whole part and first dedmal 
figure as all after and in particular the same as Where- 
fore if 2| is the second decimal figure of then ^ 

same whole part and first two dedmal figures as and therefore 
the same as fior all n after n,, and so on. Accordingly if 2|, is 
the |>th decimal figure of then the endless dedmal 2o*it^..ip... 
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has the same whole part and first p decimal figures as all from 

^np+i onwards. 

The decimal constructed in this way is called the limit 

of the convergent sequence and 8^ is said to tend to 1. To 
determine the limit to p decimal places we simply delete all the 
figures in after the pth decimal place. 

By construction, the limit of a convergent sequence is an 
endless decimal which has as many digits as we please in common 
with all 8^ from some suitable value of n onwards. 

If I is the limit of we write for short ‘lims^ == V or T.j 

The expression ‘lim == V is read ‘the limit of is V, and 
as tends to l\ 

A difi&cidty may arise if the (p+i)th digit of is a zero or 
a nine, since in this case the pth. digit of an after msbj not 
be the same as the pth digit of For instance -370004 and 

•369997 differ by less than 1/10® but have different figures in the 
second, third, and fourth decimal places. 

It follows that it may happen, exceptionally, that when we 
choose the whole part and first p decimal figures of taking 
p == 0, 1, 2,... in turn, instead of obtaining a succession of the form 

h'hy h‘h h'h h j numbers we obtain may alternate like 
2, 1-9, 2-00, 1-999, 2-000, .... 

Here the digits do not follow on, but none the less the successive 
terms have more and more figures in common with the number 2 
expressed in one or other of the possible forms 2-6 or 1-6. In such 
a case we call 2 the limit and observe that we can still say the 
limit has as many digits in common with as we please provided 
we admit the dual' representation of the limit as 2-0 and as 1-6. 

Examples. I, Thesequence-6, -42, -415, -4142, *41416, -414142,... 
in which the (2n)th term is the decimal (with 2n digits) -4141. ..4142, 
and the i2n+ l)th term is the decimal (with 2n+ 1 digits) -4141. ..415, 
is convergent, with limit *41 == *414141..., which has the same first 
digit as all the terms after the second, the same first and second 
digits as aU the terms after the third, and so on. 

2. The sequence *3, *191, -21, *1991, *201, *19991, -2001, *199991, 
•20001,... in which the (2n)th term is the decimal (with n nines) 
•199...991, and the (2n+ l)th term is the decimal (with n— 1 zeros) 
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*200.. .001, is oonveigeiit, with limit *2 = * 16 ; the even tenns, from 
the (2n)th onwards, have the same first n+1 digits as the limit, 
in the representation *10, and from the (2n+l)th onwards, the 
odd terms have tile same first n digits as the limit, in the repre- 
sentation *20. 

3. Prove that the sequence 

Sj =1, ^2 ~ 

«4 = « 8 + 1 / 3 ®> — . ®n+l = *»+ ••• 

is convergent, and evaluate the limit to three places of decimals. 
We prove first that 



These inequalities hold with n = 1, by definition; if they are true 
for n — k, then since 

^r+fc+l “ (®r+fc+l ^f+fc)“l"{*r+k ®r) 

we have 

0 < < (Tqrlys +^(2 -;ii) 

so that the inequalities hold also for n = i-fl, wherefore, by 
induction, they are true for all values of n. 

It follows that 

0 < < 2/r' < l/r'-i (r > 2), 

and so, changing r into r+l, 

0 < < IJir+iy < IIW {N > r+l > 10), 

which proves that the sequence «„ is convergent. 

We readily calculate 

«a = 2, s, = 2*26, s* = 2*287037..., 

«B == 2*290943..., «, = 2*291263... . 

Since 0 < < 2/6« < 1/10* (» > 6), 

therefore all after s, lie between 2*291263... and 2*291363... 
so that 8^ — 2*291 to three places of decimals, for all n > 6, 
whence lirns^ = 2*291 to three places of decimals. 
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1.2. ]ji simple oases it is possible to estimate the' limit of a 
sequence, by inspection, before proving that the sequence is con- 
vergent. Suppose that for some sequence a^, s,,... tpe find a 
number I, and a aequence n^, such that 

|i-«J < IIW 

for aU n not Uaa than then the sequence 8„ is convergent and 
Iims„ = 1. For 

< l^-Snl + l^-Vl < 2/10' < l/lO'-l 

(n > »,), 

which proves that is convergent. 

If 2 is a terminating decimal, 

(Up > 0, 6p = Ojp-1), 

then, when n > »p^, since |Z— s„| < l/10*’+e, all lie between 
®o'®i®2-..®j>-i6p99...9, with q nines, and OoOi®2" 0,)00...01, with 
g— 1 zeros, and therefore s„ has the same whole part and first 
p-f-g— 1 decimal figures as I (in one or other decimal representa- 
tion) ; thus I is the limit of 8„. And if 2 is a non-terminating decimal 
Oo'Ci Ug..., then we can determine M as great as we please such that 
Oj^ is not zero. If Oj, = 9 we can find > JIf such that <9 
(since 2 does not terminate with a recurrence of nines), and if 
®^ < 9 we take AT = if ; but |2-s„l < i/io-v {n ^ n,,), and so 
all «„ (» > %) have the same whole part and first if-1 digits 

£tS I, 

This shows that 2 is the limit of the sequence. 

'EhcAMFLBS. 1. Since 


l(»+l)/»— 1| = l/« < 1/IOr (n > l(y), 
it fiiUows that 1 is the limit of the sequence 

2/1. 3/2. 4/3 (n+l)Jn, ... 

and the sequence is convergent. 

if 'ritt limit t«D, 

Bmit unity if i = j ; if t > 1 
-1 sequence is not convergent 
We distinguish the following cases: 

{i)*-0. Here 4 » = 0forallnand8o]imifc*=0 

C = 1. = 1 for aU n and therefore limi« « 1 
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(ii) 0 < fc < 1. Write I = IJk, so that I > 1 and let o = I— 1 > 0. 
Then 1* = (l+o)* > no [since (I+o)* is the sum of positiye 

terms ljrl-no+| 2 j®*+—» alternatively by induction, prov- 
ing (l-fo)" > 1-fno by means of the inequalitiies 
(l-l-o)(l-l-no) = 1+na+a+a* > l-f(n-i-l)a], 
and so if n ^ l(fja it follows that Z* > 10^. Hence h* < I/IV 
provided that n > Ky/o, which proves that limfc" = 0. 

(iii) —1 < fc < 0. Then 0 < 1A| < 1 and so |fc|“ < IjW by 
(ii), whence |1:*| < 1/10^ and so hm/fc’* = 0. 

(iv) A: > 1, Let a = k—1, so that i** = (l-f®)** > po > 2, 
provided p > 2/a. Thus k”+^—k” = k”{kP—l) > 1, for any 
n whatsoever, provided p > 2/a, and therefore the sequence 
jfc" is not convergent. 

(v) A: < — -1. Here lA:] > 1 and so 

|A;n+2p_Jfcn| ^ |fe|njjfc2P_l| = | jfc|» j| jfc|«P_ 1 1 > 1, 

provided p > 1/a, and therefore the sequence A:* is not 
convergent. 

(vi) k == —1. Since |A;'*+^— A:“| — |il*|“jA:— Ij = 2, therefore A:* 
is not convergent. 

It may assist the reader to follow the proofs we have given that 
certain sequences are not convergent if we formulate the negation 
of the convergence property in detail. A sequence is »oZ con- 
vergent if we can find a (fixed) k and a sequence Pr>r such that, 
for any r, 

^ 1/10*. 

In less formal language: is not convergent if any a, is followed 
by some a„ which differs from it by more thmi a certain positive 
quantity. The value of A; in the inequality la,,— a,) ^ 1/10* is 
constant and the inequality must hold for this i^ed k whatever 
value r may take. Furthermore there may be more them one value 
of Pf (for each r) for which the inequality holds, but it is sufficient 
if there is a dngh value of p, (for each r) for which the inequality 
is known to be satisfied. 

Consider in turn the oases (iv), (v), and (vi) above. In (iv) we 
showed that, for any », k* differed from any following As**** by 
more than unity, whereas in (v) what we proved was that every 
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differed from certain foflowing tenne, namely the terms fc**-*^, 
by more thsm unity. In (vi) we were satisfied to prove that each 
ifc" differed from the single term which follows it by as much as 2. 

To prove convergence we must show that the difference between 
8^ every s^ after it is less than I/IO'; lack of convergence 
requires only that each s„ differs from some one subsequent term 
by more than fixed amount. The negative of convergence is 
generally called divergence. 

1.3. Notation 

We shall have such frequent occasion to consider numbers whose • 
positive value is less than some power of 1/10, that we shall denote 
such numbers by a special abbreviation. We shall write 0(r) for 
any number which is zero to r places of decimals, i.e. for any 
number whose positive value is less than 1/10''. The equation 

= 0{ry, which may be read as ‘a; is 0 to f places’, is the equiva- 
lent of ‘|a:| < I/IO'*. 

Since the sum or difference of any two numbers which are zero 
to at least r places is zero to at least r — 1 places, we write 
0{r)-f 0(«) = 0(r— 1), where » > r, 
and since the product of a number less than I/IC with a number 
less than 1/10* is less than 1/10'+* we write 0(r).0(e) = 0{r-|-s). 
If rj, rg,..., are all not less than r, and if n < 10, then 

l/10'*-|-l/10'*-f-...-fl/10'- < n/W ^ 10/10' = 1/10'-^ 
and therefore, provided n < 10, 

0{ri)-f0(rg)-t-...-(-0(r„) = O(r-l). 

In this notation the condition that a sequence %, Ug, Ug,... is 
convergent is expressed by: 

for N > Uff—u^ = 0(r) or Uj, = u^^0{r), 
and the condition that I is the hmit of the sequence is: 

for n ^ = Z-)-O(r). 

Observe that if a — b = 0(r) then 6 — a = 0(r), since each equation 
says that |o— 6| < 1/10'. 

Whether a; is a terminating or endless decimal we denote the 
decimal formed by the whole part and first r decimal digits of x 

(®)r- Thus X = 0(r) and (a:), = 0 say the same thing. For any 
decimal x, x~{x\ commences with r zeros and so *—(«), = 0{r). 
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The condition that a sequence a„ is convergent takes the simple 
form: 

for all f, (ttn— «n,)f = 0 in>n,); 
and the relation between a convergent sequence a„ and its limit I is 
(Z), = (o„), for all r and n > 

Note that if p > r then {(x)p)f = (x\, and if x is a terminating 
decimal of less than r-f 1 decimal digits, then {x\ — x. 

1.31. In order to prove, for some Z7„, that 

Z7„ = 0(r) for all n ^ »{r) 
it is sufiBcient to prove 

= j40(r) for all n ^ v(r) 

provided that, when the expression A depends upon n or r, there" 
is a constant K such that |il| < for any n and r, i.e. provided 
that A is bouTtded. For if p is chosen so that 10** > K and if 
n > i'(p+r), then 

\UJ < !^|/io»-w< I/Iiy, 
and so, taking n(r) = v{'p-{-r), we have 

— 0(r) for n > n(r). 

1.4. Sums and products of convergent sequences of termi- 
nating decimals 

1 .41 . If the sequences a„ and Z)„ are convergent then the sequence 
is convergent. 

For we can find jw, and n, so that for Jif > m, and N > 

Let A, denote the greater of the two numbers m^, n^, and there- 
fore, if ife ^ A,, 

(®fc+Z>*)— (aA,+Z»A,) = 

= 0(r)H-0(r)4-0(r)-f-0{r) 

= O(r-l). 

Thus the sequence is convergent. 

1.411. Taku^ —b^ for 6^ we see also that a^~b^ is convergent. 
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1.42. We show next that the sequence is convergent. 
Choosing A, as above we find 

= OA,6;>,+{oA,+6A,+0(r-l)}0(r-l). 
Now for any m > and any » > 

®TO = ®mi+0{l)> = ®»n+0(l) 

and so if we choose p so that |a„J and |a„J are both less than p, 
it follows that for any m greater than both and we have 

I«ml<i>+1 a»d |6„| <1)+1 s 

and therefore |a^+6„+0(r— 1)| < 2|)+3, \ 

and so the sequence is convergent (by 1.31). 

1.43. We can also show that l/a„ is convergent, provided that 
for some fixed q > 0, |a„| > gr for all n. 

For |l/ojv-l/o„| = |o„-Ojvl/|a»llOjvl < ^|a«-Ojvl 

and |ojv— o„| = 0(r) for i\r > » and a suitable value of n. 

1.431. From 1.42 and 1.43 we deduce the convergence of the 
sequence bja^, provided [o„| >q for some fixed g > 0, and all n. 

1.44. Arithmetical operations with endless decimals 

D^nition of sum and product of endless decimals. If a„ and 
are the values to n decimal places of two endless decimals a and 
then since Ufj—an and 6^— are both less than 1/10", and 
are convergent and therefore, by 1.41, a„+6„ is convergent. Let 
s be the limit of the sequence o„+6„; then we define « to be the 
sum of the endless decimals a and j3. In the notation of § 1.3, 
ot+j8 = lim{(a)„+ (/3)„}. If d is the limit of the convergent sequence 
®n~^« define d to be the difference of a and /5, i.e. 

= lim{(a)„-(^)„}. 

Furthermore, if p is the limit of the convergent sequence and 

q the limit of o„/6„ (supposing that |6„| > A > 0 for all »), then p 
and q are defined to be product and quotient respectively of the 
endless dedmals a. and jS, i.e. 

Q^ = lim(a)„.(^)„ and a/j3 = lim(at) J(jS),j. 

1.441. A sequence of endless decimals s^, s^, a,,... is said to be 
convergent if = 0(r), n > 
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This definition is the same as for a sequence of terminating 
decimals; observe, however, the convei^enoe condition involves 
the difference in terms of the sequence, and the difference of two 
endhse decimals itself involves the convergence of a sequence of 
terminating decimals. 

1.4411. If is a convergent sequence of endless decimals then 
the sequence (s„)„ converges. 

For 

= 0(r)4-0(n)+0(i\^), ifN 
= 0(r— 1), if»^r. 

1.4412. If is convergent then converges to a limit I; for if I 
is the limit of the convergent sequence of terminating decimals # 

then (i)fc = {(«n)n}*> ^ ^ so if »> 1:, so that 

{(*n)n}fc = (®n)fc> 

we have (i)^ = («„)*,, so that I is the limit of the sequence 

1.442. Inequalities. If x and y are endless decimals (not termi* 
nating in a recurrence of 9’s) and if for some n, («)„ > (y)^, we 
write a: > y; if (x)„ < (y)„, we write x <y, and if (x)„ = (y),j for 
oil values of n, then x — y. 

We observe that if {*), = 0, for some r, then 1®] < IjKf, for if 
{x)f = 0, then (— l/KT),. < (»), < (1/10^),, and so 

-l/l(r <* < IjlV. 

1.45. The limit of the sum of two convergent sequences is the 
sum of the limits of the sequences. 

Suppose limo„ = a, lim6,^ = j8, and lim(o„+6„) = s,ao that for 
n > some k, a — a,t+0(r), /3 = 6„+0(r), and « = a„+6,j4-0(r), 
and therefore a+jS = s+0(r— 1). This equation is true for any 
value of r and therefore a+^ and s are equal to r places for any r, 
whence it follows that a+jS == «• 

1.451. Replacing by — and /5 by — /3 it follows from 1.46 
that the limit of the difference of two convergent sequences is the 
(lifference of the limits of the sequence. 

1*452. The limit of the product of two convergent sequences is 
the product of the limits of the sequences. 
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For ot =» o„+0(f), P = 6»+0(r), p = On^n+^W 

0^—p =& (On+6»)-0(»‘)+0(2»')* 

Buta„+6„ = a+/3+0(r— I)and80a!j8— j» = (a+^)0(f)4-0(2r— 2). 
CSioosing m so that (a+j8) < 10"* follows that 

< 1 / 10 ’-"*'". 

for any r, and so == 1>. 

1.453. If a sequence o„ converges to a non-zero limit a thOT 
converges to 1/a. For = a-f-O(fc) and so, choosmg k ^ that 
||a| > 1/10*, it foDows that |o„| > |a|— J|a| > 1/10*. ^ 

Hence 

|l/a-l/a„! = |o„-a|/|«l|o«l < |On-“|i0®* 
a-Tnl SO if n is chosen great enough to ensure a„ = a-f 0(r-|-2fe), 
|l/a-l/o„| < i/i(r, 
which shows that lim l/o„ = 1/a. 

Example. To find the limit of the sequence (»-|-l)/(2»-l-3). 
Oonsider l-f-l/». Since IJn — 0(r) for n > l(r+^, Ijn -»• 0, and 
therefore (as the limit of the sequence 1, 1, 1, 1,... is 1) 1+ 1/n -*■ 1. 
Similarly 2-f 3/« -> 2 and so (1-f l/»)/(2-j-3/n) 1/2. But 

(l-hl/n)/(2-l-3/n) = = (n-f-l)/(2»-f-3). 

This example illustrates an important technique. Neither of the 
sequences n-|-l, 2n-|-3 is convergent, since for instance 

iV-|-l— (»-(-l) = N— » > 1, for i\r>n, v 

however great n may be, but by dividing the numerator and 
denominator of the fraction (n-i-l)/(2n-f3) by n, the given 
sequence is seen to be the quotient of the two oonvmgent sequences 
1-1-1/n, 24-3/». 

The sequence {n*+2n+2)[{n+l) is not convergent, for 
{n*+2n+2)l{n+l) ^ {n+l)+l/{n+l). 
and »-fl is not convergent whereas l/(«-fl) canvetgea. (If 
(n-t-l)+l/(n+l) were convergent then the difference between it 
and the convergent sequence l/(n-4-I) would also be cmivageaitt 
but this difference is «-f- 1.) Dividing the numerator and deiim&i> 
nator of (a*-|-2n-j-2)/(a-f-l) by a* we obtain 

(l+2/n+2/»*)/(l/n+l/n*): ■ 
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siaoe Ifn 0, tkerafote the prodwst l/»x 1/n -* 0 and so 
14 - 2 /n+ 2 /n*->- 1 , aztd l/»+l/n*-*-0. 

This does i|St howeres imply the oonvergmioe of 
(ft*+2»+2)/(»+l). 

for ^eorem 1.463 requires that the hmit of the denominator be 
othw than zero. 

146. If is a convergent sequence such that lima^ = a and 
if Oft ^ A, for any n, then a > A. 

I^oe ->■ a, a > a^—ljlV for a sufficiently great n, and so 
« > A— 1/1(F for any r. But by choosing r great enough we can 
make A— I/IO' greater than any number less than A and so a is 
greater than every number less than A. Since at is greater than 
any number less than A it is not itself one of the numbers less' '' 
than A and so a is greater than or eqrial to A. Alternatively, for 
an appropriate n, («), = (a„), ^ (A), and so a ^ A. 

1.47. If a„ is a convergent sequence such that lima,^ — ct, and 
if 0 , 1+1 > ®n for ‘•'“y “ > ®n for »oy n. 

Sinoe <*n+x— ®« “ positive we can choose r, depending on n, sudi 
that ljl(y < a„+i— o„, and since o„-* a, a„ < a+lfVf for any 
m > some w,. Therefore for any n, < a+(o„+i— oj provided 
nti8greatenough,andsoa„+(a„— a„+i) <a;butwhenm >n+l, 
then > a„+i and therefore < a, and this is true for any n. 
Similarly, if a,i ->■ a and o,i+i < o„ then o„ > a for any n. 

We may also deduce 1.47 ^m 1.48, for o,i+p >a,i+iforanynand 
p > 1, and so, taking o^+i for A in 1.46, we have a. > a,i+i > 

1.5. If we wish to speak of the endless decimals as whidbi lie 
between two dedmals a and 6, uudnsive (where o < 6), we say 
that xUea in the interval (o, 6), orxiea point in ike interval (a, 6). 
The numbers o and 6 are called the end-points of the interval (o, 6). 
Should it be necessary to exclude the mid-points from the possible 
values of « we say tl^t x lies in the open interval [a, 6], or if we 
wish to exdwie only one end-point, suppose a, we say that x lies 
in die interval [a, 5) <^en <m die left. To emphasiae that an 
interval (a, b) includes its end-pohits we somedmes call (a, b) a, 
cfosed iifter^val. (Observe die use the bradEets *(*, te iis* ;: 
di^pdih. dosed &im ofm iattavoin.) 
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1.501. If 6 and d ate both points in an interval (a, b) then we 
say that the interval (c, d) is contained in the interval {a, b), or 
that (c, d) is a part of (a, b). 

I A. Gonv^ent series 

A sncoessitm of sums, like Oj, Oj+Oi, ao+®i+®a» ®o+®i+®*+®8>" • 
is written for short in the form ao+ai+a,+a,+ ... and is called an 
infinUe series. If we denote Oo+Oj by Si, Oo+»i+o* by <j, 
®o+®i+®a+®s ^ ii* follows that the infinite series 

ao+®i+®8+*« stands for the sequence s^, s^, «„... . Accordingly 
we may speak of a convergent infinite series, the limit of an 
infinite series, the sum or product of two infinite series, and so on. 
The advantage of the series notation lies in the fact that)', as we 
shall see, it serves to express the convei^noe condition in a rather 

n 

simpler form. We shall frequently write for 

m 

®)n+®m+l-l-®m+a+’”+®» 

and ^ Uf for the infinite series ap-f ®i+® 2 +—> so that ^ stands 
1 * » 

for ihe sequence 2 ®f. 2 ®f> 2 ®r»'" • 

0 0 0 

1.601. The geometric series 

The series l+k+k^+J^+... is known as a geometrie series. We 
shall show that the series is convergent for any value of ib in the 
open interval [—1, +1]. 

For any n, let denote We can find two 

simple relations between and First we notice that 
is formed by adding jb"+i to so that s^+i = and 

secondly that if we multiply each term of by k we obtain 
apart from the initial unit, and therefore = ks^-i- 1 . Equating 

the two values of we find 

ks„+l = «„+*«+» 

and so 

s*(l-ji!) = whence = i/(i_jfe)_i^+i/(l^jb), 

provided ib 1. 

Since when —I <k < 1, and sinoe the constant sequuMie 
? 1— ft, 1— ft, 1— ft,... has the limit 1— -ft, it fbllowB that 

= 1/(1“*). provided — 1< ft < 1, 
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and th«pef(ne is oonvergent for any valTie of in tiie open 
interval [—1, 1], and outside this interval the sequence is not 
oonveigeat since is not convergent. When —I we have 
already see#that h” is not convergent and therefore is not 
convergent. For the value h = 1, the equation 

= i/(i_h)-fc»+i/(l_ifc) 

does not hold, but for this value is a sum of n+1 units and so 
= »+l <uid the sequence is not convergent. 

1.601 1. If ^ a„ is convergent and if k does not depend on then 
2 ho» ia convergent. 

n n 

For if «„ = 2 ®r if «« -> « then 2 ho, = -*• ifca and so 

2 ho, is convergent. 

» 

1.6012. If 2 convergent and if 2 ^ 

(Oo4-Oi)+ (0,4'08)+ (®4+®6)+ ••• 
is convergent and its limit is a. 

Sn41 

For(Oo+ai)+K+a8)+(®4+®6)4--+(afc.-H»^+i) = 

Similarly (Oo4-®i+—+®r,)+(®f,+i+*”+®r,)+(®f»+i+—+®r.)H"”* 
is convergent with limit a. 

1.602. If 2 ®» ia convergent then the sequence a„ is convergent 
and lirnOn = 0. 

Since 2 ®n i^ convergent we can find a sequmice n, sudh that 
|o„-|®„ = 0(f), 
for any N > n„ and so 

JV A'-l (N St \ & \ 

= I ®«- ^ «» = (|®«- |®*)-( I ««- |«») 

= 0(r)-0(r) = 0(r-l). 
provided JV > »v, whidi ahowa that lima« =* 0. 

1.^21. The converse of 1.602 is not true for it can eaiHy be 
shown that there are divergent series 2 ®» for which lim On « 0. 

! Consider the series l+HHH‘i+i+HHHi+-'fo 
[ each of the 2»»+l terms after the (»*)th and up to, and inolad^;,. 
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the (n+l)*th equals l/(2n+l). Here lima„ = 0, for = 0(r) if 

n > lOf', and 2 »n » divergent since 

I a, >‘“^’’ 0 ,- 1 “r = {(»+l)*-«*}/(2»+l) “ 1- 

However, 1.602 gives a simple test for divergence, for U implies iha* 
if o„ is not convergent, or if linia„ is other than, zero, then 2 w 
divergent. 

1.61. Series of positive terms ’ 

If each term a„ is positive, 2 a positive serips. 

1.611. If 2 ®» ^ positive series and if for some v and 

h, ^ ha„, when n ^v, then the convergence of 2 ®« entails the 
convo^ence of 2 

For 

2 hf— 2 “ ^»+l+&n+*+ — ^ A(o„+i+0„+j+...+eiv) 

^ ^ ,JV n J 

= (|a.- !«.)». 

N nk , 

provided n'^v, and so, since 2 ®r — 2 ®r == ®{^) * certain n^ 

11 

N nt 

it follows that 2 2 = h.0{k), which proves that 2 “ 

convergent. * 

1.612. If 2 <*n “ e positive series and if %, n,, n„.. is any 
sequence in which each term is less than its successor, then 2 <> 11 , 
is convergent, when 2 ®n converges. 

For is greater than the r numbers n^, n^,... which precede 

it and so », > r, whence, for N > m, 

N m 

Bo* «m+i+®m+*"}- Of— Of = 0(*) for a suitable value 

of m, and therefore ^ o,,— o,^. = 0(1:) which proves that 2 

is convergent. 2®n, “ ooHed a sub-series of 2o«> ao we may 
express our result by saying that a sub-series of a positive odtt- 
veigNit soies is oonvmgent. 
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l»6i3* 2 ^ ®» positive seriee and the sequence an+i/®n ^ 

vergent, with lima^ 4 .i/a^ == 1 . Then if I < 1, 2 «» is convergent 
and if i > 1, T is divergent. 

Let f» =?: "11—11/2 and choose k so that m > 1/10*. Since 
lini <»n+i/®n = * we can find a v so that, for n > v, = i+0(*), 

and therefore Z— m < < Z+m. 

Suppose Z < 1. Then m = (1— Z)/2 and 

< ^+(l-i)/2 - (Z+l)/2 = r 

say; since (Z+l)/2 < 1 when Z < 1 we have shown that for all 
n>v, < r < 1. Thus < m^, 

«v +3 < ^v +2 < and so on. But 2 is convergent for r < 1 
and so that, by 1.611, 2 ^v+n i® convergent. Since 

n + v n 

2 ®r = 2 ®v+r*~- 2! ®vH-» convergence of 2 follows 

from the convergence of 2 

Suppose next that Z > 1. Then m = {1--1)I2 and 

- (i+l)/2 > 1, 

provided n > v. Thus 

and so on; i.e. > a,, for any n > i^. Since o„ does not 

approach zero, and therefore 2 i® divergent. 

» Observe that we draw no conclusion from the case Z = 1. 

1.7. Absolute convergence 

2o,^ is said to be abaohUely convergent if the positive series 
2 l^nl i® convergent. 

An absolutely convergent series is also convergent. 

For + — 4"<»Arl ^ i^«+li + l 0 n+ 2 l + — +l0Arl» 

*-®- 1 1 I «r| < I lOrl- I l«,l = 0(i) 

. for a suitable value of n. 

1 1.8. Power aertes 

I A secies of the fonn called a power 

Uer»M. 

|S31..If {a|./at, 4 .j| is eoaswcgent Mxd lim |a«/aM 4 il tbsn. tbs 
|poww tectos X absolot^ omsveigetit for aoy sin ibo epen- 
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internal [— JB, 5], which is called iJie interval of cotwefgence of the 
series. 

This is an immediate consequence of 1.613, for if |o»/o„+i| -► S 
then |a„^i/a„| ->■ 1/B, and therefore 

= l*l|On+l/»»l 

SO that |a„a^| is convergent if \x\ < B, i.e. if x lies in the open 
interval [— JB, .8]. If \x\ > B, 1.613 shows also that 2 I®****! is 
divergent, but this does not suffice to prove that 2 ®»®" diver- 
gent. We showed, however, in the second half of 1.613 that if 
®n+i/®» > 1 for « > V then does not approach zero, ai|d there- 
fore since |o„+ia:"+i|/|o„a!»| > 1, when la:| > B, it foUows 

that does not tend to zero, which proves that 2 ®n®* “ 
divergent. 

Thus if lim la„/o«+i| = B then the power series 2 »n*“ i* abso- 
lutely convergent for any * in [—5, 2?] and divergent for any « 
outside this interval. At either of the points * = the series 
may converge or diverge. 


1.82. If 2®n-S^’' is convergent, then 2««*" is absolutely con- 
vergent for any x such that 1*1 < |Z|. 

. Since is convergent, Iimo„JC» = 0, and therefore we 

can find N such that |o„Z»( < 1 for » > iV. 

Thus |o„a:*| = .|(a:/X)"| < \xlX\‘^\ but when \xJX] < 1, 

2 i»/X|» is convergent and therefore 2 lo„*’‘| is convergent, i.e.* 
2 is absolutely convergent. 


1.83. If 2aft-X*i8 convergent, then 2n®«*" is absolutely con- 
vergent for any x such that I*] < |X|. 

Jlrst we notice that between |jr| and |»|, less than |X|, we can 

i^rt an |*'| so that |x| < \x’\ < |jr|. Let \x‘\l\x\ = l+y aad 
ohoo8ean2^> (2/y*)-f.i. Then -ry aao 

|*'/*|» = {l+y)n « ^ 

^ f W > 1 » that la'/.p 

'*'1 <1^1. i'‘J' i. .1**^ 

nvergrat (by 1.82) and so, because n|»|» < j-p'l* TiMLa!* ia 
Alwdutely convergent for |*j < |X| (by 1,611), 

tob^* ^6** 6 <iecreaaing sequence of positive 

and 6x. 6„ b any sequence the sum of the fiiefc « 
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twms of wbioh is £aoh of nttmben Si, is less 

than h. Thm 

. ^ Pi <Pl^‘ 

Since b, = a^—a^i for any r from 2 to k and 8i — bi we have 

ft ^i+J»«&s+ ••• +1>K 

ft *X'+‘ft(*8~^l)+ft(^8~’*»)4- ••• 

= «i(3>i-ft)H-«8(2>8-ft)+-+««-i(?>«-i-ft)+«,ft. 

As each is less than we may multiply the inequality < h 

by the positive factor p,-t—pr, giving 

< MPr-i-pr) for 1< r < K. 

Furthermore p^ is positive and therefore a^p^ < Thus 

«l(Pl-ft)+«8(l>8-ft) + -+«*-l{P«-l-ft)+«Kft ' 

< A(2>i-P8)+%a-l»»)+-+M2>*-i-ft)+^<» 

= P8+ft— ft+ — +P«-l— P k+PJ == hpi, 

which completes the proof that p, fej+Pa ^s+Ps^s+'^+Pk^w < 

Of course, if each bf is positive the result is obvious, since 

Pl^l+P8^8+ — +PKft,f < ftfri+Pifr8+ — +Pih« 

•<Pi(*i+^8+—+M <Pi^» 

but the proof we have given does not require that all 6, have the 
same sign, and the interest and importance of 1.9 lies just in 
this fact. 

1.901.* Under the same conditions as 1.9, if each |tf,| is less than H 

IPi*i+P 8*8+...+P«6J <Piif. 

For 

|Sl(ft~p,)+«,(j)8-P8)+..-+««-l(P«-l-P,)+«KP»l 

< l«ll(Pl--P8)+l«8l(ft-P8)-f- + l«»lP<t < Bpi. 

1.91.* and p„ is a positive decreasing sequonoe. 

TW2p*a. is ccmvetgent. 

We can chooae n so ^t |an+i+«»+t+***-Hi»+«l “ leas t^wn 
I/IP'* (for any «e). Hence, by 1.901, 

’ tPi»+l*a4i‘l*P«+8®»+|H“”»+P»+jt*n-Htl ' 

whi^^pittyea ^t ]|£pmO» ia oonvergen^ 
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2 ^ W '+1 

By 1.6011 the oonvergenoe of 2o„*“+^ follows firOTi that of 

2 ®n®“' Take = — — in 1.91 and we see that y o„ — is 

' convergent. 

®» — TT 
W+1 

absolutely convergent; in this case we do not require ]U91, for 

I ^71+1 

2 is absolutely convergent and “ 


that y a„ — — - is absolutely convergent 
^ ?l-j- 


“»+l 


Kf+"l 


so 


1.913.* If «„ = Oo+Oi+Og+...+o„ and if each |s,| is less than H, 
and if is a positive decreasing sequence such that limp^ = 0 
then 2 i’ll ®n is convergent. 

For by 1.901, li>„+iO„+x+i)„+ 2 a„+*+...+l’«+«o„+>cl <Pn+i^> for 
any k, and since p^ -> 0, therefore p^H-*0, and so we can choose 
n so that jp„+ifr = 0(r), which proves that 22’»®n ^ convergent. 

The object of the next theorem is to show that throughout the 
intmior of a closed interval in which it converges, a power series 
may be replaced by a polynomial, with a resulting error which 
may be made as small as we please. 


n 

1.92.* Let «„{*) denote 2®n**‘ “d *(*) = lun«n(®) whenevCT 

the sequence 8^(x) is convergent. 

If 2 ®ii-2^*‘ is convergent then 

«(*) = 

for z between 0 and X indusive and for an n, which depends 
only on r. 

Sinoe 2 ®n-^" convergent we can determine an n, a function 
of f, such that, for any k, 

i®«+i-y"+H®„+,x"+*+...+®»+,x*+“i < 1/1^+^ 

Hence by 1.901, if 0 < x/X < 1 
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because {zfXy^*, («/Z)**+*,... is steadily decreasiiig (and 

each is positiye and less than unity), and so 

< 1710 '+^ 

whence «»+«(*)-«»(«) ==0(»’+l), for 0<»/Z<l. 

Since ajps) is convergent and s(x) =» lim«n(®), for eacJt x betwera 
Ot and X, we can find a k (which is a function of x) so that 
«(*)-«»+»(«) = 0(r+l) 
and so 3(x) = «»(«)+ 0(r), 

where n depends on r but not on x. 

The difficulty in this theorem lies in showing that we can find 
an Sn{x) within a chosen distance of s(x) without valuing the 
number of terms of the series (i.e. without varying n) as x takes 
different values from 0 to Z, If we choose an ® to start with, of 
course we can find an n for which 8{x) = «„(®)+0(r), for this 
value of X, simply because is convergent for this value 

of X, but this does not necessarily imply that the various values 
of n we consider have a greatest value. We might express 1.92 by 
saying that to find the values of s(x) to a chosen degree of accuracy 
we need concern ourselves only with the values of a, fixed «n(x). 

1.921. If Ja^Z" is absolutely convergent, the existence of 
depending only upon r, such that 

«(x) = «„,(»)+0(r) 

for any x satisfying |x| < |Z|, follows without appeal to 1.901; 
for, if 1»1 < |Z|, 

<|a«+il|Zri+|a„+,|tZr-^«+...+|a,,+JlZl»+* 
and since ^ a„Z** is absolutely convergent we can determine an n 
depending only upon r, such that, for any k, 

ia„+iiizr+Hio»+.iiii’‘+*+...+K+«ii-yr+* = o(f+i), 

and the proof is completed as above; we have 

= 0(r+l), 

and sinoe s^lpe) -*■ a(®), for each value of x between 0 and Z, we 
oen filnd a k (depending on x) so that == 0(r4* i)* aM 

therefore a(x) » ««(x)-{>0(r), where n depnods only upon r. 
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1.93. 13» nomber h—a is called the Ungih of the interval (a, b ) ; 
&e length of the open interval [a, hj ia also b o. 

1 . 94 . Consider the interval (0, 1). Divide the in^al into ten 
equal parts, that is to say, divide (0, 1) into the ten interv^ (0, *1), 
(•1, •2), (*2, *3), and so on up to (*9, 1). Choose one of these intervals, 
say (*3, *4), and divide it into ten equal parts (-30, *31), (*31, *3^, 
(•32, *33),..., ('39, *40) and select one of them, say (*37, *38).^ Divide 
the chosen interval into ten equal parts, sdect one of them, say 
(•371, -372); then divide (•371, -372) into ten equal parts, a^ so on. 
We obtain a succession of intervals (^3, •4), (^37, ^38), (•371,i'372),... 
each of which is a tenth part of its predecessor. If we dmiote the 
»th interval by (o„, On+l/lO*") then o, is the value of to r places 
for any f < » (for instance ^37 is the value of ^37 1 to 2 places and 
any a^, » > 3, commences with •371). Let a be the endless decimal 
whose nth digit is the nth digit of a„ (so that a — *371...). 

It is leatbly seen that « lies in each of the intervals (o„, o„H- 1/10*) 
for o„ is the value of a to n places so that a ^ o„, and a„4- 1/10* is 
greater than i.e. greater than the value of a to n+ 1 places, 
and so a < o„+l/10*. Since 0 < a— o„ < 1/10*, lima„ = a and 
so also lim(a,t+l/10*) — a. 

Thus we have shown that a succession of intervals, in 
(0, 1), each of which is a tenth part of its predecessor, 
^termines an endless decimal which lies in each of the 
intervals, and which is the limit of the sequences of 1^« 
hand and right-hand end-points of the intervals. 

1 . 95 . To extoid the result of 1.94 to any interval (a, 6) we 
(xmsider the relaticm t == {x — a)/(& — a). To any point x in (a, b) 
ecateepoDiSiB a unique value of i in (0, 1), for when x — a,t=s0 
when a; as 6, i =s 1, and when x lies between a and 6, t lies between 
0 and 1, since (as— o)/(6— o) steady increases with x. Since 
!,x ,s=5 a-|-(6— a)i, to a point t in (0, 1) corresponds sunilarly a wnig iMi 
a; in (a, 6). Moreover, if (a, )3) and (y, S) are two mtervals in (a, b), 
of equal length, so that a = 8— y, then the intervals 

((«-o)/(6-o), (i3-o)/(5-o)) 

HY-a)j{b-^a}, (8--a)/(6-«)) 
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ate of equal length, for 

(/S— 0)/(6— «)— (o— o)/(6— o) = (fi—a)l{b—a) 

^ = ($-a)l(b^a)-(Y-a)l{b-ay, 

thus to equal intervals in (a, 6) correspond equal intervals in (0, 1), 
and vice versa. Hence if (a, 6), or any part of (a, 6), is divided into 
ten equal parts, so too (0, 1), or a part of (0, 1), is divided into ten 
equal parts, by the values of t corresponding to the values of x in 
(a, b). Finally we observe that if (y, 8) is a part of (ot, /3), which is 
itself a part of (a, 6), then the corresponding intervals 

{{Y-a)lib-a), (8-a)/(6-o)), ((a-a)/(6-o), (/5-o)/(5-a)), (0. 1) 
stand in the same relationship, since 

0 < (ot— o)/(6— o) < (y— o)/(6— o), 
and (8— o)/(6— o) < (fi—a)l(b—a) < 1. 

Thus if (a, 6) is divided repeatedly into ten equal parts, deter- 
mining a succession of intervals (a, b), (aj, fr^), (a„ 8,), (oy, 8^),..., 
each of which is a tenth part of its predecessor, uid if, for each n, 
s=s (a„ a)/(8— a), = (8„ a)/{8— o) then {0, 1), (A^, /tj), 

(V Ms)> ^ succession of iutorvals each of which is a 

tmith part of its predecessor, and so, by 1.94, there is a unique 
pc^t V which is the limit of both the sequences Aj, A,, A«,... and 
IHt IH> Ms>-' which lies in each of the intervals (A,^, Let 
X — a4-(8— a)v, then we shall show that X is the limit of both 
the sequmioes Oj, a„ a„... and 8}, 8„ 8„... and that X lies in all 
the intervab (a^, bj; for and so 

■i — <i-f-(8— o)A,j ^ u+(8 — (i}p =s X ^ 

i.e. a„ < X < b^, and furthermore 

« e»-j-(8-o)v-{o-j-(8-o)A,J = (b-a)ip-XJ -> 0, 
i.e. -*■ X, and shnilarly 8„ •> X. 

1.98. Theorem 1.94 may readily be generalized. If we divide (a, 8) 
into any numbm of equtd parts (two or more), choose one of the 
&i)i divide (O}, b^) into any number of equal parts and 
choose mie part (Og, ^) say, divide up («%, 8a), and so on, then 
is one and <mfy one point which lies in ^ the chosen intervab 
this poia^. Is Idie limit of both tiie sequences (a,^) and (8«)* 
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F<w 6,— a, < and so 6#— a, < ®); moreover 

ir 

for ^ > nr, aj^ aad 6^ lie in b^) and so 


0 < 6,,-6;v < K-<^n < 


Hence, since ^(6— a) may be made as small as we ple^ by 


choosing n great enough, both (aj and (b^) are convergent and 
Thus if { and V are the limits of (aj and (6^),^rom 
Z— -> 0, Z'— 6„ -> 0 and -> 0 we deduce l—V = 0(f^ for 
any r and so Z = V, Furthermore, since therefore 

Z > and since b^j^i < b^ therefore Z = Z' < 6,^, i.e. Z lies in the 
interval bjt and this is true for any n. 



n 

coNTmuiry 

Exfkbbsioks like n’+li \ l { n *+ l}pJn are called ntimeial 
fundUms (of one variable) if the letter which each contains may 
be replaced by any numeral; such as (m4-»)/(»»*+«*)» 
or 'Vn are numeral functions of two variables, and so on. The 
letters in a functional expression are called the arguments of the 
function. The essential property of a functional expression (in the 
sense in which we use this term throughout this book) is that when 
the arguments are replaced by numbers the expression can be 
worked out, determining a unique number which is called the 
vdue of the function for the set of numbers which have replaced 
the arguments. For instance, since (3+8)/(3‘+8‘) = 11/73, the 
value of the function (m+»)/(»i*+»*), when « = 3 and n ss 8, is 
11/73. Functions of a single variable are sometimes cidted 
sequences; in fact the only difference between a function and a 
sequence is that in a sequence we think of the values of the 
function as taken in a definite order, the value of the funotion 
when the argument is replaced by 1 forming the first term of the 
sequence, the value when the argument is replaced by 2 fomung 
the second term, and so on. 

Expressions in which the letters may be replaced by endkss 
decimals (or terminating decimals) are known as decimal functions, 
or, shortly, as functirms. Decimal functions are of many kinds. 
In addition to the familiar expressions of elementuy algebra, like 
**+5af+7 or ^{aj*/(«*4-a;— 1)}, any convergent series 
«o+Oi*H-a« **+... 

is a function, the limit of the series for a given value of x being 
the value of the function. From any two functions another can 
be formed by replacing tiie aigument of one of the fimotions by 
the oti^ function; thus from the functions a* and a^+a+l ^ 
<»n fijtm the function («*+*+ 1)* th® function a^+»*+l* 

Detimal fbnetions are cmnmoifiy cdassified under the headings 
'Polynomial*, ‘Batimud*, ’Algebraio*, and ‘TtansoendentalV A 
poljmomial is a tenhinating series of tiie form 
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a xatioDid fimotioa is a fmotion in which both the nmnera^tcw and 
denominator are polynomials, and an ei^ression formed by com* 
lanations of firaotional powers of rational functions is an algebraic 
fonoito ; an endless convergent series which has neither a rational 
nor an algebraio limit is a transcendental function. 

Though the functions most commonly met with in the calculus 
are of the hinds we have described we have by no means exhausted 
the unlimited variety of function definitions that play one partpr 
another in mathematics. We might for instance define a nume|^ 
function by saying that the value of the function is zero for an evi^ 
value of the argument and unity for an odd value; for such-U 
function there is no question of caAeuUding its value, but of calou* 
iating whether the value of the argument has a certain property, 
or not, in this case whether it be even or odd. Other definitions 
this kind are ‘the whole part of x’, a function which has a 
constant value for any value of the argument between consecutive 
integers, and the function which is defined to have the value zero 
' if the endless dedmal x contains the digit 3 and the value unity 
if X does not contain the digit 3. 

A fimotion may be defined for any value of its argument or only 
for certain selected values. The fimction ^{(x— 1)(2— x)}, for in* 
' stance, is defined only for values of x between 1 and 2, since a 
negative number has no square root. We shall denote an unspeci- 
fied numeral function of one, two, three variables, etc., by /(n), 
/(m, n), /(I, m, n), etc., respectively, and unspecified decimal 
function by /(x),/(x, y),/(x, y, z), etc., where / may be replaced 
by any other single letter. 

; 2. Gontiiiuity 

. ^ughly q)6alcing, a continuous function is one which olumges 
its value but little for a small chmige in the value of its argument. 
J&f tfe think of the function as evaluated to a oertadn number of 
dsc^mal t>laoes, say to n places, then for the funoti<m to be oon- 
# 0010(08 we orequiie that its value to n places be unchanged by any 
a^cimtfy smaB change in its aigummit. For example, #e ftnio^ 
‘dr, wcffked put to 2 decimal places, has tiie ocmstant valim <98 
fur any » betweoi *1225 and *1296, or if wcMdced out to 3 idaonii 
value *352 for any x between *123904 and >124809, , 



(X)NTQroiTy 28 

2.01. FomaJly w« define: /{») is uniformly (or intenral) oon- 
tinuous in an interval (a, 6) if we can find a fimotion n(r) suoh 
that, for any ^ (<>) ^)> 

f{X)—fix) == 0(r) provided X—® = 0(»(f)). 

For brevity we shall generally write ‘continuous’ for ‘nnifonnfy 
TOUtinuous’. 


2.02. Example. ®‘i8 a continuous function in any interval (a, 6). 
Consider X*— »®. If X and x are both between a and 6 then X+» 
lies between 2a and 26 so that if is the greater of the two numbers 
2|al, 2|61 it follows that 1X+»| < h. Choose k so that A < 10* 
(k is the number of digits in the whole part of A). Hence if 


we have 


X— ® = 0(r+A) 


|X*-®»| = lX-»|lX+x| < 10*/10'+* = 


Thus for any X, ® in (a, 6), 

X*-®* = 0(r) provided X-® = 0(r+A) 

(where k depends only upon a and 6), so that ®* is continuous. 

2.03. A aimilar argument shows that ®* is continuous, for any 
numeral n. For if e is the greater of the two |a|, |A| then, for any 
p between 1 and n, [X*"**®**"'! < == c""* and therefore 

X"-^4-X*-*®+X«-*®*4-...+®"-* has an absolute value less than 
Hence if we choose k so that 10* > nc""* and if , 


we have 


X— ® = 0(f+fe) 


|X*-®»(‘ 

= lX-®||X**-»+X’‘-»®+A’*-*x*+.*.+«“-^l < 10*/10*-^=» 1/lV 
and so X*— x" s: 0(r), which proves that ®^ is continuous in any 
interval. 

2.04. Tb^ function 1/® is continuous in the interval (u, b) j^vided 
the interval does not contain the value zero (i.e. provided oA ^ 0). = 
For if ® and X are both between a and 5, and if c is the lesser of 
lol, lAj then |®X| > c* > 0 and therefore 

, ,, ll/X-l/*| =5 |X-®l/lxXl < |X-x|/c*. 

Since jtf > 0 we ehooae k so that o* > 1/10* (t^e Ath is thie liisl’ 

noarsnrb decinasl digit of c*, if c* < I,, otherwise k =» 0) and so , . y 
' "■ } ' ilXr^l» ^ 0{r) pto^^ X~» =?. 0(f+'A).; ■ 
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A fwHiOtion vAkh is continuous in an ink/rvai {a, b) is bounded 
in fftat interval, i.e. -we can find numbeEs m, M betnreen which all 
the Values of ^ function lie. 

K/(af) is continuous in (a, b) we can find n(r) so that for any 
a;, X in (a, b) 

f{X)~f{x) = 0(r) provided X~x = 0(«(r)). 

Choose k so that 6— a < 10^ and divide the interval (a, b) into 
lOfe+nO) equal parts so that the length of each part is less thlMi 

1/10«<«. Let Oi, Og, Os*— > ®j> Since i|t»® 

length of each of the intervals (a^, Or-i-i) ^ than 1/10”^, 
continuity of /(x) shows that if X is any point in the interval 
(a^, Uf+i) then /(X)— /(a,) ^ 0(1). Now any point X in the intervtijl 
(a, 6) must foil into one of the parte into which we have divided 
the interval, so we may suppose it lies in the part (a„ 
Adding the equations /(oj)— /(o) = 0(1), /(og)— /(Oj) =>= 0(1), 

/(«>)-/(«*) = 0(1) /(o,)-/(o,-i) = 0(1). /(X)-/(a,) = 0(1) we 

find/(X)— /(o) = (r+l).0(l) and therefore 

|/(X)-/(a)| < (r+l)/10 < (p+l)/10, 

where p is the number of points of subdivision. Since the interval 
is divided into lo^^*® parts, jp+1 = 10 *+"® and therefore for 
any X in (a, 6), |/(X)— /(o)| < 10*+"®-* so that/(X) lies between 
the numbers /(o)— 10*+"®-* and/(o)+10*+"®-*. 

2.2. I£f(x) is continuous in (a, 6) and if (c, d) is a part of (a, b) 
then/(a;) is continuous in (c, d). 

/(X)— /(*) = 0(r) provided X—x = 0(»(r)) for any X, a; in (a, 6)*' 
and so for any X, a; in (c, d). 

’^2.21. If /(a:) is continuous in (a, 6) and continuous in (6, c) then 
/{«) is cemtinuous in (a, c). 

We can find n(r) so that 

/(X)— /(*) = 0(r+l) for X— a: = 0{«(f)) 

j^vided X, X both lie in (a, 6) or both in (6, e). 

. » lies, in (a, 6) and X in (6, c) thm 

V: ' /(X)-/(6)==0(r+l). 

/(*)—/(*) == 0(»‘+l) 

; provided X—b and x—b axe 0(»(r)}. 
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Thus, for any X,xm (a, e), 

/(i)— /(a?) s= 0(r) provided X—z *= 0(»(r)). 

:2 JI3. If (a, h) ^ be divided into p(r) parts (of which the smallest 
has a length l{r)) such that for any a;, X in the same part 

f{X)-fix) = 0{r) 

then/(a;) is continuous in (a, 6); for if |X— a;| < Z(r) then x and X 
lie dther in the same part, in which oase/(X)— /(a:) = 0(r), mr they 
lie in adjaomit parts, separated by some xtoint c common to both 
parts so that /(a:) —/(c) = 0(r) and /(X)— /(c) = 0(r) and therefore 

f(X)-f{x) = 0(r-l). 

2.23. If f{x) is steadily increasing in (a, 6) and if each number 
between /(a) and /(&) is a value off{x) then /(a;) is continuous in 
(o, 6). 

Divide (/(o),/(fe)) into » equal parts, choosing n so that 

{/(6)-/(«)}/«=0(f). 

Let /(o) = yo. y*.-, Vn =/(*) he the points of subdivisi<m. 
For each r, /(a) < y^. ^f(b) and so there is a point z, such that 
/(®r) = Vr Since J{x) is increadng, and y,+j > y^, therefore 
that a = a:#, x^, a:,,..., a:„ = 6 is a subdivision of (o, 6). 
If < X < a?,+i, then 

/(X)-/(a!) </(»p«)-/(a;,) = = {/(6)-/(a)}/» = 0(r) 

and therefore, by 2.22, f{x) is continuous in (a, b), 

2.3. If/(aj) is continuous in (o, b) and if Cj, Cj, Cj,... is a convmgent 
sequmice of points in (a, b) which has a limit c also in (a, 6) then 
the 8ieqnmoef{Ci),f{Ct),f{Ci),... is convergent and /(c) is its limit. 

Since /(a;) is continuous we can find n{r) so that for any X ami 
X in (a, b) 

f{X)—f{x) — 0(f) provided X— x « 0(»(f)). 

Moreover sinee c ss limc,^ we can find k(r) so that 
c— c„ s= 0(f) for » > iff) 
and therefore c— c* «*» 0(«(f)) if n > Hn{r))‘ 

Whence /(cf-'/Kc*) OW 
whidh p^ves tiiat/(c,i) -^/(o). 
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Thk festdt Bmy be expressed in th^ 

lim/(cj «/(limcJ. 

Theorem 2.3 plays an important part in the determination of the 
values of functions for endless decimal arguments. Suppose we 
wished to find the value of the function Va? for x = *333... . The 
function is continuous and therefore our theorem tells us that 
V*383... is the limit of the (necessarily) convergent sequence y*3, 
V*33, V*333,... . Since we can evaluate the square root of a ien^i- 
noting decimal to as many decimal places as we please we ^ 
determine the limit of this sequence to as many places as we please 
and thus the value of V-333... is determined. \ 

Sinoe V-3 > V-26 = *6, V-333...-V-33 = 

and therefore, as V‘33 = *5744..., the value of V*3 is *57 to 2 deciiual 
places, and the error in taking *57 for V*3 is less than *0044... -{-*003 
and so less than *008. 

2.4. If/(*) is continuous in (o, 6) and if/(o) is negative and/(^) 
is positive then we can find a point between a and b where /(x) 
takes the value zero. 

First we show that if a and b are endless decimals we can find 
terminating decimals a and jS, forming an interval (ot, /3) contained 
in the interval (a, 6) and such that /(ot) is n^ative and f(fi) is 
pocdtive. Let ot' and j8' be the values of a and 6 to k places of ded- 
thi^Ih, and let a = ot'+ 1/10^ and j8 = ^—1/10* so that, provided k is 
chosen great enough, a < ot < /3 < 6. Since each of the differences 
o—a and 6— is 0(i), the differences !/(»)—/(«) I and |/(6)— /09)I 
' can be made as small as we please by choosing k sufficiently luge, 
ffir /(x) is a continuous function, and so can be made less tlmn botii 
|]/(a)j and ll/(3)|* Thus/(ot) differs firom the positive /(a) by less 
^ i/(a) and is therefore also positive, and/(/3) differs ficom tiie 

iieg(dave/(3) by less than i\f{b)\ and so/(j9) is negative. 

: IMtide the interval (ot, ^ into (J3— a)10* equal parts (so timt 
each part is of length 1/10*’) and ccmsidw tiie value of/(x) at each 
pdnt of sobffivition in turn, commecdng at «. We obtain a suo- 
: CCItsion of Talnes, the first of which is negative and the but potitlve." 
(As we pass abmg the successive values <ff/(x) we shall reach a atage 
where the value of /(x) first changes to a poeiUve nuinbw*r4el 
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6^ be the point of BubdiTimon ■wh.pte this disnge ooottn. If Oj is 
the point of subdividon which inunedia-tdiy precedes fcj, /(oj) is less 
than (or equal^to) zero, for &x is subdivision at 

whidh /{») is greater than zero. Next divide the interval (Oj, 6i) 
into 10 equal parte (each part will be of length 1/10*+^) and as 
before conaidw the values of/(«) at each poiut of subdivision in 
ttecnfiomoxtohi. As/(Ox) < 0and/{6x) > 0 we shall reach a first 
point of subdivision at which /(*) > 0 and let this pdnt be called 
bt, BO that, if o, is the point of subdivision which immediate^ 
precedes 6„/(o,) < 0. Divide (o„ 6,) into 10 equal parts (of lei^^th 
l/10*+») and let b, be the first point of subdivision at which/(a?) > 0 
o, the point before and then divide (a^, 6j) into 10 equal 
parts, and so on. By Theorem 1.96 the sequence Oj, Oj, o*,— is 
convergent and tends to a limit c say, contained in all the intervals 
(o,, 6,). Since /(«) is continuous we can find n(r) so that 
f(X)-f(x) = 0(f) 

provided X—x = 0(»(r)). Hence, as b^—a^ = 0(l:+»— 1), 
/(6»)-/(«») =* 0(f) for n^»(f)-fc+l. 

Now/(6J > 0,/(oJ < 0and8o/(6„)-/K)i8groaterthan -/(««), 
which is positive, whence — /(o«) — 0(f), i.e. f{a^) — 0(f), for 
» > n(f)-fc+l, so that lim/(oJ = 0. But/(*) is continuous and 
lini(aj as c and therefore 

/(c) =/(limo„) == iim/(oJ = 0. 

Thus we have found a point c between a and b such that /(c) = 0. 
2.41. From 2.4 we deduce : 

If F(x) is continuous in (a, b) then, as * varies from a to 6, F{x) 
passes through evwy vdue between jP(<*) and F(b), 

Suppose for instsmce that F(o) < F{b) and let v be any number 
between F(a) and F(b). Denote tiie function F(x)—v by /(»). 
/(«) is continuous as jf(J)— /(») — F(X)—F(x) and 

/(a) » F(a)-e < 0, f(b ) » F(6)-« > 0. 
Aceordii^ we can find a pifint c in tiie interval (a, b) such that 
/(c) » 0. But F(«) »/(«)+« and «» X{e) «. 

2J. »im and the diffaence of two wmtinuoiM fonotiont are 

ocntintMNii fimotioaa. 
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90 if botb/(Z)~/(») “» if 

aad therefore »(*) is ooniSnuoas. 

231. Theprodudiof oontinuoiiBfimctiaiuiiflaocmtouoM 

For if /(X)-/(») = ff(Z)-y(*) ^ 

^aw fix) aad gix), beiiig oontiniious, aw bounded and ao 
find i so that |/(*)+Jf(*)l < 10*. Therefore 

j/( j)jf(Z)-/(*)g(») 1 < io*/io'+ i/io*' < 1/10'“*"* > 

-whidi shows that/{a!)jf(®) is oontmuous. 

2.S2. If jf(*) is continuous in (o, 6) and if for aome k, lj(a5)| > 1/10* 
ite any * in (o, 6), then !/?{») is continuous in (o, 6). 

We can choose n(f) so that giX)-g{x) = 0(r) for any », X m 
(tf, 6) such that X-x * 0(n(f)) and therefore 

_ i I t rr\ I 1/1 


\giX) gix) 

'f 

Ij/henoe it foUows that 


gix)-giX) 


gix)giX) 
1 1 


±/-L, 

IVf 10“ 


1 

10r-“‘ 


lip) y(*)l^l0^’ 

T—x = 0fn(r+2jk)), 


iand so is continuous. 

233. K/(*) is cMitinuous in fo, 6) and if J(*) is continuous in aii 
^^terval (o^ p) whi«di contains /(a?) for any * in (o, b), then X(A»)) 
.1; eiaitinuous in (o, 6). 

; v F<w any J, y in (a, d) we can choose a so that 
- Fi7)-Fiif)^m (* 3 ^ 

^^revidedT-y = 0 W. - 

Fortbennore for any X, « in (a, *) we osn choose i so thal 

Fi 7 /(X)-/(*) =» 0(8) provided X--» *■ 0(0* ^ 

in equation (i), wo may takoJiX) snd/ie) fcr T sa^ 

' loriiig 

j^(f(X))-F(/(»)) « (Hr), provided X-h » ^ 
and tite e rfhre F(/(a)) is oo^hnunis ht;{d, 
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2JS4c, 1£ g(9) a3aAf{g(x)) axe oo&tis^^oas in (a, 6), and if at, ^ axe any 
two points in (a, b), ihmfit) iaeontinpcraata the interval p(a), g{p). 
Pfoo/. We apay aappoae «, jS bo chosen that g{a) < g(0). 
Bne 9 f(g(x)) is oontanuoaf we can divide («, fi) into n equal parts 
by the pdnte a = «(0), «(1), a(2),..., a(w) » jj, say, sa<di that 
/(tfW)— /(?(»)) = OC*’) for any two r, X in the same part. 

' Since p(a(n)) > p(a(0)), we can determine a least integer 
such that p(a(0)) < p((x(rj)) < 0(«(»)}> where may equal n; if 
^ determine a least greater than Vj, 
such that g(a(ri)) < flr(a(r,)) < g(ot(n)), 

where r g may equal n, and so on, up to some such that 

< fl'WO) = ^a(«))- 

For any p < m, sinoe is the least intc^, greater than 
such that p(a(r,)) > p(a(rp.i)), therefore ff(a(r,— 1)) < g(a(»V._,)), 
uid so each interval g(a.{rp.i)), gi<x{rp)) is contained in an interval 
jf(a(rp— 1)), p(oi(r,)), that is, in an interval bounded by values erf 
g{x) at oonaecuUve points of the original subdivisioa of (a, /3). 

The interval p(a), g(fi) is divided into m parts by the points 
0 < 9 < m, fg — 0; if 1, T are any two points in the same 
part then both t and T lie between some pair 9 (a(t)), 9(a(«+lU 
jK> that, since g(x) is continuous, we can determine x, X between 
a(t) and a(t+ 1) such that g{x) =: t, g(X) — T and therefore ’ 

f{T)-M ^mx))-mx)) = m, 
which proves that/(l) is continuous in the interval g{ci), pQ3). 

‘2.6. If T is convergent then T a. is a continuous funa> 
tionin(0,:?). 

Let sjr) 5= Oo+OiX+a,a!*+...-f o„*» and «(*) = ]imS|,(«). Bly 
^Theorem 1.92 we con find an m so that fat any x in (0, X) 

[ a{x) *= «*(»)+0(r). 

is a continuous fhnotion (fat any n), «m(^) is a nun of 
siixmous fimetitms and is therefore itself continuous, and so for 
>*certain6, 

^X)-«Sa,(«) » 0(f) provided X—x ** 0(6). 

laiiepi «(X)<— «(x) sail 0(f)+0(f)*-0(f) Bss 0(r~l) and so «{jp) is een^ 
ifo(0.X). 
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; K/(a;) And g(x) ue oontantraos in some interval idiioh incfo^ 

a p<dnt end if for * in this interval, esrcejpt « as X, we Wve 
/(*) ~ then also /( J) = g(I). 

For if X is not the right-end point pf the interval then 

/(x+l)=^(z+i), 

;;|or snffioientljr great values of », and by 2.3 

/(z+i)^/(X). ( 

which proves that f(X) = g(X); and if X is the right-end I^t 
Ihmi X-~l/n belongs to the interval for sufficiently great valhes 
of » and the proof is completed as before. \ 
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THE DEI^IVED FUNCTION 

IMPUCrr FUNCHONS. mean slope. DERIVienVE OP 
A POWER SERIES. THE BINOMIAL SERIES. INVERSE 
FUNCTIONS 

Thk object of the differential oalcoliu is to compare -with a diange 
in the aignmoit of a function the corresponding change in the 
value of the function, or, as we may say, to measure &e rate of 
diange of a function, that is the avmage change in value per unit 
change of ai^ument. For a change in argument from « to X the 
value dhanges from f{x) to /(X), and the ratio of the amount 
which the value changes to the amount of change in the argument is 

X-x ■ 

If, for each value of x, we can determine a number /'(«), say, such 
that differs from f'(x) by as little as we please for all 

A — X 

Values of X suffieienUy near to x, the function f{x) is said to be 
regviar or differentiable, and f{x) is called the derivative of /(«). 
f{x) records the rate at which f(x) is changing its vsdue at the 

X*— »• 

point x. For instance, since -= — == X-fz end since X+v Is 

X—x ^ ■■ 

imarly equal to x+x, i.e. 2x, when X is near x, it follows that 2x 

is the derivatiTe of r*. Urns the greater the value of x, the foster > 

does SB* change its value; at the point b Ihe function sb? fo 

in<aeamng 10 times as fost as its argument and at sb 20, it 

inoreunng 40 times as fast as its argument. Observe that in eon- 

. lettering ^ ratio we axe ocmcemed with vafaresof X afose 7 . 

to X bet different from x‘, when we say that ihe derivative of sb* is < 
% because X>i-efoiM«% equal to ihe foot that X+x actually . 
Muisls St wbsn X eqw^ x is quite, irrelevant, because the 011 % 

X ehfoh wmam coiufideidi^ 

nrea n, aed is equal to X+x only BO kmg as X and a axe ' 
eifoqaal. 
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We do iio8ikttem|>t to meMore (!he rate of dbAage (tf tike value 
of fimotions /{*) for vaifea appreciably for ama^ 

variations in X. > 

•Another way in which we might express the condition that a 
^htotion be r^ular is to say that for small enough changes in 
argument, changes in the value of the function axe nearly 
fnoportional to changes in the argument, i.e. if Xj, X, are points 

near a?, then “ nearly equal to Tke difference 

columns in a mathematical table are constructed on this ptib- 
p^le. For instance, in a four-figure table of squares we find 
that the squares of the numbers 1*62, 1*63, and so on up to 
1*68 (eadi of which differs ficom its successor by *01) are 2*310, 
2*841, 2*372, 2*403, 2*434, 2*466, and 2*496. The difference 
betwemi each of these and its successor is readily seen to be 
*031, and so to equal changes in the argument correqmnd changes 
in the value of the square which coincide to 3 decimal places. 
If we wish to find the square of a number between any two of 
tiiose we have just considered, say 1*643, which lies between 
1*64 and 1*66, we observe that the difference between 1*64 and 
1*543, i.e. *003, is j|| of the difference between 1*64 and 1*65. 
Hence the difference between the squares of 1*543 and 1*64 is 
about ^ of the difference between the squares of 1*66 and 1*64. 
Since 1*66*-1*64< » *031 it Mows that 1*543*— 1*54* must 
eq^ ji(X ‘031 = *009, to 3 places. Adding this difference to 1*54* 
Vjre find 1*643* — 2*381; similarly the addition of the same *009 
to the squares of 1*62, 1*63, 1*66, etc., gives the squares of 
1*823, 1*633, 1*663, etc., and 9 is the figure ent«ed in the 
difference column for 3, in the row commencing 1*50. The justi- 
fication of this method lies m the fact that is a rtgnlar 
Itanction. 

Ihe reader who is f a mili ar with coordinate geometry will recog- 
nise that the condition for a funotioa f{x) to be regular is just 
that any suffidently small part of the curve is neac^ * 

fii«%bt line. Any three points (x, y), {x^, yj), (% pi) on a stni^t 

fine satis^ the condithm tss finr a diffowyttiable 

Fs— y 



tknt fpe), if 1^ poists Im any ^f(k), tiie iitio is nm^f 
equal to ^^xmded and axe botii doee to x, 

3. Formal d^aition 

A fDSotioa/(«) ia said to be unifonnly (or interval) difierentiabie 
in an interval {a, 6) if -we can find fanctions/'(a;) and n(r) snob titafe 


^f{x)+Q(r) 


(D) 


for any a, Z in (a, b) satisfying Z— a; = 0(n(r)). ^ 

The function /'(a;) ia called -the uniform (or interval) derivative 
off{x),m{a,b). For brevity weshallgeneiaOywrite'difiterentiable* 
for ‘imiformly dififeientiable’, and ‘deri-vative’ for ‘uniform derive* 
tive*. 


3 . 01 . The relation between f(x) and f'{x) may be written in tibe 
form 

f(X)-m = (Z-*)/ (a5)+(Z-»)0(f) (D*) 

obtained from equation (D) by multiffiying botii rides by Z— s. 
Since (D) holds for any Z near x but different from x, this mult^dh- 
cation by Z— a; is permissible, but sinoe both aides of the equation 
(D*) vanish when X==x, (D*) is true even when X — x. 

3 . 02 . A uniform derivative is a continuous function. 

Since f{x) sa 4. 0(f) provided only X—x ** 0(«), we 

may interchange x and Z in tids equation, for tins interehauge 
does not alter the condition X—x s o(s) and therefore 

y(X)_®^+0(r) 

./W^+0(r). 

SO that f{X)—f{x) as 0(r)— 0(r) 0(r-- 1), whidh proves that 
^(x) is oontinnons. * 

H/(c)i8diffnwntiabtoin(a,&)tbm/(»)koonthnioasis(a»6). 1 
By i, 93 ,f(x)t the derivative of/(«), is amtinnous in (a, 3 ) and 
*o« 2A,/'(») is bounded and we can firid a nnndMr m so thet 
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< 10» fie^ ainoe#(Z)~/(«) = (X-aO/'(*)+(^-»)0(l) 
{^Tilled Z^a; » 0(»(1)) it foUo^ 

1/(X)-/(*)| < |J-*||/'(*)+0(l)| < lX-«i.lO-*+» 
ajttd 00 /(X) —/(*) = 0(r) provided X— a; » 0(r+m+i)> 
provetf that /(a;) is oontmuous. 

If /(a?) is difforehtiable and if a?„ -*■ a? thon’ ^— 

*» — * 

For we can choose v so that aj„— a; == 0{n(f)) provided n > vjl|atd 
therefore =/'(a:)4-0(r) provided n > v, which piwes 

ifatfe’-zw-Tm : 

3.05. lff{x) is differentiable and if X„ x and x^-*x then 


/(XJ-/(xJ 


-/'(*)• 


Since X^ -► * and -*• *, therefore X„ — -► 0 and so we can 
choose V such that X„— x„ = 0(»(r)) if » > v. Therefore 

-/K)+0(r) 

provided » ^ v. Bnt f{x) is continuous so that /(*«) -^flx), 
i.e. /'(«„) =/'(*)+0(f) for n > some /t. Hence if iiT is the greater 

of n and =f (»)+0(r-'l) for n > JV' and so 


3*le The deriratiye of the sum of two fiinotioiifi is the sum of the 
dedtvatives of the functions* 

t'i^) b© the derivatives of /(ar) and g(x). Then 
{/(X)>fy(X)}~{f(x)+g(x)> /(X)-/te> , fir(X)~g(») 

X—* X— X **■ X—X 

•* /'(*)+g'(*)+0(f)+0(f) « /'(*)+jr'(x)+0(r~l) , 
ptovided X hi dose enough to x, proving that fOB)+0'(«} is the 
dcdvative of/(x)4-g(x). 

3.11. Theorem 3.1 readilp extends to any nnyttiw ff of 

For instance, if/(x), g'(x), A'(x) are the derivatives of/{«), g(«), 
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A<*) then by S.l, {f (*)+?'(*)} » the 4lieitiTa4xv« of {/(«)+{r(»)} aod 
so, ai^lyixig 3.1 to the two itmetioiis if(*)+gix)} and h{x) it 
fi^owe that ff'(*)+J''(*)}+h'(*)f i.e. f{x)+f^{x)+h'{x), is the 
derivative of ^{x)-\-g{x)}-^h{x). 

3J. If /'(e), ^{x) are the derivativeB of/(«), g{x) tiien tiie derive* 
tive of the prodnct f{x)g{x) is f(x)g{x)+f{x)g’{x). 

Sinoe f{x), g(x) are difierentiabie, they ace oontinuoas and so 
bounded, and g’{x) is also continuous and bounded, and theiefoie 
/(■X)+?(e)+|/'(*) is bounded, for any x, X. 

Now 

f{X)g{X)-f(x)g(x) = nxmX)-g{x)}+{f{X)-m}g{x) 

= (x-xmx)g'(x)-{-f{xm+{f{^+9{mr)] 

provided X is suffidentiiy close to x. 

But, for such values of X, f{X) = /(a;)-|-0(r) and so 

which proves that f{x)g'{x)+f{x}g{x) is the derivative of/(e)p(e) 
(by 1.81). 

3.21. From 3.2 it follows that the derivative off{x)g{x)h{x) is 

f'{x}g{x)^x)+f{x}g\x)Hx)+f{x)g{x)Ji\x\ 

for 

Um»)mY = ({/(»)jK*)}A(*))' 

“ (/(»)ff(«))'M*)+(/(e)9(e))*'(*) 

= (/'(*)p(e)+/(e)p'(*))A(»)+{/(*)?(«))*'(») 
=/'(®)9(e)A(«)+/(e)9'(e)h(*)+/(*)p(»)h'(«), 
and Bt^ by step the theorem extends to products <ii any numbw 
of funotlons. 

3.3. If, foe any x (in some interval), |/(e)| > 1/10*, fox smne eon* 
stant k, and if /'(e) is the derivative of /(e) then the derivative of 
im is ~/'(e)/{f(e))*. 

jSinoe/(e) and/(e) are oontinuous they are bounded and so fat 
Pt l^(v)] + i/(e)| is less than lO". Furthermote, if X is anffi- 

oiel>tly^iloaeto»,/(X)~/(e)and’G2p^^^ , 
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« -{f (»)+0(r)}//(®)/(X)H-/'(»)//(»^ 
-=‘-[r(<»mo^)-f(X)}+f(mr)]if{X)f(i>:y^ 

idiioih proves the theorem sinoe {fix)+f(x)}ff(X)fix}* is boaB^iBd. 

331, It foUoTra ficom 3.2 and 3.3 that provided |jK*)| ^ lAo* 
tiie derivative of f(x)lg(x) is {f'ix^ix)—f(x}g'{x)yg{x)*, for 

(/(»)/?(*))' =/'(*)(l/l7(»))+/(»){l/ff(»))' 

= mig{x)-S{x)g'{x)lg{x)* 

IxursTKamoKS. If /(«) = x then *= = 1 wid 

' X—x *—x 

so the derivative of the fonotion x is nnity. This of course says 
■ no imne tiimi that ‘x increases as fast as x\ 

• : ' If for any x, or any x in some interval (o, 6), vre have /(a;) =» /(a) 

’>>«/>(») = 0. _ 0 foi any X and x. 

HiiB result is usually expressed by saying that the derivative 
i- dfa constonl is zero, a constant being a function which has a valud 
independent of the argument, i.e. one for whiob/(X) « f{z) what- 
ever values X, x may have. Such a function is for instance a 
; inanber like 3, or to be more predse the function /(a;) defined to 
;^;;4^ve tire 'i^ue 3 for any x, or any x in some fotervsl. 

, . ft fi^ws foom 3.2 that the derivative of f{x)g{x), 'wbmJXx) is 
; a.^ is i\mtf{x)g‘{x); if e is the constant value of/(v) then 
imeiaaye:qn!ess ^ by saying that the derivative of ep(a;), fiaraay 
nirihb^ c whatsoever, is 

Thus derivative of aa^+bx+e is 2aa^4-h^ vdiatever sninheni 
' a, b, e si^ be, that is, whatever oonstauts a, 6, e may be, Ibr the 
i',; djiihmtivuB dfaa^, bx,can2ax, 6, Orespeotivefy and the derivative 
of the mm is tiie sum of the detxvatives. 
fSm derivative of «*, where n is a positive whole aaad)er«:fo 
( fw^*. fee the derivative of a^ is l.a* a l, that of a^ is fee* 
aj^l^l ^fcr ewmathe derivative of a^foea^thensinoeaf*** 
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w =» <»+!>«», wiildi |»orei 

positive wlit^nuab^^ Whenn » — m,fn > 0, 

W Iwsvea^ «^55« and ainoe the descivative of 1/af* ia 
— ss? — mar***"* 

we see tha>t the derivative of is na^^ whether n is positive or 
negative. r 

Hie zenilts we have just obtained may be summarized by saying 
tiie d^vative of 

fl^+ai*+«»»*+...+o„»“+6i/«+6,/**4-...+h«/*" 

is 

«4+2o,«4-3a,a:*+...4-no„*“-*— 

in any interval not including the origin. 

3.32. The derivative of/(p(«)) i8/'(jj(*)y(*). 

Since /'(z) and g'(z) me continuous /'(p(z))4-p'(z) is bounded. 
Now flfW == ^(»)+(i— »)(g'(®)+0(f)) 

««i fi7) - /(y)+(y-y)(f (y)+0(r)) 

provided X—x and T —y are small enough. 

Takep{®) for y and g(X) forTso that F— y = (X— *){y'(«)+0(r)}, < » 
which can be made as small as we please by fatlrfng x dose enon^^ 
to X, and so 

' /(?(X))-/(y(®)) - (X-»){y'{*)+0(f)}{/'(y{*))+0(r)}. 

Therefore 

but /'(y(»))+y'(*)4'0(f) is bounded, and so /'(g(*))ff'(®) “ ^ 
derivative of/^(*)), * 

'. RzAWW ag. To fold tiie derivative of {a:*+3z-f 5}*. Tidee 
y(») s **4.8aj+5 and /(«) =* x'* 

sothat(*«+to+e)’«/(y(*». , 

=■ 7»* and y'(«) ** 2®+$ tiiet^ore the oterivative cS"-w 
{**+a*+6}»is7(®«+3®+6)'(2*+8). ' , 

The derivative of («*+4)*/<z*+2®-fS)* is 
; 4)»8*«/{*»+2»+S)»Th(**+4)*{“«{»*+2*+S)-«(2®+^S,>^^^^^ 

- *(ai»+4)«{fos»(*«+2®+S)-5(a^+4)(*+l)}/(**+5h^ 

»“ S(a^+4)H^+lS**+27«*~2to-20}/(«»+2»-f S)*.5 ' 
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*, 3 . 4 . Imi^lcit foncdoas ' 

W 0 have already seen that the derivative of a ooostaut functioii 
is aero and we ahaP now consider one of the many important parts 
which this result plays. Suppose for instance that we know that 
two functions /(a) and g(x), though defined in different ways, are 
'^equal for every value of x, can we say that thelie functions have 
equal derivatives ? In other words, if we differentiate both sides of 
the identity /(a;) «= g{x) do we still obtain an identity? Consids^ 
f(x)^^g{x); this difference is equal to zero for every value of x ana 
is therefore a constant function and its derivative is zero. But th« 
derivative of a difference of two functions is the difference of the 
derivatives and so = 0 which proves that /'(a?) == g*(x). 

We can now show thaJt the derivative of x^^^ is 
the derivative of x^ is nx^"^ also when n is a fraction. 

For let f(x) = so that {/(«)}« = a?*". If we assuim that f{x) 
has a derivative /'(a?), then the derivative of {f{x)Y is 
q{f{x)}^-^fix) = q^<^-Y{x) = qxP-Pl<if{x), 

and the derivative of xP is pocP^^^ so that qxP^Pf^f{x) = pxP^^^ whence 
it follows that /'(a?) = {plq)xPl^'-^ as stated. The existence of the 
^ derivative of is proved in § 3.85. If instead of writing f{x) for 
xPhi we write, for brevity, y, the relation between y and x is 

yS^zP = 0 , 

and so y is a root of an equation in which one of the coefficients 
is a power of x. This is a particular case of the equation 

— 0 (i) 

in which the coefficients a^{x), a^(x),..,, ajix) are polynomials in x. 
H we could solve this equation we should find m functions oix each 
of which when substituted for y would make the equation true for 
all values of ar. For example, the equation 

asy* — (2a?*+aj+2)y+(^+^'f'2a:4“2) ==* 0 

has the roots y » a;+l and y (x?+^)lx and each of these values 

y makes "the equation true for all values of a?. It may happen 
that we are unable to solve the equation and in this case we say 
that the equaiion gives an impUcit definition of m functions for 
which tibe equation ii true; in such a case, of course, we know no 
more about these functions than we have stated, namely that they 



satisfy A «Ni!ftj]iequatk»i, battbualonsofteBsuffimtod«toraiix»j| 
miuay impoi^t piopeMee tibe fimotioQB and we shaJl see 

later .iiiat it sii^oes to detmnioe the fynctitms as pow» series. 
Fof pmo pneent we are oonoemed oofy to show that we oaa find 
<^e deriratiiTes of fiinorions defined im^didtily, in terms of x and 
tire func^ons thmnselves. <<( 

liet us think of y as a function of x for whidi the equation (i) 
is true for all values of x, so that the left-hand side of (i) is a 
'constant function whose derivative is accordingly zero, l^us 
denoting by y' the derivative of the function for which y stands, 
ftwniming for the present that this function is derivable {an assump- 
tion which we shall justify in § 15.85), we have 

and therefore 

^ {*nao(®)!r-‘+(TO-l)Oi{*)jr*-H...+2o«-»(%+a»,-i(»)}* 

fu) 

For instance, if 


y*— SajyH-x* = 0 then 6yfy'— 3y— Say'-j-S®* = 0 
and so y' — (8y— 6**)/(%*— 3®). 


Obsmrve that although equation (ii) gives a unique value of the 
derivative y' this value itself depends upon y so that in general y' 
will have m values, one for each of the m values of y which satisfy 
equation (i). For example, if y*— (**-f-®-l-l)y-f»*(®-)-l) as 0 w|e 


find y' 


, but the equation is satisfied by 


y a: ®-f 1 and y — ®*, and for these values of y we find 


_ (3iC*+2®)— (2®-fl)(®-fl) _ . 


and 




**-f »-f- 1— 2{*-f- 1) 

8®*-)-2®— »*(2®4-l) „ 

1— 2a^ ’ 


as «e should eapeot. 

^SAinsas. 1%edmivative u 



%rite y »* a!/^(a*+**), then (o*-H*%* «* *• and so 
2ay*+2y(a*+a^)y' « 2», 

‘ndifinoe y(a*+x*)y' = «(!— ^) as a%B/(a*+«*) 

«?Mi so y' = a*/(o*4-aj*)». 

^ To dud the deiivatiTe of V **'* 

espiession and we find 


i+y_V(i+*) _(!+*)* 
i-y V(i-®) “ (1-# 


and so 


rn-y\«_(i+®)» 

il-y/ “ (!-»)•’ 


U. (l+y)6(i_a:)* == (i_j,)e(i4.a.)«, 

‘ whence 

^ e(l+y)»(l-*)y- 2 (l+y)*(l-*) 

; . = -6(l-y)y(l+®)»+3(l-y)«(l+»)* 

aihd therefore 




6jf'{(l-»)*+(l+*)*}(l+*)» 

= (i-y){2(i+*)+3(i-»)Ki+«)*/(i-x). 
i.e. y' = (6-x)/3(l-a:)»(H-a;)»{(l-*)*+(l+®)*}* 


inSJS, If the deiivatiTe of a function is positive the function is 
increasing, i.e. if/'(®) > 0 then/( J) > /(z) when Z > « for any Z 
near enough to z. 

Sinoe /'(*) > 0 we can choose r so that /(z) > l/l(y and so 

ss/'(a;)4-0(r) > 0, which shows that /(Z) >/(») whm 

^ > X aad/(x) >f(X) when x > Z. 

Shnilar^, if the derivative is negative the fiinotion is decreasing, 
fiM’ we can dioose r so that/'(x) < — I/IV, mahing /'(x)4-0(f) < 0 
and so/(Z) </(x) when Z > x, and/(x) </(Z) when x > Z. 

>3.6. 'ths exproBshm is called the mean dope e£f{p) in 

(a, 6) and sriH be denoted for short hy fiJ{a, b) or pih, a), 

K an interval {a, b) is divided into aiiy number <rf equal parts' 



DEBIViD FDKCTTOK " ' ' ’'If 

’ > ' t ' , ’it' - > 

then iBt ImmA (MB» of these paoto tibie mesa dqpe of /(te) is afc least 
as gieat as the mesa slope in {a, b), and in at le^ one part tbe 
mean is nd<|iieatcar than in (a, 6). 

Vat if Sp » a,SBi,a;p,...,a;« = 6 aie the points of snbdiyisbn so 

Xf—Xf^i — {b-~-a)/n for any r 

theo 

andso 

n(/(6)-/(o)} ^ MH/(*o) . /(«»)-/(»i) , . fM-fi»n-i) 

b—a a^— », a:, **— »*-i 

IfiCaV, 

Let ii{Xt, he the least of the n numhers (i.[Xf, av-i), 
r s 1, 2,..., n (ohoosiiig the least such value of h if there is 

more than one), then ^ /ii(a:„ x^^i) > »/*(**» ®*-i) therefore 
^ n/t(a:p, a!fc_i), i.e. /t(o, 6) > **)• Similariy, 

6— CJ 

if /u(a;,_i, a;^) is the greatest of the » numhers 
fi>(av-i> ®r)» *■ = 1> 2,..., n, 

then ft(o, b) < #*(**-!' *a)- 

3.61. /'(«) is the derivative a£f{x) in (a, 6). Then there are points,. 
Cl, Cp in (a, b) such that/'(Ci) < )»(a, b) and/'(ep) > fi(a, b). 

Divide (a, b) into two equal parts; hy 3.6, in one of these parts, 
(Oi, bi) say, /t(a, 6) > bi). Divide (a^, bi) into two equal parts 
and choose tbat part (a,, b^ where 6i) > /»(a|, 6p); divide 
(Oy, 6p) into two parts and ohoose (Op, 6y), and so on. Sinoe 
i»(V h«) > &«+i) for any n, therefore /it(o, 6) ^ /t(a», 6*) fijr, 

any ». By Theorem 1.96 (a J and (6J tend to a common limit Cj 
(say), and therefore hy Theraem 8.05,' fi(a„, frj and ao 

M*'*> ShnUaify there is a point Op where/'(Cp) > ft{a, b). * 

8.62. If f{x) > a > 0 in (o, 6) then ft(«, 6) > «, for hy 
there is a pofot e where it{a, b) ^fic) tad f(6) > a. If «, Z am 
any two points in (a, 6} the conditions ctf the theorem neoessatify 
Wd also in the interval («, Z) and thatefom it{x, Z) > a. 



TUN(fr]^ ', ;' 

3i^t. Itt]pMrtioiilar iBrom/'(«)>Oin (o^,ft)wedetiv«/i(a!,J) >0, 

tib, > 0, which shows that if J > * then /(X) >/(*) 

X—x 

fu^ aof{x) is steadily inereasiiig in (a, b). Similarly, if/Caf) ^ 0 in 
' ^o, b) then/(X) > /(*) when Z > x. 

3.63. T3ie dosed interval (o, 6) in 3.621 may be replaced by an 


open interval [a, 6]. 

. 3.64. lff{z) is continuous in (a, b) and steadily increasing in ^ 
cpm interval [o, 6] then/{x) is steadily increasing in {a, b). 

We require to show that if X lies in [o, 6] then/(o) </(x) </^). 

ffinoe/(x)isinoreafflngin[o,6]therefore/|o+^^j 
* hdti a8/(x) is continuous in (o, 6), therefore, 

by 1.47, /(o) </|a4.ij. If x lies in (a, b) we can choose n so that 
0^.1 < a; and therefore /(o) </|o4.iJ </(x). Similarty , 


/(») </( 6 ). 


3.641. Theorems 3.63 and 3.64 together prove : 

*' K'/(x) is continuous in (a, b) aad/'(z) > 0 in [o, 6] then/(x) is 

steaMy increasing in (a, 6). 

3.65. The only function whose derivative is zero throughout an 
interval is a constant, i.e. if /'(x) = 0 for any x in (a, b) then 
/(x) ^f(a) for any x in (o, b). 

Since /(x) is differentiable 

/(Z)-/(x) = (Z--x){/'(x)+0(r)> provided Z-x»0(a}, 
and 80 if/^x) = 0, 

/(Z)~/(x)=-(Z-x)0(f). - 

Ohoose k so that 6— o < 10* and let 3^ «= Divide (a, 6) 
' ,, Into N equal parts by the points a » a,, Oj^, Oi,*..., % » 6 so that 
: length eadi interval (o,, is (6— o)/2f *» 0(s) and theeih 

^ 6 n e ee ss a ifl y fcBiinto oi» of l4taJf 

h^eena,, and.a^i 
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Siikod X'^p < x^x’-Xp ss 0(«), l^ifitefiire 

f^-fiXp) =* (*-a,)0(r) = ^©(r) 
as *— a, < {b—a)IN. Henoe 
/(»)—/(«) = {/(Ox)~/(®»)}+{/(®2)~/(®l)}+—+{/(*j>)— 

+{/(»)— /K)} 

= (p+l) ^^~“^ 0(r) = (6— a)0()-), smoe «»+l ^ 

Since k is fixed and r may be as great as we please it follows that 
f{x) and f(a) are equal, to as many decimal places as we please, 
and therefore /(x) =f{a) and/(x) is constant. 

3.651. If the derivatives of f(x) and g{x) are equal thmi f{x) and 
g{x) are equal apart &om an additive constant, i.e. a function is 
uniquely determined by its derivative, apart from a constant. For 
if ^(x) =f(x)—g(x) then ^'(x) =/'(*)— jr'(x) = 0 and so, by 3.86, 
^(x) is constant and therefore /(x) =& {)r(x)4-oonstant. 


3.66. The foregoing proof shows also that if /'(x) = 0(n) instead 
of/'(x) SE 0 as in 3.66 then/(x)— /(a) = 0(«— h)4-0(r— i) for any r, 
i.e. f{z)—f{a)—0{n—k) is zero to as many decimal places as we 
please and therefore /(x)— /(a) = 0(»— h). 

In particulu if /(a) = 0 and/'(x) = 0(n) then/(x) = 0(»— ft). 


3.661. Theorem 3.66 may also be deduced from Theorem 3.61. 
For if X is any point in (a, 6) then we can find c^, C| in (a, x) sndi 

U — X 

bttt/'((Ji) s=s/'(c,) =3 0, so that /(a) =/(x) for dl x in {«, b). 
tSifinlarly, if/'(x) » 0(») throughout (a, 6). tiioQ firom 


f(eA < sr f 

_ /- -X ) 6(n-ft). ai 

(x—a) < (6— ») < 10*. 
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3.7^ Derivatiye of a power series 
We have proved that l^e derivatiye of a sum of any finite 
number of functions is tbe sum of the derivatives of the functions, 

' Init this theorem does not extend to the sum of an unlimited 
number of functions, except under very restridive condirions.’^ 
The following is the simplest result on the derivative of the sum 
of an unlimited number of functions. 

If ^ a„i2*» is convergent, then X ^ derivatiye 

ofI«„ a:” in the interval (— **, **), where is any pot^tive 
number less than |1{|. 

Pfvof. Write ajx) — 2 o-av, a„(a) = 2 by The<^m 

1)«=0 p—i ' 

1.83, aj,x) is convergent in the interval (—a*, a*). Let s(a) and 
ofa) be the limits of s„(a) and o„(a) respectively, so that, by 
Theorem 1.92, we can determine n, depending upon r but not 
upon a, such that 

«(a) = «„(a)+0(r), a(a) = a„(a)+0(r) 

fiv all a in (—a*, a*). Further let g{x) be a function whose deriva- 
tive is cr(a). Since pOp a>*~^ is the derivative of it follows that 
»!•(») = <(«)• Hence, if A„(a) = g(a)-s»(a), then 

K,i<e) = = (r{x)-Op{x) = 0(r), 

whence by Theorem 3.66, A„(a)—*J0) — 0(f—h), where 1; is chosen 
BO that 2a* < 10*. But s(a)— e„(a) =* 0(r) and h„(0) = g(0)— Og, 
and therefore 

g(x)-$(x) = K{x)-{s(x)-Sp{x)) = g(0)-o„-f-0(r-h~l); 

sinoe this holds for any r, it follows that s(a) => g(0)-{-Oy, A nd 

thfficefore «'(a) == g'(x) == o(a), which completes the proof. 

We may express Theorem 3.7 by saying ^t the derivative of 
the limit of s„(a) is equal to the limit of the derivative of tp(x). 

. Observe tiiat tiie result holds only in the open interval {■— J^, i^J 
sod does not extend to the point B itself (unless 1* 

ilotosnai to.be omiveigent, when xsas B, indqieiirieritiy tdt 

instance, tbe series X **/»• is oonveigeoi when * ^ i» 
but the derived series is omiveigt^ ori^ whmi. ie ii 

kiBS than imity, and is diveegent wheit a I. : ^ . 
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It Mows, of oonise, that if is oonvogent for ereaty 

raloe of », then i1|| derivative is 2 nOji-a for every value of ». 

Ihe foregoing proof is based on the assumption that there is a 
fhnotion g(x) whose derivative is the given oontinnous function 
a(x). The justifioation of this assumption is given in Chapter XV. 
The following is an alternative proof of l^eorem 3.7 which is 
indepoidmit of this assumption. 


3.701. AUemoHve proof of 3.7. By Theorem 1.83 2na„aJ*-i is 
absolutely convergent in (— x*, x*) and so, by 1.921, we can find 
»r, independent of x, such that 

2jWpX*»-* = 0(f) 
n 

for all .AT > n > n,, and all x in {— x*, x*). 

Let X, X be two points in (— x*. x*) and write ^(x) = 2*j»**'. 

iff * 

so that ^'(x) = 2 pitpX^-\ It follows from Theorem 3.61 that we 

n 

can find and Cj between x and X such that 


but ^'(Cj) = 0(f) and ^'(c,) = 0(f), and therefore 

JL — X 


91 

or all X and n not less than and therefne, sinoe 2^^ 
onvergent in (— x*, x*), we have 


P>n 

’oxthermore, sinee 2 *«»n**"^ converges in (— x*, x*) we can find 
^li^sudithat ^ pOjX*'-* =ss 0(f),f(Hrn >v,andxin(»x*,x*), 

idwecandBtermineAr,iiuiepeiuientofx,sothatifS|i(x) 

“* OC**) ywjvided X— X 0(J^) 
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'Hence, if/(x) = 


fiXh-f{x) 


X—x 


2 na„*"-^ 




I 


P>yr 

=: 0(f)+0(r)4-0(f), provided X—x = 0(A,), 

= 0(r~l) 

which proves that/(») is differentiable with derivative 2 
in (—X*, X*). 

3.71. If/(«)isthederivativeoff(x),in[— i?,Ji),and/(*) =»2®»y*> 

the power series being convergent for x — B, then 
F{x)-F{0) = 2 ®» (1*1 < 


a„ ;■ is absolutely convergent for |*| < litl, 

n+1 

andi) , = a:»,andtherefore,by 8.7, > a„ — —is differentiable, 
»+* 

with derivative /(*), when |®| < |iJ|. Thus the difference 

a-n+i 


l’(x)-2«n 


n+1 


is differentiable, with derivative zero, so that, by 3.65, 
F{x)- 2 a«^ - W (|x| < 1121). 

3.711.* The equation F{x)—F{0) — 
only fOT |x| < I :fi|, but also when x= B. For, by 1 .91 1, 2 > 

ajn+l 


hdlds in fekct not 


J8*+i 

»+l 


i.ooiiv«g«it,wl»no.,by2.6,l>oth«<t) - 

oontinuous in (0, .JB); but ^(x) F(x)— F(0) for 0 < x < H wad 

90 , by 2.7, 4(B) = F(J2)-F(0). 

^73. The hinomlal theorem 

r , If Ipj denotes »»(to— l)(w--2)...(m— r-f l)/r! for any inte^gci^r, 
^ -mMi m jj 


i^any 'ffi, tbrai 





-4- 1, for fixed i». 
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Hencb V absolutdy oonveigeiit £» aQ m, and aU a; in 

Let/(®) = 2 |”)af in [— 1, 1]; then, by 3.7, 

in [-^1, 1], and therefore 


=“2{(:)-r7V(r.‘))- 



and so mf(x)—(l-\-x)f{x) = 0. 

If —1 < —a < X, we have, obviously, 1+a: > 1— a > 0,.and 
therefore in the interval (—a, a), where 0 < a < 1, the fonotiou 
g{x) =/(*)/(!+*)"• is differentiable, with derivative 
?'(*) == {(!+«)/'(*)— *»/(*)}/(! +»)“+^ = 0 ; 
hence g(x) — g(0) q= 1, and so f{x) = (l+jc)"* for —a z < a. 

plnu (l+a:)*" = 

lor any m, and any x in [—1, 1]. 

I The result is also true for z = l,m > — l,andforz= — l,m>0 
isee Examp le 4.8). 

baverse functions 

If a fhiU)tion/(z) is regarded aa transfinxing a point z to a ptnnt 
r, then a fimotion g{x) which transfers y back to z is called an 
swrse of /(z). 'Em instance, z— 2 is an inverse of z+2, and 1/z 
i its own invnne. j 

Eomu^ tot itfimt’. If eaeh of the fnnoti 0 nB /(z), p(z) has 4 
ti^ips yalw Sat each value of z, and if fen all z 

/(?(*))**. % ^) 

is. oaSbd ^ «tit«erse iunotkm ofz). 
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If -we write y for g{x) the condition (i) is equivalent to the pair 
of equations y = g{x), x — f(y). This suggests that if f{x) is the 
inverse of g{x) then g{x) is the inverse o£f(x), but -this is not true 
without some further restriction on the functions. Equation (i) 
shows' that g{x) takes each of its values once only, for if 

g{Xj) = ?(»,) = V, * 

say, then/(«) =f{g{xj)) = x^ and also/(i>) =f{g{x^)) — and so 
as f{x) has a unique value for x=.v, therefore x^ = x^. Hence if 
g{x) is also the inverse off(x) it follows thst/(x) takes its v^ues 
once only ahd this is more than we were given by the conditions 
which made f(x) the inverse of g{x). \ 

If, however, we add the condition 

f(x) takes each of its values once only (i) 

we can readily prove that ^(x) is the inverse of /(x), for writing 
/(x) in place of x in equation (i) we have 

/{»(/(»))}=/(»)• 

Now /(x) tahes each value once only so that f{X) = /(x) only if 
X ssx and therefore from f{ff{fix))) = f(x) we conclude, for all x, 

== *. (i') 

which proves that g(x) is the inverse of/(x). 

Alternatively, instead of imposing an additional condition on 
f(x), we can prove (i') subject to the condition that 

evety number is a value of g(x). (ii) 

For if y *= g{x) then /(y) = /(y(x)) = x and so 

9if(y)) = 9ii») = y 

and this is true for aU values of y as evety number is a value of g(x). 

We could of course have anticipated the need for this condition 
on g(x) as equation (i') says that every number x is a value of g{f), 
for tiie value /(x) of the argument. 

Observe that by condition (i) we prove (i') and from (i') we can 
deduce condition (ii), and therefore condition (ii) follows from 
condition (i). Equally, rince condition (i) follows from (i') and (i') 
frJknra from the oondtition (ii), therefore (i) follows from (ii). Thus 
the ccmditions (i) and (ii) are equivalent, for each follows from 
the other. 
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If the eqtwtioii (i) holds, not for all valneB of x hut for all values 
in some interval (o, 6), th6n/(a;) is said to be tt»e inverse of g(x) in 
(a, 6). For instanoe <v^ is the inverse of x* in (0, 6) for any 6 > 0, 
and vioe versa. 

t 

3.81. If/(*) is the inverse of g(x) and iff(x) and g(x) are differen- 
tiable tben/'(g(x)) = llg'{x), fox f{g{x)) = x and therefore 

f{g{x))g'(x) = 1, 
whence the result follows. 

3.82. If g(x) is continuous in (a, b) and steadily increasing, so 
that g(X) > g{x) whenever X >x, then g{x) has a unique con- 
tinuous inverse in (a, 6). 

If F is a number between g{a) and gib) then, sinoe g(x) is 
continuous, we can, by 2.41, find an X between a and 6 such that 
g{X) = y ; as g(x) is steadily inoreaaiug there can only be one 
number X such that g(X) = T. Let f{y) be the function which 
takes the value X when y takes the value F, so that for any F 
betwemi g(a) and g(b) the value of /(F) is uniquely determined. 
Since /(F) = X and F = giX), therefore 

for any Y between g{a) and g(b), so that g{x) is the inverse of/(y) 
in the interval (j 7 (a), ^(6)) and therefore, as g(x) takes each of its 
values once only, f(y) is the inverse of g(x) in the interval (a, b). 

Of course f(y) is also steadily increasing, for if /(F^) =SS Xj, 
f(Xt) sinoe /(y) takes its values once only, Xj 

and X| are unequal, and thmefore, as g{x) is steadily increasing, 

(Xj— X|){jr(Xi)— g(X,)} > 0, 

i.e. (Xi-X,)(Fi~F^>0; 

whence, sinoe Ij < F^, it foUows that Xj < Xj and/(y) is 8tead% 
increasing. Moreover, every number between a and A is a value of 
/(y), for if X is any number m (a, 6) then/(y(X)) <= X, and tiiere- 
fore, by Theorem 2.23, /(y) is continuous in (g(a), g{b)). 

3.83. If y(x) is differentiable in (a, )3) and if its derivative g*{x) is 
gnater than some positive 2A for any x in («, )3) then g(x) ^has a 
unique inverse /(x) which is also differentiable. 
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Since g{x) is difiermtisble it is oontmuons, and edlnoe g;{x) > 2A, 
g{x) is ateadily inereadng in*(a, /3) and bo, by 3.82, g{x) has a nnique 
oontinnons invrase/(a;) in (a, /?). Let g(x) = y, g{X) — 7 bo that 
* =/(y) *®d X =»/(r). ^oe f(y) is continuous, X—x = 0(Jli) 
wbm 7—y s* 0(pj). Hence we can take y, 7 sufiBloiently dose to 
ensure tihat g{X)—g{x) = (i— *){|^'(x)+0(f)} and so we have 

m-m _ x-x _ 1 

7-y g{X)-g{x) 8r'(*)+0(f)’ 

for X, X are unequal when 7,yBxo unequal since /(y) is increasing 
steadily. 

Therefore i 

m-M ! 0(r) _ _Lo/.^ 

y-y g'{x) y'(*){y'(*)+0(r)} 2A» ^ ' 

for flr'(»Ky'(a:)4-0(r)} > 2A(2A+0(r)) > 2A*, provided r is chosen so 
that IOTA > 1. Since A is fixed and r may be as great as we please 
this proves that/(y) is differentiable and l/y'(x) is its derivative, 
where X =/{y). 

3,831. In 3.82 we may replace the condition ‘y(x) is steadily 
increasing’ by 'g(x) is steadily decreasing* and in 3.83 we may 
r^laoe the condition ‘g\x) is greater than some positive 2A’ by 
‘g'(x) is less than some negative 2ja’, making the appropriate 
changes in the proofs. 

3.84.* If g{x) is continuous in (a, 6) and if for any a > 0, 

y’(x) ^ > 0 

in (a+a, 6— a), then g{x) has a unique inverse in the dosed interval 
(«. b). 

Since y'(x) > 0 in (a+a, 6— a) for any a > 0, therefore g'(x) > 0 
in [a, 6]. 

By 3.63 and 3.64 g{x) is steadfly increasing in (a, 6) and so by 
3.82 g{x) has a unique continuous inverse /(y) in (a, 6); by 3.83 /(y) 
is diffoiMitiable and l/y'(a;) is its derivative, wh«i 
y(a+«) < y < y(6-a) 

and a is as small as we please. It is not necessarily true that/(y] 
is difitotentiable in the dosed interval (y(a), g(b)). Hie condition 
y'(aj) > ifc« > 0 may be replaced by y'(x) < — k., < 0. 
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3.841.* In partioular if, in addition to the oonditiona of 3.84, 
g{x) takes any value whatsoever when a; lies in [a, 6], then/(y) is 
defined, and its derivative is l/sr'(/(y)) for aXt values of y. For 
/'(y) = Ifg’ifi^)) for any y in the interval {g{Xj), g(*,)) for any 
Xi, x^ in [a, 6] and therefore, since g{x) tahes any chosen value for 
an appropriate x in [a, h], this equation is true in every interval 
and therefore true for aU values of y. 

3.85. If 9 is a positive integer then the function afi has the 
derivative which exceeds qafl-^ when x exceeds at; hence by 
3.83 3fi has a unique differetUiable inverse, which is denoted by 
Accordingly x^ is de^ed for any int^er q and any positive x. 
satisfies (**/«)« = = *. The derivative of x^ is 

l/g(»«a)«-i = x^jqx. 

Defining to be it follows that the derivative of is 
px^-^a^yialqap = pxPlojqx. 

Since — {eflY for integral p, q and any a, therefore 

{a^ysa = {(*««)«}*» = but and so 

{(a^fl)P}« = xP, whence = (**’)**' = xp/». 

Furthermore (x^p«)p<i = x, and so {(»Wp«)p}« = x, wherefore 
= xVa and so x^ps = («>/*)«». 

Similarly = (x^)^. Hence 

XP^ = {ai^yfr = {{x^Y}P = [{(x^)>^f]p = {x^)P — xP*, 

which justifies the use of the fractional notation. 
xPk satisfies the index laws, for 

(xPfe)^* s= [{(xW»)P}»’]V* = [(xW»)P']y* =» [xP»^«]«* 

= [{xP'}*<«]«* = [xP^]W»* = x>Pti*, 
and 

xPte.af/* =» xP*te*.x«** = (as^Y*.(i>!^y^ 

sa (xVa*)P*4«r _ xdM-Hrlk* SS xPta*^. 

Similarly 

X^faf^ as (x^)p*/(a*^)'’* =* (x^^jp*"** xP^"*^. 

Acoordini^ x*A>/x =s xp^-i and the derivative of x*^ may be 
written in the form {p/q)af^-^ as in 3.4. 
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3.9. We bave so fiur tadtiy snpposed that the fimotionB Fith 
whidh we have been oonoemed are Amotions of a single variable 
and that the derivative of a function records how much faster os 
slower than the ohange in its single argument is the change in the 
value of the fimction. If, however, a function contains more than 
one argument we may consider it as depending upon each of these 
arguments in turn and examine the ratio of its change in value to 
the ohange in any single one of the arguments. For instance the 
function aa^ is a function both of a and x, but we may think of it 
as a function of z alone or of a alone and seek for its rate of change 
when only x changes or when only a changes. The important ppint 
is that here a and x are independent variables for which a change 
in one is quite independent of a change in the other. We might 
e3q>ress this by saying that as far as changes in a are concerned 
n is a constant. Thus we separate entirely the two questions 
'How much faster than x does aa^ change?’ and 'How much 
faster than a does ax^ change?’ To answer the first question we 
observe that is a product of r* with a constant function a and 
po the rate of ohange which we require is given by the derivative 
2aa;, but in the second question it is with changes in a that we ate 
oonoemed, mid so now aa? is a product of the function a with the 
^eoMtant and the rate of ohange required is now given by x*, 
’ sinoe the derivative of a is unity. The presence of more than one 
argument in the function makes a change necessary in the notation 
fior a derivative. For instance, if we were to denote the derivative 
of a function of two arguments, /(x, a), by /'(x, a) we could not 
tdl whether this derivative records the rate of ohange of /(x, a) 
for changes in x or for changes in a, and as we have already seen, 
these rates of change might be quite difierent. Accordingly we 
intiodttoe the notation I^/(x, a), D^f{x, a) to mcpress the rate of 
change of /(x, a) as x varies and as a varies, respectively. The 
extension of the notation to functions of three or more arguments 
is quite obvious, J)gf{z, y, z), J\f{x, y, z), I^fix, y, z) denoting the 
derivatives according as x, y, or z varies, and so.on. 

We proved in 3.66 that if I^/(x) » 0, as x varies in some 
interval (a, 6), then /(x) °s/(a} for any x in (a, 6). It will readify 
be observed that nowhere in the proof did we assume tbat/(x) is 
afonotum of a su^ variable and we may theaef<«e express 3.0S 
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in the following form: If y) as x yariee in (a, 6) thm 
y) /(<>» y) ^ (uc^y ^ In (o> b), i.e. fi,Xt y) is in &ot a fiincticm' 
of y alone, in the sense that i^e ralue of the function is indepen* 
doat of th^alue of x, in the interval (a, 6). 

If X and y are not independent variables but qne of thrai, y, 
suppo^, stands for some function of x, then we can no longw form 
the derivative of/(a;, y) by supposing that x alone varies and y is 
constant. For mstance, riy^^a^, the value of D^y:^ is not 3yx* but 
is For the present we shall not have occasion to use a special 
notation to distinguish these cases but we shall return to this point 
in a later chapter. 

There is a further notation for the derivative of a function whidi 
is of both historical and practical importance. This notation con* 
sists in writing djdx in place of the we introduced above, and ' 
d/dy in place of X^, etc. In this notation many of the theorems 
we have proved on the derivatives of composite functions take a 
very simple form. 

In 3.32 we proved that the derivative of f(g{x)) is f(g{x))g'(x). 
Let y denote /(y(a;)) and i denote y(a;) so that y =/(i). If we think, 
of t as an independent variable we have I)y — f'{t), and sinoe 
t ss g(x), D^t — g'{x)y and therefore the fact that the derivative of 
y, i.e. of/(y(x)), is/'(y(x))y'(«), is expressed by the equation 

Z^y = I\y.D^U 

Now writing d/dz for D^, etc., we have 

^ ^ * (i\ 

dot dl 'dx' ' ' 

Thus equation (i) is the expression in this notation of Theorem 3.32. 
In 3.81 we showed tiiat if/(z) is the invwse of y(z) then 

/'(y(»))= W(*); 

write y for g{z) so that y s gix) and x — /(y). Then 
/'(y(*)) g\x)^D,y 

and s6 D^x >=> ijl^y, 

i.e. g (ii) 

Equations (i) and (ii) show that the sign dyfdx beham as if it 
ivNce a quotient of t^ quantities dy, dx, for (i) is formed as if 
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the dK in the numerate and denominator on the right-hand side 
oonld be oanoelled and (ii) says that dy/dx may be inverted like 
a fraction. Of oonxse onr definition shows that dyjdz is not a 
fraction, standing as it does for in fact dyjda is not composed 

of dy and da but of d/d* and y, and d/d® is just a shorthand for 
the expression ‘the rate of change as x varies’. Equations (i) and 
(ii) are useful brief expressions of Theorems 3.32 and 3.81, easy to 
imnember and to apply, but nothing more. It must not be sup- 
posed that because dyjdx looks like a fraction, and because if it 
be so regarded equations (i) and (ii) are obviously true, that the 
proofs we have given of 3.32 and 3.81 are superfluous. OC( the 
contrary it is these very proofs which justify our saying that 
^ dy/dx behaves like a fraction, and nothing else. Incidentally thia 
'notation effects no simplification in the expression of Theorems 8. 1 
and 3.2. The origin of the notation lies in the relation of the deriva- 
tive y' of a function of ® to the ratio of ‘difference in y’ to ‘differ- 
ence in x\ which might be written ‘diffy/diff ar’ and the further 
abbreviation to dyjdx is then strongly suggested. The use of the 
term differentiating’ as an alternative to ‘deriving’ is explained 
in the same way, for the word ‘differentiating’ is a synonym of 
‘differencing’, meaning ‘taking differences’. 
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THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS. 

’ HYPERBOLIC FUNCTIONS 

4. In this chapter we oommenoe the application of the general 
results we have established to the study of a number of special 
functions. The first we consider is the exponmtial function E{x) 
whose value for each value of a; is the limit of the s«cies 

X X* X® X® 

‘+ri+51+5!+-"+S!+-- 


This series is absolutely convergent for every value of x, tince 

Ijjn+l] 1*1 _ 1 . , , ... oi 1 

— — j— for every x; but 

n«l 


and so the derivcUive of E(x) ie ike funcHon E(x) 


nl **(n— 1)! 
itself. E(x), being differentiable, is continuous. 

Note that E(0) = 1. The value E(l) is denoted for brevity by 
e, so that e stands for the limit of the convergent series 


from which the value of e can be calculated to aa many decimal 
places as we please. To 23 places 

e s 2-718281 8284S9 045235 36028. 

If * ^ 0, E(x) > 1+* > 1, and so E(x) can be made as great at 
please by ohoosiDg x sufficiently great. 

4.1. We prove next the important prop^ty E(x+a) = E(x) . E(aj 
for aiqr* and a. 

Hie equation is obviously true if o » 0, sinoe J5(0) ■» 1. Wi 
assume first that »4-a ^ 0; thmi since E(x+a) > 1, 

4{l/i?(®+«)} » -E(«+o)/(E(®+o))« » -l/E(*4-«). 
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Mi d Ishorafore 

mS(x).S{a)IE{x+a)} 

= [Bg E{x)E{a)yE(x-\-a)-{-E{x)E(<i)DJ\jE{x-\-a)) 

= {E{x)E{a)~E(x)E{a)}lE{x-\-a) ** 0, 
for eveiy x and a such that x-\-a > 0. Therefore by '3.65 
E(x)E{a)fE{x-\-a) = E{G)E{fi)IE{(i+a) = 1, if E{a) # 0, 
but E(a) > 1 if a > 0, and so E(x)E(a) = E(x+a) if x-j-a > 0 
and a > 0; by symmetry the result therefore holds for x+a > 0 
and « > 0, and so it holds provided only x+a > 0 sinoe^when 
a!+o ^ 0, at least one of x and a is non-negative. 

In partioular E{x)E(—x) = E(x—x) = E{0) — 1 and so 

E(-x) = I/E(x) 

for any x. When x is positive E{x) is positive and greater 
unity and so E(—x) lies between 0 and 1; in particular E(x) is not 
aero for any value of x and E{x) > 0 for every x, positive or 
negative. 

If x-j-a < 0 then —x—a > 0 and so 

E(x+a) = l/Ei-x-a) = lfE{-x).E(-a) = E(x)E(a), 

which completes the proof that Eix+a) — E(x) . E{a) for all values 
of X and a. 

4.11. E{(i-\-b-^-c) = E{a-\-b)E{c) = E{ar)E(b)E{c) and so on for any 
number of factors. 

4.12. E(x) is steadily increasing for all values of x. 

Choose any Xj, so that >• Xj and let d = X^ — Xj so that 
d>0. Then E(Xt) = E(X^+d) ^ E{d)E(X^) > EiX^) since 
E(d) > 1 and E(Xi) > 0 whatever Xj may be, which proves 
that E(x) is steadily increasing. 

4.2. If » is a positive whole number E(nx ) » {X(ic)}*. 

For nx *= x-j-x-i-x-{-..,-j-x, where the sum has n t&aas, and so 

E(nx) E(x ) , E{x ) . E(x)...E{x), with n &ctors in the product, 

s* {X(aj)}*. 

in partioular if » « l, X(n) = {X(l)}* = e». 

Furtiietmore 


E(—n») a= IjEinx ) « {X(»)}-» 
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and io the eqnatum S{n») ss is true whether n be pcxdtiiye 

or negative. 

4J1. For £raoiaon^, 

= E{px) = {B{z)y> 

*1. — f-_ ^ {£(a,)}»te. 

Thus the equation E{nx) = {£(«)}” is true whether n be a irhole 
number or a fraction. 

In particular E{n) — e** for dl int^ral or fractional values of n, 
whidi shows why E{x) is known as the ea^ponentiai function. 

4.3. The only function which is its own derivative is aE{x). 

For lf/(x) is a function which is its own derivative then 

A(/(»)/^(*))= A(/(*)^(-®)) 

= iDJ{x))E{~x)-i-f{x)iD,E{-x)) 

— f{x)E{—x)—f(x)E{—x), since !>*(—*) = —1, 

= 0 . 

Therefore /(*)/iZ?(*) =/(0)/F(0) =/(0), i.e. /(*) =/(0)F{x) and 
since f{0) is just a constant we may denote it by a. 

In paxticular if/(x) is its own derivative and if/(0) = 1, then 
/(*) = E(x). 

4.4. We have semi that £( 3 ;) is continuous and steadily increasing, 
and therefore, by 3.82, E(x) has an inverse function; this inverse 
is called logo; so that log(JEf(«)) — x and F(loga;) = x and if 

y — E{x) then x — logy. 

^oe E{x) > 0 for every value of x the function logy is defined 
for every poaiUve value of y and only for positive values of y. 
Moreover, also by 3.82, logy is tieodi^f increasing. 

4.41. The frinction log X ia differentiable and its derivative is 1/z. 

Fojf if is any positive number, as large as we please, for any x 
in the interval {--N, N) we have E(x) > E(—N) since B(x 
inoteases, and therefore E(x) > l/E(N) > 0 and so 

E'(x) > IIE(N) 
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and Thsoram 3.83 applies proving that logo; is di£ferantiable and 

Alogy* Wogy) 

and so == 1 /y. 

This is true in the interval E{ — N), E{N) for any value of N ; since 
E(N) can he made as great as we please by choosing a great enough 
value of N, and since E{ — N) — 1/E{N) which accordingly can be 
made as small as we please, the interval E( — N), E{N) will contain 
any positive value of y we please, great or small, and therefore 1 /y 
is the dmvative of logy for any positive vaf/ae of y. 


4 . 5 . Ccmsider the expression E{bloga). When 6 is an in^lpRer or 
a fraction we see, by 4.21, that 

E{bloga) = {Jf(loga)}^ » 

But Jir(loga) = a and so E{bloga) — a^. 

Although is defined when 6 is an integer or a fraction there 
is no elementary definition of this function when 6 is an endless 
decimal. Since an endless decimal is the limit of a sequence of 
terminating decimals (for instance V 2 is the limit of the sequence 
1, 1*4, 1*41, 1*414,...) we define a^, when b is the limit of a sequence 
of fractions 6^, b^, 63,..., to be the limit of the sequence a^>, efi*, a \... . 
To make this definition effective we must however prove that the 
sequence a\ ah, ah,... is convergent. 

Since each 6 ,^ is a fraction, cfi* = Ar( 6 „loga) and by means of 
tins relation we readily prove the convergence of the sequmioe. 
For E(x) is a continuous function and b^^loga -*■ 61oga and there- 
fore E(b,^loga) E{b\oga), by Theorem 2.3. This proves both 
that ah is convergent and also that its limit is £(61oga). This 
limit depends only on a and b, and is ind^imident of the partioular 
sequence hj, 63 ,... we used to find the limit. Since we defined to 
be tibe limit of ah we have proved that cfi — E{bloga) also when 
5 is an midless decimal. It follows that 


logo* = log F(6 logo) = biogo. 

In partioular if we give a the value e we see that 
e* =s Eibloge). 

But e = iP{l) and so logs « log^(l) « 1, i.e. logs 
therefore 


1 , and 
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Huts for aiiy ralneof £(«)» e* and aoooidin^y we dtall write 
e* instead of E{z) from this pcmit onwards. 

4.91. Since ^ > ®*»+*/(i)+l)! for any integral value of p > 0, 
and a; ^ 0, therefore 

< {p+l)\lx < IIW i£z > l(K(p+l)! 

In partionlar »r/e” -»■ 0. 

Writing logn for z we have 

(log»)»/n = 0(r) for logn > l(y(i>+l)!, 

i.e. sinoe e* is steadily increasing, forn > which proves 

that (log »)*/» -* 0 for imy p > 0. 

From (log n)/n 0 we deduce (logm>’to)/»ii>to _► o, by writing 
for n (where pfq > 0), whence it follows that {(p/g)logm}/m** -> o 
and therefore that (logm)/m^^ -*■ 0. 

The theorem that (logn)/n -*■ 0 may be written in the form 

log«V"-»-0, 


firom which it follows, sinoe is continuous, that 

-► ««, 
i.e. 

•A 3 ^ 

4.6. Justas ^ p and its derivative ^ ^ are nearly equal (because 
o’ o’ ^ 

»*/n! ^ 0) for luge values of n, suggesting that the limit of^^is 

0 

a frmotion which is its own derivative, so too the frmction 

1 f 

^ '^nl n '^n/ equal for 

SC 

large values of n, for their ratio is 1 -i — which is nearly unity, and 

% 

so sinoe ~j » i when z = 0, we should expect that |l 4-^| 

is convergent and that its limit is e*, the only frmction which takes 
the value unity when z = 0 and which is its own derivative. We 
can eari]^ diow that tiiis is the ease, though the proof is somewhat 
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l+aat tibea 


d, d, dy 1_ 


X 


di 


dy 


1+xt 


and therefore 


log(l+»^-log(l+»») , ^+ 0 (,) proTidrf r-i = 0(.). 

Take < s= 0 and we have 

log(I+£y) ^ j, ^ 


Let T — 1/n and ao 

«log|l^5| = «+0(r) provided » > 10*, 

i.e. «log|l+|j->-a:. 

But e*’ is oontinuouB and therefore 

^nlosa+ae/n) 


i.e. 




•c*. 


1 . 


Sunilarly, if we take T = — - in (i) we find 

Thus both |l 4-^j Mid |l — tend to e*, 
In partiouiar if x — 1 we see ikat both 


(■- 3 ’ 


and tend toe. 

This illustrates an important point in the theory of limits, for 

althou^ 1 4 -^ ->■ 1 and |l -f- +^j v>i ^ Miy fixed number of 

fimtocs, also tends to 1 yet if the number of factors is not fixed 
this is nq hmger true, for as we have seen when there are n fiMstors 
tim limit is not unity but e, which is greater than 2. 

An even simpler illuBtratimi of the same pdnt is affarded by 
sum l/n4- !/»+•••; if are a fixed number of terms in tibie 
siim» ^ limit of the sum is the sum of the limits of each term, 
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which is zero, bat if there are n terms in the sum its value is unity, 
however great » may be. 

Examfubs. (i) The derivative of is for any positive 
value of X, wlUtever value n may have. 

For JB* = and so if y = nloga; 

—as"- = — ^ =s as c*'.- =s *».- = na:*"^ 

(te osB ay dx z x 

(ii) The dwivative of ef^ is e^'(x) ; for if y = /(»), 


£ 

dx 


e^*) 


dy dx 


«*/'(») = e^'(x). 


(iii) The derivative of log/(x) i8/'(*)//(x) ; for if y = /(*), 

|l„g/(,) = |l„gy = |.I„gy.| = W 

(iv) To find the derivative of X*. Lety = x^thenlogy = xlogx. 
Now 


d, 


-logy. 


dx 


1% 

ydx 


and 


^(xlogx) = logx+x.i = 1-flogx, 

(tX X 


and therefore 

^ = y(l-flogx) = x*(l+logx). 

(v) We define Ic^aX = logx/loga. Therefore 

l<^o®® = logo*/loga = xloga/loga = x, 
and BO log(,a; is the inverse function of o^. Furthermore 

«!««.» = e*®*.* ***® sa e*®** = X 

and thmefore a* is the inverse function of log^x. Notice that 
since logs » 1 therefore log^ x — logx. 

It follows firom the definition that 

xlogo 

4.7. The hyperbolic functions 
The fiinctions i(e*-l-e-«) and i(e«— e^) are known as the Ayper* 
cosine and hffftoMic aine respectively, and are denoted by 
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oha; and aha; (pronoiinoed ‘o — h — x* and *b — not ‘oh— a;' 
and ‘ah— a!').t 

Since i(e‘^+e*) = it follows tiiat oh(— a;) = ohas and 

ainoe J(e“*— e*) = — J(e*— e"*) therefore 8h(— a?) — —aha?. 

Adding and subtraoting the hyperbolic functions we obtcun the 
very useful equations 

char + sha: = e*, oha; — sha: = e“®. 

Whether x be positive or negative, (e*— !)• > 0, equality ooouxzing 
only when e* = 1, i.e. when x = log 1 = 0, and therefore > 

e**+l > 2c*; 

ainoe e* is positive for any x we may divide by e*, giving 

c*+e-* > 2, 

whence it follows that, for any a;, ch a; ^ 1 , equality occurring only 
when a: = 0. If a: is positive c* > 1 and so, since e-* = 1/c*, we 
have e* > e“* and therefore sha: > 0. 

If a; is n^ative sha; = — 8h|a;| and therefore sh a; < 0. 

If sha; = 0, e® = C"* and so c®* = 1, 2a: = log 1 •= 0, i.e. x = 0. 

4.71. ch^c— sh^ = (chx — 8hx)(chx + shx) = c"*.c* = 1, 

i.o. for any value of x, oh*x— sh^a: = 1, where ch^ stands for 
(ch*)*, etc. 

4.711. Since chx > 0 it follows from 4.71 that 
chx = +.^(l+sh*a:); 

tiie sign of sh x, however, depends upon the sign of x and therefore 
shx = if X > 0, 

shx = — ^(oh^c— 1) if X < 0. 

4.72. D^shx = Dj, J(e*— e-*) = == ohx, 

D*ohx = 4i(e*+e-^) = = shx. 

Hius each of shx, chx is the derivative of llie other. 

4.73. Addition formulae 

8li(x+y) = shxchy-f shydhx. 

fMaiuraaliianwnteniiha), coshxmstosdofshc, ofae. la Owmaa works 
«• find ‘oof«’ pnnted m Gk>thio oharaoten. 
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For 

Aahxohy =* («^— e-*)(e»+e-») — e*+v— e-*-!* 
and , 

<r 

ichx^y — (e*+e-*)(e‘'— e-») = 6?*+*— e-*-r— e^-r+e-*-** 
and therefore, adding these results, 

4(8ha;ohy + cha;8hy) = 2(c*-w— e-»-») = 4sh(z-|~9)> 
whence the stated result follows. 

From sh(a!+y) = shxohy + ohxshy we have 

i^8h(a!+y) = Z^[Bhxchy + oha;shy], 
i.e. ch(x+y) = ch x ch y + ah x ah y. 

Replacing y by —y in these addition formulae we find, wring 
ch(— y) = chy, 8h(— y) = — shy, 

sh(a:— y) = shxchy — cha;shy, 
oh(®— y) s= chxchy — shxshy. 

4.74. Replacing y by a; in the addition formulae we obtain the 
duplication formulae 

sh2z = 2Bhiroha;, 
oh 2a; = oh^+sh^ 

= 2sh^-(-l> using 4.71, 

= 2oh^— 1. 

4.75. The hyperboUc tangent, cotaiygent, eeeani, and cosecant, de- 
noted by tha;, ootha;, seoha;, ooseoha; (pronotmoed t— h— as, 
cot — ^h — X, sec — ^h — x, ooseo — ^h — ^a;), are defined by the equations 

tha; == sha;/oha;, cotha; = cha;/sh x, 
seoha; — 1/ohx, ooseohx = 1/sha;. 

From 4.71, dividing in tom by oh^ and sh^ we find, 
seoh^ as 1— th^ and oosedi^ = ooth^— 1. 

IVom Ute addition formulae for sh« and oha; we obtain 
th(a!-|-y) = 8h(a;-f y)/oh(a:+y) 

=» (8ha;ohy-|-ohafshy)/(oha:ohy-f sharshy) 

*» (tiix-f thy)/(l-|-th3;thy} 

after dividing the numerator and dmiominator by oha;ohy. 
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Rej^adng y by a; we have tbe duplioaticm fonutila for ths: 
1bi2a; =: 2tha;/{l+tib%B). 

Examfubs. ' 

I^tha; — I^shx/oha; — sh»X^oha;/oh^ 

= 1— Bh%t/ch** 

= 1— th^ = sech**. 


DgOotha; = Z^(l/tha:) = — seoh^/th%; = — cosech^. 
I^secha; = — 8ha:/eh*® = — thasseoha:. 

X^ooaeoha; = — chx/sh^ = — oothxcoseohx. 

4.8. Since c* = ^ therefore e-* = ^ ®o 


• u V 1 I I ®* I I ®*” . 

i.e. **"* = 2^ = ^+^+4! + -+'^+- 

and 

■ x**— (— »)“ 


}»2n 




i.e« 




n! 

x*»+i 


=2 


(2n+l)I’ 


(2»+l)l ■ 

The series for shx and ohx are absolutdy convergent, b«ng sub* 
series of the absolutely convergent series 

X" , . . X* . X* 


2x^ , . ic* ar 

;^=H-»+^+35+.... 


4.9. Inverse hyperbolic fimctiotts 

4.91. The derivative of shx is chx and ohx ^ 1 for every value 
of X, so that by Theorem 3.83, shx has a unique inverse fouction 
for all values of x, which we shall denote by sh-^,t or argshy 
or hsy. 

Shioe ohx = 4-V(^+®^^) shx + ohx = e*, thraefore 
log{shx+.y(l+ah^)} = X, 

^ The noteticm. ab~*y for the inverse of th y ia perhaps rather mideading, for 
Idunid^ we have written for (sh x)\ does noi stand for (sh •» Ijih, 
To avoid confusion we shall write for (sh »)** only when nis a positive integers 

The origin of the notation for the inverse ii^ in the analogy of the 
equation /^(jr)) «* x with the algebmo identity /"Vfc «» «* 
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which proWM that log^+^(l+2^}} is an inverse fonotion of 
and therefore 

, r = iog{y+>/(i+»*)} 

for all valuesjof y. 

4.92. If a; > a > 0 then 8ha;>sha>0, fac sha; is steadify 
increasing, as may be proved directly or by observing that its 
derivative is oha; which is never less than unity. But shx is the 
derivative of cha;, and therefore, by 3.84, cha; has a unique in- 
verse, for a; > 0,whiohwe8halldenoteby oh-^,oraigohy orhcy. 
When a: > 0, shx = -f-.^(ch%c— 1) and so ohaj-|-^(oh%c— l) = e^, 
whence 

log{ch X -f ^(ehhs— 1)} = a:, (i) 

which proves that log^-|-^( 2 /*— 1)} is the inverse of chx and so 
oh-*y = log{y-f-V(y*~l)}» where y > 1 since y — chas. 

4.921. sh a; is increasing even when x is native, since cha; > 1 
for aU X, and so if a > 0 and x < —a. then 

shx < sh(— a) = — sha, 

so that chx has a unique inverse when x < 0 which we shall 
denote by argch*(y) or ho'''(y). But when x is negative 

ahx = — .^(oh%c— 1) 

and so ohx— 7(oh^— 1) = chx-f shx = e*, 

whence l<^{chx— .^(ch^— 1)} = x, 

proving that 

lc^{y— V(»*--l)} = ho*(y), where y > 1. 

At the point x = 0, y == 1 we may take the inverse of chx to 
be either log{y-fV(y*~l)} or log^— V{y*— 1)}. 

Ciombining 4.92 and 4.921 we can say titot dix has a tmique 
inverse for all values of x and that when x is positive (or zero) this 
inverse is log^+V(y*~^)} when x is negative it is 

log^— 'W'here y =* chx > 1. 

Since = 1, therefore 

« logi = 0 

and so ho*(y) « — ho(y). 
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4.93. The derlvativee the Inverse hs^rlndlc fttnctUme 

By Theorem 3.83 Z{,8h~V l/i^sho; sa i/ohx, where eha; » y, 
and so oh« =» +V(^+^)> therefore 



Siixiilarly = 1/I^oha; =: l/shx, where ch x = y and x > 0, 

so that shx = +^(y*— 1), and therefore 



Since hc*y = — ch“V> therefore XJ,hc*y = — jj* ^ 

We can of course obtain thme derivatives directly ftojfx Ihe 


relations 


sh-V = log^4-V(y®+l)} ch-V = log{y-|--y/(y*— 1)}, 
which give 

D^ah-^ = i^log{y+V(y*+l)} = 

= ^ fi I y 1 = -i— 

y+V(J'*+i)l ^V(i+W V(i+y*) 

and 




V 

THE CIRCDLAB FUNCTIONS 

ADDITION FOBMULAE, DEFINITION OF n. PERIODICITY. 
INVERSE CIRCULAR FUNCTIONS 


5. The circuko' functions sin a; and cos a; are defined by the 
equations a:» 

, »* , «* afi , 

COSiC == 1 1 1-.... 

2!^4! 6!^ 

Each of the series on the right-hand side is absolutely convergent 

for all values of x, since V = chx and V , ■■ vi . = ehlxl ; 

^(2n)! ^{2n+l)l ' ' 

hence by 3.7 

TV V X* . X* 


I^sinx = 1- 


= 00 .* 


and DgCoax = — x-}-^ 


— sinx (see 1.6011). 


I^sinx = cosx and D^oosz = —sinx, 

5.01. sin%E-l-cos^ = 1. 

For 

l}g{fan*x-{-ooB*z) = 28inxD;e8inx-f 2cosxi>xCOBx 
— 2 sinx cosx— 2 cosx sinx = 0, 
and thraefore sin^-f-oos^ = sm^O-foos^O = 1 
nnoe sinO » 0 and cosO » i. 

S.i^.'Both sinx and cosx lie between —1 and -{-1; for ain% 
end 008 % are necessarily positive ami so 

0 < 8in% = 1— oos% < 1 
and 0 < ooa% = 1— sin*x < 1 

and therefore both sin% and oos% lie between 0 and 1, whiet 
proves that sinx and cosx lie between —1 and -f-1. 

5.1. Addition foimnlae 

rin(x-f y) sinxoosy -f oosxsiny, 
oos(x-fy) sss ooBXOosy — sinxBiny. 
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Write 8{x) and C{x) for the right>hand aides c£ these equations, 
so that L^8{x) ^ C{x) and DgC{x) ~ —S{x). Then 
I^/8(x)cos(a!+y)— (7(®)8in(a!+y)} = (7(x)oos(x+y)— 

— /8(®)siii(*+y)— C'(»)oo8(»4-y)+S(»)sin(*+y) = 0, 

and tibierefore 

/8(x)oo8(*+y)— C'(x)sin(*+y) = iSf{0)ooBy— C'(0)siny = 0 
since £f(0) — sin 0 cosy + cos Osin ^ = siuy 

and <7(0) = cos 0 cosy — sin Osin y = cosy. 

Thus /S(*)oos(xH-y)— C?(»)8in(x+y) = 0 \ 

and sicailarly \ 

iS(x)sin(x4-y)+C'(»)oos(*+y) = 1. \ (ii) 

Mulldpfy equation (i) by cos(x-f y) and (ii) by sin(x-)'y) a^d add, 
tiien sinoe sin*(*+y)+oos*(*+y) = 1, we have 

8(x) = sin(®+y). 

Multiply (ii) by oos(x+y) and (i) by sm(x+y) and subtract and 
^ C{x) == cos(x+y), 

which completes the proof. 


5.11. Since sin x is a sum of odd powers of x, sin(— x) — — sinx, 
and since oosx is a sum of even powers, oos(— x) = cosx; hence 
writing — y for y in 5.1 we have 

sm(x— y) = smxoosy — oosxsiny, 
cos(x— y) = ooBxcosy + sinx sin y. 

5.12. Duplication formulae 
Write X for y in 6.1 and we have 

sin 2x = 2smxcosy, 
oo82x = Gos^— sin^ 

= 2oo 8^— 1, by 5.01, 

= 1— 28in%e. 

5.13. If 

ooa,,(x) = l-x»/21+x»/4!-...H-(-l)«x*»/(2»)! 
and 8iii»(x) * x-x*/31+x»/6l-...-|-(-l)«x^+V(2n+l)I 

tiien fox any x and n, coax lies between oo8„(x) and oo8„4,i(x) and 
siiix Hfis between eiiu(x) and sin-u.,(x). 
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For oo 8 n(a;) and 2 ^oo 8 ;k(x) » — siii«_i(x), and so if 

i^(x) Bs 008,t(x)~'00sx wad Qn(x) == sm^jx)— sinx thea 

K{<») = ^niO) = Qn(0) = 0. 

Heaoe, for x > 0, »/ Ptn(x) > 0 then is ineteasing and so 
Qtnix) > 0, and therefore P,»+i(x) < 0; and if P^{z) < 0 then 
Q^{z) < 0 and so p8«+i(*) > 0* Similarly, if Pj„+i(x) > 0 then 
^ 2 »+*(») < 0,andifP^+j(x) < 0thenPj,»+,(x) > 0. ButPo(x) > 0, 
and therefore, in turn, Pi(x) < 0, P,(x) > 0, i^(x) < 0, and so on, 
so that PJpe) and P^+iiz) have opposite signs. Similarly QJz) and 
Qn+ii^) opposite signs. If x < 0, PJz) — PJ,—x) and 

QJx) = —Qni—x), and so also when x < 0, PJx) and Jf^j+i(x) 
have opposite signs, and QJps) and Q^+iix) have opposite signs. 
Hence oosx lies between oo8„(x) and oos„^i(x) and sinx lies 
between ain„(x) and 8in„^i(x). 


5.2. We prove next that the equation cos x = 0 has a solutaon 
lying between 1*5 and 1*6. 

By 5.13, 008 1 lies between andl— 

21 4! 2! 4! 61 

and BO cos | exceeds 


= i_?+ > i_?+i 0 

2! ^ 4! 6! 8^2*. 4!\ 4oj 8+8 ’ 


sinoe 1— & > J|; 

thus oos| > 0. 

Similarly oos| is less than 



because 32 X 69 = 1888 > 1876 = 26 X 76; 


thus cos| < 0. 

But oosx is continuous, and therefore, by 2.4, there is a pdnt 
between } = 1*6 and g « 1*6, where oosx = 0. 

If X lies betwerai 1 and S, then x*+3;+l < 31 so that 
{x»-l) < 3!(x-l). 

i.e, > 1 ; but onx > *— yr and therefore 

oI SI S! 

* 1 1 5 

8 mx>l~^ = -. 
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Slaoe dsiivattve of ooax — sina; < betwoen 1 and 
thetefoie cobz steadily decreases as z passes from 1 to f, and 
tiietefore oosa; takes each of its values once only between 1 and |. 
In particular cosa; = 0 once only between 1 and |; we denote this 
unique value of a; by (read ‘half pi’), so that oos|ir O; we 
have seen that jpr lies between 1'5 and 1*6, so that v lies between 
3 and 3*2. The method of 2.4 enables us to calculate the number 
to as many decimal places as we please, but we shall later give 
less laborious methods by which this calculation may be effected. 
To 26 places of decimals 

ir = 3*14169 26636 89793 23846 26433. 

Since sina; > z—— > 0, provided 0 < * < V6, therefore oo^z is 
6 

steadily decreasing between 0 and and so ^ is the smallest 
positive root of the equation oosa; = 0. 


5^1. Periodicity of the circular functions 

Since oosjv = 0, therefore by 6.02, 8in*|ir = 1; but sina; > | 
when z lies between 1 and |, and falls in this range, and 
therefore 

By 6.12 

oosw = oos*iw— sin* Jir = — 1, i.e. oosw = — 1, 
and sinw — 2sin|irco8|)r = 0, i.e. sin«r == 0. 


sin^ == +1. 


sin^ff-l-xl s — fiinx. 

Furthermore 

oos2w — oos*nr — sin*>r=], sin2ir = 28in4rooB« ' 

and so oos(a!4-2ir) = oosa:, sin(*+2v) = sinx. (i 

2^us einz and coaz are periodic funcUone, of period 2i 
Replacing z by z-\-2n in (i) we find that 

oos(«+4ir) = oosx, Bin(x+4>r) = sinx; 
rqieating the transformation, we see that 

oos(x+6v) = oosx, sin(x-f 6ir) = sinx, 

and so on up to any positive integer n, 

G08(x+2nv) = oosx, 8in(x+2fwr) s» sina 
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Bqttlaomg x by —x and remembraing that 

oo8(— ®) ss= COB®, Hin(— ®) = — ain® . 

•we have 

oa|l(®— 2a7r) ss 008®, sm(®— 2nfr) = am®, 

and BO 008(®+2f»ir) — ooa®, Bm(®+2n»n') == ain® 

whether m be poaitive or negative. 

All that lemaina to complete the identification of the fonotionB 
defined in 6 with the familiar trigonometric fimotiona ia to prove 
the fundamental theorem of trigonometry (or one may aay, the 
trigonometric definition of ain®) that in a unit cirde an arc of 
length 2® standa on a chord of length 2 ain®. As this is but a 
special case of general theorems concerning the length of a curved 
line we delay the proof till the appropriate point is reached in the 
general development of the subject. 

5.3. The subsidiary circular functions tan ®, cot ®, sec ®, cosec ® 
have the famihar definitions, viz. 

tan® = 8in®/cos®, cot® — 1/tan®, 
sec® = 1/cos®, cosec® = l/ain®. 

Hence 

jj^tan® = (cos*®+8iii^)/cos*» = sec^, 

X^cot® = — seo**/tan^ = —l/sin*® = — cosec^, 

DgSecz = — (— sin®)/cos%i; — sec®tan®, 
cosec® = — cos®/8in*® = — cosec®cot®. 

5.31. From 6.01, dividing in turn by cos^r and sin^, we find 
aec^c = l+tan% and coaec^ — l+oot^> 
Furthermore, from 6.1, 
tan(®4-y) = sin(®4-y)/oo8(®+y) 

— (Bin®oosy + 0082 Bin y)/(oos® cosy — sin® ain y) 

= (tan® + tany)/(l— tan®tany) 
after dividing numerator and denominator by cos® cosy. 

^oe 8in(-~®) ss —sin®, oos(— ®) a: coa®, therefore 
tan(— ®) s —tan®; 

hmoe nplaoing y by — y in the formula for tan(®+y), we find 
tan(c— ae (tan®— tany)/(l+tan®tany). 
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5.4. oe is a pomlive number, however small; then sin a; is poeUm 
when z li^ in the interval (at, ir— a) and nefpstive when z lies in 
(w+at> 2ir~at), Le. sina; is positiye in the open interval [0, ir] and 
negative in the open interval [rr, 2n-]. 

We have already observed that if 0 < a; < 2 then sina; > 

31 

But if 0 < a < I and a < a; < 2, then te>+ata;+at* < 6 and 


af— at > 0, and so a;*— at* < 6(a;— at), whence z- 


** > a— ^ > |ot, 


3! ^ 31 

as 0 ^ < at. Thus if ct < a; < 2, then sina; > fat. But 1 < < 2 

and so sinx > fot for any z in (a, fir). A 

^oe 8m{ir— x) = sinx and if x lies in (f»r, ir— «) then ir-\x lies 
in (a, fir) therefore sinx > fat also when x lies in (fir, ir— at). !)lms 
if 0 < a < X < ir— at, siax ^ fa and this is true however smbll at 
may be. 

Moreover, sin(x4-ir) = —sinx, and if x lies in (a, ir— a) then 
x+v lies in (ir+a. 2ir— a) and therefore at any point of the interval 
(ir+a, 2ir — a), sinx ^ — fa. 


5.41. oosx is poeitive in the open interval [—fir, fir] and negative 
in the open interval [fir, fir]. 

This follows directly from § 5.4, for cosx = sin(x+f>r). and when 
X lies in (— fir+a, fir— a), then x+fir lies in (a, ir— a) and there* 
fore oosx > fa; and when x lies in (fir-f-a, fir— a) then x-f fir lies 
in (ir-{-a, 2ir— a) and so cosx < —fa. 


5.42. The periodicity of sinx and cosx enables us to deduce 
fimm 5.4 and 5.41 that sinx and cos x are positive in [2rir, (2r-|- l)ir] 
and [(2f— f)ir, (2r-t-f)ir] respectively and negative in 

[(2f-|-l)ir, 2(r-|-l)ir] and [(2f+fK (2r+f)rrJ 
lespeotivdy. 


5 Ji. Inverse circular functions 
The dmivative of cosx is — dnx for all x and —sinx < —fa, 
ifx lies in the interval (a, ir— a). Henoeby 3.84, oosx has a unique 
eotOifmoiu inverse in (0, ir) which we shall denote by eo8~V ^ 
arcoosy, where sinoe y — oosx, the values of y lie between :i;l. 
It is very important to keep dearly in mind ihe interval in idbioh 
eos”*y is tiie inverse of oosx, i.e. the range of values of oos“>y, vis. 
from 0 to ir. 
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5.501. In the interval (2nr, {2r+\}n) both sina; and oobz have 
the aune values as those taken in the interval (0, it) and so oosa; 
has a unique inverse in the interval (2rn-, (2r4- l)7r), which we shall 
denote by aroooSry, the suGfix r oorreqionding to the r in the 
specification of the interval. 

If a; lies in the interval (0, w) then a;+2f7r lies in (2fw, (2r-f l)ir) 

and therefore , . 

arooos(ooBa;) — » 


and arooosr(cos(a;-|-2r7r)) = «+2nr. 

But ooB(a;+2m') = cosa;, and so if y = cosx then 


arcoos^y = arcco8y4-2rjr, 

which is the fundamental relation between arccos^y and arc cosy. 


5.502. If X lies in the interval (n+a, 27r— a) then x—v lies in 
(a, IT— a) and so, since sina; = — sin(a;— ir), it follows that 

sinaj < — Ja. 

Thus cos a; has a unique inverse in the interval (ir, 2ir) which we 
shidl denote by arooos*y. Similarly cosa; has a unique inverse in 
((2r4-l)w, 2(fH-l)7r) which we denote by arcoos^y. 

If X lies between 0 and ir then 2ir— a; lies between it and 2 it and so 
arcocs(oosa;) = x 

and arocos*(cos(27r— as)) = 27r— as. 

But oos(2Tr— as) = cosas = y and ther^ore 

arocos*y = 27r— arc cosy. 

If as lies in (0, it) then 2{r+l)n—x lies in ((2r+l)v. 2(f+l)w) 
and so, since cos(2(r+ l)7r— as) = cosas, we have 
arcoos*y = 2(r+l)w— arccosy. 


5.503. By Theorem 3.832 the derivative of arccosy is 
l/I^ cosas — 1/^as, 

where cosas = y, and 0 < as < w. But sin^ = 1— oo8% and so, 
^ce sinas is positive when 0 < z < ir, 

sinz = 4-^{l— co8*z) == +,^(1— y*). 

Therefore Z^arcoosy = ~ ^fZ^) ' 

Observe that when z » 0 or ir, y = ±1 and 1— y* == 0 so that 
wccosy has no derivative at these points. 
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Thxm tibe rdation arooos^y » arooc»y+2m' it foUowB that 

2larcoo8.jv— — rr — e 

-_j ii MCOOSjj/ = 2(f4-l)w— OOB-% 


i2.arooos*v = 


7(1-^*)' 

In particular the inverse of oob» in («r, 2n-) has the derivative 

5.504. The determination of the inverse functions of sina; may 
be carried out in the same way. Since cosa; > |c( when \ 

— < iv— Of, \ 

we find that in the interval (— |ir, in) the function sina: has a 
unique continuous inverse arc sin y, of which the derivative is 
l/2>a,sina: = +1/^(1— y*). 

In the interval ((2r— (2r4-|)v) sinz has the unique inverse 
arcsin,y such that arcsin,.y — arcsmy+2r7r and 


2^ arc sin, y = +1/^(1— y*). 

In the interval {{2r+i)n, (2r-)-|)fr) sinz has the unique inverse 
arcsinj^y such that arcsin*y = (2r+l)n'— arcsiny and 
I{,aro8in*y= — 1/^(1— y*). 


5.51. The inverse of tanz 

Since oosz > foe in the interval (— fir+a, a), therefore 

tanz is differentiable in this interval, for any at > 0. Further- 
more, if ^ is any positive number, however great, we may take 

»^l/2N and so tan(4w-a) = = l-ia > ^, 

smat a a 

andfurthermoretanl— |ir-|-a) = — tan(iir— a) < —N; sinoetanz 
is continuous in (— i«r-i-at, in— a) and exceeds (uud is exceeded 

by —N in this interval (if « — lj2N) therefore tanz takes both 
tito values JtN in this interval, be as great as we please. Hence, 
by 3.841, tanz has a unique inverse in the open interval [— |w], 
whidh we shall denote by tan~^ or arctany; tan~^ is defined fior 
00 values of y and its derivative is 

l/{seo(tan-Jy))* = l/[l+{tan(tan-»y)}*3 “ W+1^)f 

fm* fl.11 VAlnAn nf «/. 
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5.52.* When a; Hes in the interval ((2r— (2f+l)Jir--«) 
then aj— fw liea in (— i»r+a, |ir— «) and so, ainoe 

^ 008 a; = ±oos(a;— rw), 

according as f is even or odd, we have cosa; > or oosa; < -f*; 
in either case tana; is differentiable in the interval 


((2f— l)iw4-a, (2r+l)|ir— «) 

and its derivative is seo^ > 1. Hence, as in 5.51, tana; has a 
unique inverse in the open interval [(2f— l)4w,(2r+l)|ir], which 
we shall denote by arctaDry. The inverse function arctan,.y u 
defined for all values of y. 

If X lies in [— Jir, |«] then a;+r»r lies in [(2r— l)iw,(2f+l)i*r] 
and therefore 

arctan(tana;) = x 

and arctan,(tan(a!+fw)) = x+nr, 

whence, since tan(*+>^) = tana; = y, we have 
arctan,.^ = arctany+y^ 

and therefore 


I^^arotanry = l^arctany == l/(l+y*) 
for all values of y. 

5.53. arotanas+arctanv = arctan provided xv < 

1 — % 

For Xj,(arctana; + arotany) = l/{ 14 -a;*) 

and 

A<K 0 ton(*+j,)/(l-»!rt) = 

= l/(l+a;*) ‘provided xy 

When * s= 0, 


arotana; + arotany = arctany = arotan(af+y)/(l— a^), 

for all y, and therefore arc tana: + urctany = arctan- ^j^ in any 

interval of values of x which contains x » 0, provided xy 
hence the equality holds for all « and y such that a^ < 1, for the 
range of values of x for which xy > \ does not contain the point 
**= 0 . 


o 
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PARTIAL FRACTIONS 


6. In this chapter we shaJl show how a rational function P{x)IQ{x), 
where P{x), Q{x) are polynomials, may be expressed as a sum of 
terms each of which is either a polynomial or of the form Al{x+a)^ 
oroftheform {Ax+B)l{{x-\-Xf-\-a}^. The expression of P(x)/Q(x) in 
this way is called the resolution of P{x)IQ{x) into partud fixufUona. 

We shall not prove a general theorem on the resolutioi^ of a 
rational fimction into partial fractions but shall content ourselves 
with a description of a number of devices by which this resolilti<m 
may be effected with a minimum of calculation in the oases ipost 
commonly met with in practice. We shall always suppose that 
P{x)IQ{x) is in its lowest terms and that the degree of P{x) is less 
than that of Q{x), for if this is not the case we may divide Q{x} 
into P{x), obtaining a polynomial quotient P*{x) and a remainder 
B{x), of degree less than Q{x), such that 

P{xmx)^P*{x)+R(x)IQ{x). 

Case 1. Q{x) contains a simple linear fcMstor x—a and 
Q{x) = {x-a)Q*{x). 

We choose a constant A so that P{x)—AQ*{x) has the factor 
x—a; this requires P(a)—AQ*(a) — 0, i.e. A = P{a)IQ*{a), since 
Q*(a) 0 else x—a would be a repeated factor of Q{x). Thus 

P{x)—P{a)Q*{x)IQ*{a) is dividble by (»— o); let the quotient bo 
P*(«) so that 

P(x)-P(a)Q*(x)ma) = (x-a)P*(x), 


Q(x^ ' Q*{a) * X— a Q*{x) 

Tims is the partial fraction corresponding to jbhi 

fMtorx— a. 

If Q{x) is a product of n linear factors x—Of, r « 1, 2 ,..., n, anc 
if Qjlpf) as ©(x)/(x— o,) then 

P(x) _ P<%) 1 . P(a,) 1 . . P(a.) 1 

0(x) 
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Proof. The polynomial 

B{x) = Pix)-AMx)-AMx)-...-AM<e), 
of degree lees lihan n, has the factor x—a^ if jB(a,) » o, that ia if 
P(a,) Bs AfQfiOf), once 

QJflr) “ 0(«r)/(®r— «.) = 0. if « f . 

Hence if il, == P(a^fQf{a^ for all r, between 1 and n, then 
Pipe) =* A(*— 0|)(a5— Oj)...(® — o^), 

where A is constant; equating the coefficients of on botii sides, 
A = 0, and so B(x) is identically zero. 

Dividing both sides of the identity 

P(a:) = AMx)+...-\-A^QJpc) 
by Q{x) the result stated follows. 


** (-2)8 1,1* 1 3* 1 

(a:+2)(a:-l)(a:-3) -3.-6’®+2‘^3.-2’a:-l'^5.2‘*-3 

4 1 119 1 

~16‘ar+2’ 6'a:-l’^10'3!-3' 


To find the partial firaction corresponding to a simple factisr 
x—a it is not necessaiy to find Q*(x) the quotient of Q{x) divided 
by x—a, for if 

Q(x) — (x—a)Q*(x) then Q'{x) — Q*(x)-i-(x—a)Q*'(x) 

and therefore Q'(a) = Q*(a), whence it follows that the partial 
fraction corresponding to the feuitor (x—a) is 


m JL 

Q'(a)'x—a’ 


Example. 3fl-i-x—2 has the factor a;— 1, and its derivative is 
3ir*-f 1- Therefore the partial fr«cti<m of corre^nding 

ar-f-ic— is 

to this factor is 


1+3 11 

3.1*+rar-l x-1 


CUsb 2, Q(«) oonatains the fiKfior (n— a)>* and 


Q(x) *= (as— o)»<?*{a!). 
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Write (a+A) for x and express and P{a+h) in ascend* 

ing po'vrers of h. IKvide P{a+h) by un^ the renuunder 

is divisible by let the quotient be 


and the remainder hPB{h) so that 


P(«+ft) 

e*(a+A) 


•do+rij ^+^2 A®+ •••+-dp_i 


hPB(k) 

Q*{a+h) 


and therefore 


P(o+A) _rio ^ . Vi. W \ 

P(x) Aq Ai ^(ag-o^ 

{x-ayQ*(x) (x-ay>'^ (x-ay>-^'^‘"'^ x-a"^ Q*{x) ' 


Example. To express 


a^4-*+l 

(«IT)»(5*+2) 


in partial 


fractions. 


Write *—1 = A, then 


= 3"|"4A“|“3A®"f“A®j 3“f“2A'*^"A®. 


Therefore 


3”f*2A”|“A® }3'^”4A“(-3A®-^-A* ^ 1”1"5A-|-|A® 
2A+2A*+A» 

|A*+iA» 

-JA»-iA* 


a!»+®+l 12 121 1 2A+1 

(*-l)»(a:*-|-2) “ A»‘^3 A**^9 A 9 3+2A+A* 

1 2 2 2*-l 

(a:-l)*'^3(aj-l)*''‘9(*--l) 9(**-l-2)‘ 

The accuracy of the division may be tested by giving x partioalar 
values, fat instahoe a; = 0 and a; = 2. 

Casb 3. Q{x) is a product of binomial quadratic factors, i.e. 
quadratic factors which contain no term in x. Separate the even 
and odd powers of a; in P(x) so that P{x) is expressed in the fom 
A(3p)+xB{a^). Consider separately A{3^)IQ{x) and B{a^)(Q{x). 
Write y for a® and the resulting expressions fall into one of the 
previous forms. 
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Eaxmjih. 

a^-i-»*+3»+4 


(**+1)(*»3).2)* 

**+4 **+3 

“ (**+l)(*»+2)*''‘*(®*+l)(®»+2)> 



i 


_ y+3 

(F4-i)(y+2)*^ (y+i)(y+2)*’ 

writing y for a*. 

3 3 2 f 2 

y+1 y+2 (y+2)* *\y+l 

2iC“f~3 

2 

- ^ ] 

y+2" 

(y+2)*/ 


**+1 **+2 (*®+ 2 )*‘ 

Casb 4. Q{x) is a product of linear and binomial quadratic 
factors. 

For each linear factor z+a multiply P{x) and Q(x) by x—a and 
the problem is reduced to that in Case 3. 

Example. 

**+l _ {*-!)(**+ 1) 

(*+l)(»*+2)* ~ (»*-l)(a:*+2)* 

= i*->)(5rTj5;V2).)’ »&***. 

2(35- 1) 2{®-l) aj-1 

~ 9(**-l) »(«*+2)‘^3(»*+2)» 

2 2(a:-l) x-l 

9(a?+l) 9(a:*+2)*^3{*»+2)*‘ 


Case 6. Q{pt) contains trinomial quadratic factors. 

ExampUia). To express in partial frac 

tions. 

Sinoe«*+S3!+ii = (a^+*+l)(a!— 1 ) 4 - 8 *+ 12thegiv«ne3qpres- 
Bion is equal to 

*— 1 S*+12 

*«+2»+S (**+*+ 1)(»*+2*+8)‘ 
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Now 


2 !B*+ 3 a 5+4 


*•+* 4-1 **+ 2 a !+8 


(**+»+ 2 * 4 - 8 ) 
*-j-2 


(i) 


»*-4-»4-l a;*4-2a!4-8 («*-f®4-l)(**4-2»4-3) 

Next we express Sx-f 12 in the fonn ^(2**4-3*4-4)4--B(*4'8) 
Bmoe 2a;(a5-+-2)— (2**4-3»4-4) = ®— 4 


(ii) 


(* 4 - 2 )— (*— 4 ) = 6 , 

2(a;-}-2)-j-(!B — 4) = 3*, 

therefore 

3s I 12 = 4(s4 2, — (s— 4) = (4— 2*)(s+2)4-(2**-4-3s-|\4] 
Add equation (i) to (4— 2s) times equation (ii) and we find 
v—iui . 2s ». ^ 3s4"l* 

s^-^s-^l s® 4 “ 2 s 4"8 (s®“(-s 4 * 1 )(®^ 4 ’?^ 4 ’ 8 ) 

TTAnnA thA AxuTAfuiinn in AniiAl t.o 


*— 1 Z Zi _ 6~2:s 3s— < 

s*4-2s-l-3 s*-4-s4-l s*4-2s4-»> **4-*4*l"^**+2s-j-; 
which are the required partial fraction i. 

(6). To I 

partial fractions. 

From equation (iii) above (Example (a)) 

3*4-12 

(s*-4*s-t-l)(s*-(-2s-f-3)(s*-f-3s-l-4) 

_ 5—2* 2*— 3 .. . 

“ (**4-s4- l)(**4-3s4-4)‘'‘ (a^+2*+3){s*4-3*4-4)‘ 

Sum and difierenoe of a^-f *-j- 1 , *>4- 3s-f 4 is 2**4-4s4-6 and 2*4- 3. 

Sinoe(2**-f-4*4-6)— *(2*+3) = *4-5and2{s-}-6)— (2s4-3)s=!7, 
6(2*4-3)-3(*4-6) = 7s, therefore 16(*4-6)- 16(2*4-3) = 7(6-2*) 
and so 16(2s*4-4s-|-6)-(16s-l-161 := 7(6-2*). Hence 

I — 16* Ite-f-ox 7(6 — 2*; 

**4"*4"1 **-[-3*-}-4 (**-j-*-|-l)(a*-4-8*-|-4 

Simfla]a.jr 

94»&c 144-h 2(2*-8) 

aA-L-Sat-US a!l-l- 3 «. I (**-f- 2 *-l- 8 )(** 4 - 3 ** 4-4 
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vhesioe from equation (iv) it follows that the xequixed partial 
fraotioDs are 


16*-1 1 6«+9 3 *+12 

»*+*+l‘^2**+2*+3 14»*+3*+4* 


Exam^ (e). To find the partial fractions of 


1 

*•- 1 ' 


We have 


*•-1 = (»*-!)(*«+**+ 1) = (*-l)(*+l)((*»+l)*-**) 

= (*—!)(*+ !)(**+*+ !)(»*— »+l). 
The x>artial frractions corresponding to the factors *— 1 and *+l 


are 


6 . 1 »*- 

Now 


A ^ 1 • 1 1 J 

6(— 1)®*+!’ 6*— 1 


1 1 
6*+l* 


L _)^ L _ 

*«-l l6(*-l) 6(*+l)j *•-! 


Furthermore 


3{»*-l) 
**+**— 2 _ 
SC**-!) “ ■ 
2(**+l) 


**+2 

■3(*‘+**+l)* 


therefore 


**—*+!'*•+*+ 1 **+*•+ 1’ 

_1 _1 2* 

*+ 1 »*+*+ 1 ” **+»•+ 1 ’ 


*-2 *+2 2*«-4(*«+l) ^ 2(*«+2) 

*•—*+1 *•+*+! ~ **+*•+! ~ **+*•+ 1* 

Thus the required expression in partial firaotions is 

1 1 I ^ *“2 1 »+2 

6(*-l) 6(»+l)'’' 6 **-»+! 6**+*+r 

If we need only the partial fraction corresponding to one par* 
tioular factor of the denominator we may proceed as follows. 
Suppose that **+p*+9 is a frustor of Q{x) and that 

Q{x) - (**+J»*+5)Q®'(«). 

If is tih® required partial firaction then 

P(x) AxfB_ ^ P(x) -(Ax+B)g* (x) 

^ 0(!Ib\ x^4^nae4-a 0(x) 
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most be expressible in the form ^4;^ therefore 
Pix)-(Ax+B)Q*{x) 

is divisible by a^+px+q. Let Ix+m and rx+s be the remaanders 
when P{x) mid Q*{x) are divided by x^+pe+q, then we require 
that hi-\~m—(Ax-\-B){rx-\-$) be divisible by Since 

{Ax+ B)(rx-^s) 


= —Ar{!>^-\-{{A 8 -\- Br—l)IAr)x-\- (Bs—myAr) 
we must have Bs—m = —Aqr and Aa-^Br—l = —Apr, whence 
A and B are determined. \ 

For instance, to find the partial fraction of — corresponding 

Str — 1 


to the factor **+*+ 1 we require to find A and B so that 
(Ax+B){ 3 i^— l)(a!*— *+ 1)— 1 

is divisible by Now 


(*•— 1 )(**—*+ 1) = {**+*+1— (a:+2)}{a:*+x+l— 2®} 
and 2a;(x+2) = 2(a:*+*+l+®— 1) and so we require that 


2 («— jS)— 1 

be divisible by **+*+1, i.e. that 2 i 4 **+ 2 (J 5 — ^)x— (2F+1) is so 
divisible, and therefore B — A = A, 2 B-\‘\ = — 2 A, whence 


A = -i, 


and the partial fraction is — - . 

^ 6®»+*+l 

As a final illustration we shall obtain the partial fractions of 

l/fx*"— 2a;"coBa+ 1}. 

Starting from the formulaf 

2*»oosa+l 


2* cos^-f-ijlsB*— 2*008 2x008 

we have * * / 

k)g{***--2*"C08a+l) sss 2 log|x*— 2xooB^^~^-f l|, (i) 

t See Exemnle 6.2L 
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and differentiating with respect to x, we find 

costt) _ a!—co8{(ot+2fir)/n} 

~ 2®oos{(a+2r>r)/n}+r 

and therefore mnltiplyuig by x and subtracting both sides firom n 

a;*oosa— 1 _ 1 V ® 0 O 8 {(Qt+ 2 fff)/n.}— 1 

**’*— 2aJ“oosa4-l ~ " sc*— 2xcos{(a+2nr)/n}+l ' 

Differentiating (i) with respect to ct, 

«"sina _ ^ V a;sin{(a+2rTr)/n} 
a;2n_2a!»co8a+l ~ 2a;co8{(a+2nr)/«}+l 

and so 

1 _ I'^aoosa a;*C08ot— 1 

sc**— 2x*0O8a+l ~ 8ina(sc**— 2«*cosa4-l) sc**— 2sc*C0Sa+l 

— ^ V sin sin[{2f7r— (w— 1 )«}/»] 

~n(ma^ sc*— 2a:oo8{(a+2rn-)/»}+l 

Observe that the method of Example (6) still applies if two of 
the quadratic iactors in the denominator are equal, showing how 
the case of repeated trinomial factors may be treated. 

In both Examples (a) and (6) we considered, for the sake of 
symmetry, both the sum and difference of the quadratic factors 
and Q, (say), but it suffices to consider only the difference 
llQi—lIQt in conjunction with either one of the two identities 
ilQi-^QtlQiQvVQt^QJQiQr 
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SUCC5ESSIVE DIFFERENTIATION 
MAXIMA AND MINIMA 


7. It may happen that the derivative /'(«) of some function /(«) 
is itsdf a differentiable function with a derivative which we shall 
denote by/*(®);/*(a:) is called the second derivative off(x). 
is also differentiable, then its derivative /"(z) is called tht third 
derivative of/(z), and so on. Thus if each function of the sei^uenoe 
/(z),/'(z),/*{z),...,/"(z),... is the derivative of its predecessor, then 
f^{x) is the nth derivative of/(z). We shall also denote the nth 

derivative of a function /(z) by Dif(x) or by 

For example, since e* is its own derivative, the nth derivative 
of e* is e* itself; and sinoe each term of the sequence 

1 /z, — 1 /z*, 2 !/z*, — 3!/z*, ..., (— l)"n!/z"+*, ... 

is tiie derivative of its predecessor, therefore (— l)”nl/z”'*'^ is the 
nth derivative of 1 /z. 

7.1. If p is nof a positive integer, the nth derivative of z** is 
p(j>— l){p— 2 )...(p— n-f-l)z>’“* for any value of n, but if p is a 
positive integer the nth derivative of z’’ is 

p(p— l)(p— 2 )...(p— n+l)z*’~", p!, or 0 

according as n is less than, equal to, or greater thanp. Accordingly 
the nth derivative of a polynomial is zero if the degree of the 
polynomial is less than n. 

7.11, K we consider in turn the successive derivatives of sin z we 
obtain the sequence oosz, — sinz, —oosz, sinz,... so that the nth 
' doivative of sinz is oosz, —sinz, —oosz, or sinz according as 
n leaves the remainder 1 , 2, 3, or 0 whmi divided by 4; since 
ai&(zH-n>r/ 2 ) takes predsely these values for these values of n we 
have the simple formula 

^ '' jD^z » sln(z+njr/ 2 ). 

|paapiiiiiiisii*'""^| 0 u]y JD^oosz * ooe(z+nir/ 2 ). 
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7.2. If tbe nth deriTattvw emd vjpi) of two fbnotions «(x) 
and v(x) axe known th^ the n^ deiiTative of the {soduct function 
u(z)v(x) is l^ren by the Leibnitz formula: 

7.21. D*tte = 

+ ( 3 )««- 8 » S +...+( j )«1 »«-!+«»,. 

For n = 1 this gives D(uv) = v^v-^-uv-,^, which agrees with the 
formula we have previously proved for the derivative of a product. 
If the formula is true for n = ib then 

D*+%» = i)(jD*n») 

amoe 

(f-l)+C) = *!/(r-l)!(i-r+l)!+ifc!/f!(*-r)! 

= jfc!{f+k-r+l}/r!(ifc-r+l)! = (fc+l)!/f!(Jfe+l-r)! = 

and therefore 7.21 is true for n — k+l. whence it follows that it 
is true for any value of n. 

ExaiGPLB. The nth derivative of e*/x is 

e*/*— (”)e*/**4-(2j2! e*/**~...+(— l)’*n! e*/a!"+^ 

== {*"—naf*“*+n(n—l)x“~*— 

— n(n— l)(n— 2)a:"~*+"‘+(— 

7.3. There is no simple formula expressing the nth derivative of 
f{i{z)) in terms of the derivatives of/(x) and ^(x); the following 
result, however, is useful in particular cases. 

7.31, Dif{u) * ^Ptiv)f^{u), where u stands for ^(x) and is 
jiM^pendenf of l^e Amotion /(x). 
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Pot n =s 1, 7,31 is true irith Pi(«) = if it is true for n » ib 
then 

W(«) - A(i)£/(«)) = 4(iir(tt)+P»f'(«)+...+P*/*(tt)) 
=«'Fi/'H-«'{Pi+i^,)r+«'(p,+F,)r+-+ 

+«'(P*_i+p;)/H«'P*/k+i. 

and so since is independent oif{x) if P^i and P, are 

independent of/(x), the formula is true for n = ib+l* and there- 
fore true for ail values of n. 

7.311.* The coefficients Pj{u) depend not only upon r and 4 but 
also upon n; since they do not depend upon fix) they may be 
determined by giving special values to f{x). For instance, take 
fix) = X and we have \ 

Diu = P,(«). (i) 

Next take/(a;) = x* and we find 

Z^tt* = P,2M-}-P8.2; (ii) 

and then/(«) = a?, giving 

2)»«» = Pj 3«*-f-P* 6tt-f P, 6; (ifi) 

and so from (i), (ii), (iii) in turn we find 

Pj = 

P, = 

and so on. The values of D^u*, are given in turn by the 

Leibnitz formula, considering u* as u.u, u* as u.u*, and so on. 

Exahfle. To find the nth derivative of /(log a;). 

Write » for logs. By formula 7.31 

DS/aoga;) = PiP„/(«)-|-P,Z)*/(«)-h...-hP„Z)S/(«), 
where P^ does not depend upon fix). 

Take fix) *= e*® so that/(l(^x) = afi and/(tt) = e*“. 

Since ijja!* «= a(o— l)(o— 2)...(o— n-fl)**"* and 
I^€«* « ore** = o'®* 

we have 

= o(o— 1)...(«— n-f 1)®*-", 
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i.e. aPi4-«*i*+ == «{«— l)...(o— »+ 1)/**, 

BO that Pf is the ooeffioieat of or in the expansion of 
4' a(o— l)...(o— »+!)/** 

and therefore is the coefficient of Bif(u) in 

i.e. 

(Pj Z)„+P,lP„+P,I^+...+P„ /)»)/(«) 

which proves that the nth derivative of /(log x) is 
1 a.(2)„-1)...(D„-»+1)/(«). 

%8 JiU 

7.4. If f{x+h) = ao(*)+^i{«)+|j«j(»)+Jj«8{*)+-+^On(«)+- 

the series being convergent for % = (and any x in an interval i) 
then/*(x), the nth derivative of/(x), is equal to o„(x). 

For f(x+ h) = f'{x-\-h) — (x+ A) = /'(x+ A) and therefore 
an dn 

/“(x+A) = ^f{x+h). 

But by Theorem 3.7 

d A* A»-i 

^/(x+A) = Oi(a:)+Aa,(x)+^o,(x)+...+^^— jy^o„(x)+... 

for |A| < |Aol, and therefore 

^/(x+A) = o„(*)+Aa„+i(x)4.|^o»+,(x)+... 

for |A| < lAjI, i.e. /’‘(x+A) = oJx)-|-Aa„+i(x)+..., in particular 
/"(x) =s a„(x), and /(x) = a 9 (x). Furthermore, taking x = 0, we 
have 

/(A)»/(0)+A/'(0)+^r(0)+^r(0)+...+^/»{0)+... 

(provided x s 0 lies in the interval t). 

It is important to notice that in proving this theorem we have 
assumed that f(z+h) is given by a series of powers of A. The 
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quMtion as to what fimotions/(a;-f A) have suol^ an ezpaiuhm is 
a much moie difficult one, and is oonsideired in a later chapter on 
Taylor's theoron. 

Exampm!. To find the nth derivative of e^. 
e»<*+W_e««** s eaa^^goA(s*+»)_ij 

= e<^[^aA(2a;+A)4-o*|J(2*+A)«+...+o»^(2»+A)«+...j. 

the series being absolutely convergent for all h and x. i 

i 

The coefficient of — r, and therefore the nth derivative of e^, is 
nt ^ 










By means of formula 7.31 we can now deduce the nth deriva- 
tive of /(a?). 

For DY(®*) = 2 A(®)/*W» where u = **. Since /*(«) is inde- 

Ie«1 

pendent of / we may take /(«) = c““, in which case is th« 
coeffidoit of o*e®* in and therefore 

- 2Un- 3_) 


7.5. The nth derivatives of the functions • 


aiderable importance and. may be expressed in particularly sunpl 
fom. We shall show: 


7.501. = (— l)“n!8in»+V8m(n-|-l)®, 

B — arcsin(l+a:*)-*. 

" I^{a;/(l+*»)} = (-l)*n!Bin*+*«oos(n+l)9, 

B = aro8in(l-fa:*)“*. 

Procf of 7.601. D{1/(1+®*)} = -2a!/(l-f*»)* 

(— l)l!Bin*6Bin2d = — 2sin*6oos6 =* — 2a!/(l-f®*)* 

since sind s 1/(1 
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Thus 7.601 is troe for n = 1 ; if it is trae facn = p, then 

D3>+Hl/{l+*«)} = D{2^{1/(1+**))} 

. " =^{(-l)»i)!8in»+»«8m(2>+l)^g 

= (— l)*’(p+l)I{8in*’tfoosdBm(j)+l)tf+ 

+Bin**+^dco8(j>+ 1)0}{— 1/(1+**)} 

= (-l)»’+*(p+l)!Bmi»58m(2)4-2)d8in*fl 
= (— l)*’+^(p+l)!8m*'+*^sin(2)+2)0, 

BO that 7.601 is true for n = jp-|-l and therefore true for all values 
of «. 

7.602 k proved in a similar way. 

The connexion of the derivative of 1/(1 -}-z*) with trigonometric 
fonotions is a consequence of the derivative of arctan:); being 
1 /( 1 +**). 


7.51. By means of the formulae (Examples V) 
sin(»+l)0 = |*^^^joo8"^8intf— |®^^|cos*-*tf8in*fl+..., 

008 (»+ 1 = co8’‘+'0— 1”^ ^ jcos"”^^ 8in*^ + ^ jcos""*® sin*®—, 
we cui express 7.601 and 7.502 in the form: 


7.511. Z^*{l/(l+a:*)} = (-1)«b! x 

7.512. D*{«/(1 +**)} = (-!)"«! X 

X j*»+*-|”^^j*»-*+|’^^^j*"-»-...j ^{l+x*)'*+*. 
In the same way we can show, for a > 0: 

7.513. i)S{l/(o+®»)} = (- l)»nl X 

7.514. I)J{x/(o+x*)} = (— l)»n! x 

«r(»+**)’‘+*- 
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7Jf2. Since = (— l)^j»l/(oH-a!*)>*+Sifweo««tt»iethftt 

i) 52 )g{l/(« 4 -**)}=:I^JD^{l/(oH-a^)} then the valne of 

J^(l/(a+x*)»+^} 

may be obtained by differentiating the right-hand side of 7.613 
p times with respect to a. Each term is of the form 
and the i:thderivatiTe, with respect to a, of both a** and l/(a-f *•)“+* 
may be written down immediately, so that the ^th deiivative of 
is given by the Leibnitz formula. 

7.6. We have seen in the previous chapter how to expi^ any 
rational function P(r)jQ(x) as a sum of terms each of \^oh is 
mtiher a polynomial or of the form A/ix+ay^ or of the fons 

(^a5-|-5)/{(a:-|-A)*-|-a}>’. 

In §§ 7 and 7.1 we showed how to find the nth derivative^ of a 
polynomial and of A l{x+a)P and in §§ 7.5 and 7.52 we showed how 
to find the nth derivatives of l/(a:®-j-o)*’ and of xlia^+dy^; since the 
derivatives with respect to a: of (a;+A)/{(x-l-A)*-f-a}® and 

are the same as the derivatives with respect to i of i/(f*-4-o)*’ and 
l/(i*-fa)*’, where t — a:-f A, it follows that the nth derivative of 
any rational function may be obtained by expressing the rational 
function in its partial fractions. 

7.7. Maxima and minima 

The maxima of a function /(a;) are the values of /(a;) which are 
greatest in their immediate neighbourhood and the minima are 
those which are least in thrir immediate neighbourhood. Formally 
we define; 

/(a) is a maximum value of the function /(«) if /(a) >f{x) for aU 
values of x suiBBciently near a and /(a) is a minimum iff {a) <f{x) 
for eitt values of x sufficiently near a. 

A maximum value of a function is not necessarily greater than 
a minimum, for a maximum is the greatest value only in relation 
to a small enough region. 

For example, consider the function f(x) ss 3a;*— 253;*4-60ie. A 
simple calonlarion shows that 

(i) /(l)-/(*) = (*-l)*{46-[6(®-l)-hl6(ar-l)*+3(a;-l)»]} . 

‘ >22(x--l)* if|*-l|<l 

> 0 provided a; vt l. 
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(u) /(*)-/(2) = (a:-2)^0+[96(3!-2)+S0(*-2)»+S(a!-2)»]} 

> 34(*-2)« if |a!-2| < ^ 

V >0 provided a; ^ 2. 

(iii) /(a!)-/(-l) = (a;+l)a{46+[6(a!+l)-16(«4-l)*+8(af+l)»]} 

>22{»4-l)* ifla:4-ll<l 

> 0 provided x # —1. 

(iv) f{-2)-f{x) = (*+2)*{90-[96(»+2)-30(®+2)»4-3(*+2)»]} 

> 34(a:+2)« if |*+2| < i 

> 0 provided * —2. 

JlVom (i) and (iv) it follows that/(a;) has a maximum at x = 1 and 
at X = — 2 and from (ii) and (iii) that/(x) has a minimum at x s 2 
and at X —1. Since /(2) = 16 and /(— 2) = —16 we see that 
the minimum value of/(x) at x = 2 is greater than the maximum 
value at X = — 2- 

7.71. If /(x) is a differontiable function and if /(a) is either a 
maximum or a minimum value of /(x) then /'(a) = 0. 

Suppose that /(a) is a maximum; then /(a) >/(a±l/n). But 

.nd » .lno. /<‘»+W-/W < 0. m < «. 

lln 

and sinoe > o, /'(o) > 0, whence it follows that 

/'(a)==0. 

Similarly, if /(a) is a minimum, /'(o) — 0. 

Theorem 7.71 may be expressed by saidng that the values of x 
for which /(x) is a maximum or a minimum are amongst the roots 
of the equation /'(x) ss 0. 

7.711. Although /'(a) ==: 0 is a necessary condition for/(o) to be 
a maximum or minimum value of a differentiable function /(x) it 
is not a auffident condition. For example the derivative of is 
3a!* which vanishes for x « 0, but the origin is neither a maximum 
nor a miniiwnm vsluo of X* for X* > Oif X > 0 andx* < Oif x < 0 
however small |x| may be. 

7.72. If /'(«) « 0. f{a+h) < 0, and /'(a-A) > 0 for all small 
positiva values of A then /(a) is a moximitm value of/(«). 
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Proo/. From f(a ) » 0, fia-^-h) 0 for 4 it follows that 
f{x) ib steadify deoreaang in the interval (a, a+M therefore 
f(a) > /(a;) in iluB interval From/'(a) as 0,f{a—h) > Ofotth < 
it followB that/(x) is steadily increasing in the interval a) 
andtherefore/(a;) < /(a) in this interval. Thiis/(a) >/(») through* 
ont (a— a-|-Ag), x ^ a, and so /(a) is a maximum. 

A similar argument shows that: 

7.721. If /'(a) s= 0, /'(o+A) > 0, and /'(o— A) < 0 for small 
podtive values of A then /(a) is a n>if>iTniin> value of/(x). i 

7.722. If /'(a) = 0 but/'(x) has the same sign on eithwWde of 
X s= a then /(x) has neither a maizimum nor minimum at = a. 

Suppose for instance that/'(x) is positive on either side of = a. 
Then/(x) is increasing throughout some interval (a— Ao, o+Aq) and 
8o/(a— A) </(o) </(o-|-A), which proves that/(x)—/(o) is positive 
or negative according as x is greater than or less than a and so /(a) 
is neither a maximum nor mmimum value of /(x). 

7.73. If /'(a) s 0 then /(a) is a minimum or maximum value of 
/(x) according as/'(o) > 0 or/'(o) < 0. 

For if /"(o) > 0 then f{x) is increasing at the point x — a, so 
/'(®+A) >/'(«) = 0 and f{a—h) <f'(a) = 0 for all smiUl 
positive values of A, and if /'(a) < 0 then/'(x) is decreasing at the 
point X a, so tii&t f{a+h) <f{a) = 0 and/'(o— A) > f'{a) = 0. 

7.74. If/'(«) —/"{a) — 0, and/'{o) is a maximum value of/'(x), 
then /(a) is a maximum value of /(x); and if /*(a) is a minimiim 
value then /(a) is a minimum value. 

FOTif/'(a) s= 0 is a maximum value of/*(x), then/''(x) < 0 for 
all X near a, so that/fx) decreases near a. Since f {a) =s 0, therefore 
when X < a,f{z) > 0, and when x > a,f{x) < 0, whence by 7.72, 
/(a) is a maximum value of/(x). Siaularly, if/*(a) is a mininwin 
tiien/(a) is a minimum. 

7.741* 1if'{a) as 0 and/'(a) is a maximum or minimHiti value of 
f{x) tihen/(a) is neither a maximum nor mininnim value of/(x). 

For if /(a) as O is a maximum or a minimum, thenjTfx) has i^e 
same 8^ <m either dde of the point X s= a, and therefore, by 7.722, 
/(x) has neither a maximum nor minimum value at x as a. 
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7.75. K f{a) =/»(«) = ... =/»»-i(a) == O, and /*»(a) # 0, then 
f{a) is Tnaxittitim or ininin»iin acooiding as is negative or 
positive. 

If/*"(o) > 0, then sinoe /•“-^(o) = 0, it follows, by 7.73, tiiat 
/•"-•(o) is a minimnin value of /*“-•(»). Hence, by 7.74, /•**"*(o) 
is a Tninimum, and therefore by repeated application of 7.74, 
/'(a), f(a) are all minimum, values. Thus if 
/•*(«) > 0,/(o) is a minimum value off(x). Similarly, if/*»(o) < 0 
then /(a) is a maximum value. 

7.751. If/'(o) =/'(«) = ... =/*•(«) = 0, and/*»+i(o) 9^ 0, then 
/(a) is neither a maximum nor minimum value off{x). 

Suppose that/*“+^(o) < 0; then/**-*(o) is a maximum value of 
^*1-1(35), by 7.73^ and therefore, by repeated application of 7.74, 
f{a) is a maximum value of f{x) and so, by 7.741, /(o) is neither 
a maximum nor minimum value of /(*). Similarly, if /*“+i(o) > 0, 
then /'(a) is a minimum and /(a) is neither a maximum nor mini- 
mum value off{x). 


7.76. lf/*(a) = 0 atodfix) changes sign as x passes through the 
value a, then a; — a is called a point of inflexion off{x). 


7.761. If/*(o) ^r'ia) = ... =/*"(o) — 0, and /*“+*(o) 0,thea 
x = a is a point of inflexion of f{x). 

For, by 7.74, /"(o) is a maximum or minimum value of /"(as); 
henoe/'(a;) is steadily increasing or steadily decreasing near x ~ a, 
so that /"(a;) changes sign as x passes through the value a. 

Fxamfljbs. To And the maximum and minimum values of 
x{a—b)l(x-^a){x—b), a > 6 > 0. 

fM {a-b^ a 6 _ 

^ ix—a)(x—b) x—a x—b’ 


/»/ 


2a 


26 


(a:— a)* (x—bf' 

The roots of /'(as) = 0 are x — ^{ab) and * *= 

mm 

_ 2 2 2 

V6)* ** (vb— >®)* 


V(a6): 


< 0 , 
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n-M)} 


. ^ 2 Afa-Vft 

Vo(^^+V6)*^V6(Vo+V6)* (aAi+V6)* ^(ab) 

Thus {a—b)xl{x—a){x—b) has a maximuin. for x == -j(ab) and a 
minimuTn for x = —^(ab) and the maximtuu and Tnimindm values 
are 


and of which the latter is the greater. 

^/a—^/b ^/a+^Jb 

To find the maximum and minimum values of {x—af(x—b)*, 
when o > 6 > 0, \ 

fix) — ix—a)*ix—b)*, 
fix) = 3(a:— o)*(a:— o)*{ar— 6)* 

= ix—a)\x—b)^{lx—4a—Zb}, 
fix) s= 6(a:— o)(x— 6)*{2(a:— o)*+4(*— o)(a;— 6)+(*— 6)*}. 

The roots of fix) = 0 are x = o, x == 6, x = (4a4-36)/7. 

Since x— a = — f(o— 6) and x—b — )(a— 6), when 

X = (4a+36)/7, 

therefore /‘'{(4oH-36)/7} = 2*.3*.(o— 6)*/7* > 0 so that/(x) has a 
minimum at x = (4o+36)/7. 

Since /'(a) = 0 we must examine the sign of/'(x) on either side 
of X = a. As (4a4-36)/7 lies between a and b, therefore when x is 
near a, x— (4o-f 36)/7 is positive, and so too (x— 6)* is positive; 
fdnoe (x— a)‘ is also positive when x is near to but different firam a, 
tiierefore/'(x) is positive on either side of x — a which proves that 
fix) has neither a maximum nor minimum value at x s a. 

Kear b, x— (4a+36)/7 is negative and (x— 6)* is positive or nega* 
tive according as x is greater or leas than 6; therefore /'(b—li) is 
positive, is n^ative, for small enough positive values of k, 
which proves that/(x) has a maximum value Bi,x — b. 

AUemaUve proof . By Leibnitz’s theorem 

fix) * {I>»(x--«)»)(x-6)*+3i?«(x-o)»2>(x-6)‘+ 

+aZ)(x-a)»I>*(x-6)*+(x~a)»2)»(x~6y‘, 
/*'(»)“«(«-*)* and n*)*0, 


aoihat 
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and 

/*»(«) « {D*{3i-6)*}(a!~a)*+4i)»(a!*-6)*Z)(«-a)»+ 

* H-62)«(*-6)*D»(a!-fl)»+42)(ie~6)*I>»(*-a)», 

80 that /*'{&) = 24(6— o)*. 

Thus /'(<») =r(a)*0 Mid f{a) = 6{a-bf, 
and so, by 7.751, a; = a is a point of inflexion of /(a;). 

Since 

/'(6)«f(6)=r{6) = 0, and /iv(6) = 24(6-o)» < 0, 
tiierefoie, by 7.76, /(6) ie a maximum value off(x). 
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THE OmEimiTE INTEGRAL 

INTEGRATION BY PARTS. CHANGE OF VARIABLE. 
REDITCTION FORMULAE. RATIONAL FUNCTIONS. 
QUADRATIC IRRATIONALS 

8. Iff{x) is the derivative ofF{x) thrai F{x) is said to be an vnUgrai 
otf{x). There are several notations for an integral, corresponding 
to the notations D, djdx for derivatives, viz. /, «A J ( ) dz. 
The origin of J or as the int^ral sign is self-evi4|ent, but 
tile origin of the sign j ()dx vill not become appmwnt imtil we 
have approached the question of integration from an Entirely 
different point of view, though its technical utility is readily 
grafted. 

It follows from Theorem 3.651 that if F(x) and 0{x) are two 
integrals of a function then F(x) and 0(x) are equal, apart from 
an additive constant, for F'(x) = 0'(x) = f(x), say. Accordingly, if 
one integral of a function is known, every intend is known. In 
writing down an integral we shidl generally ignore an additive 
constant; thus, for instance, we shall write 

I2x = x* 

rather than /2« = or J2x = x*+o, which are of course 
equally true, though on the other hand we shall usually find it 
more convenient to write /2(z+l) = (z+l)' rather than 
/2(z-f-l) — a!*-|-2z. 

8.01. Differentiation and int^;ration are inverse operations in the 
same sense in which we spoke of inverse functions, for, by definititm, 

i{Zy(z)}=/{x) and D{//(x)} ==/(*) 
whatever differentiable function /(x) may be. 

8.^. Instead of J 1 dx, i.e. 1, we shall write J dx, and Instead 
J {l/f(x)} dx we shall (sometimes) write J dx//(x). 

8X Shioe the derivatives of sinx, — oosx, tanx, — cotx, 

»4-r 

— oot“*x, 8in“*x, — oo8-*x, legx are x», coax, sinx, 

seo^, wmtAv, l/(l+x«). l/(l+x«), iMl-**), l/»» 
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xeqpeotilTdy, it follows tibtat the intogtale of the latter fimddoiis 
era the former, and so (provided n ^ —1) 

Jcosxdx = sinx, Jainxdx— — coax; 
Jsec^dx = tanx, J cosec*x dx = — cotx, 

— — dx = tan -t-g, 

J+X* ^ 

» — -cot'^x (apart from an additiye constant) ; 

J dx/V(l-x») = ain-ix 

— — cos-^x (apart from an additive constant); 
J e“ dx = e*. J (1/x) dx = logx, provided x > 0. 

8.3. J {/(*)+&(*)} d* = J fix) dx + j g{x) dx. 

For J {fix)+gix)} (fej = f{x)+gix) 

and 

J/(*)da!4- J ?(») dasj ^ J/(x) da? J p(x) *5 

= fix)+gix) 

and so both sides of equation 8.2 axe integrals of the same frmction, 
and so are equal, apart from an additive constant. 

8.21. It follows from 8.2 that 

J {/(•»)+ll(*)+*(*)} dx = J fix) dx + J gix) dx + j h{x) dx, 

for* 

J {/(»)+9(»)+M*)} dx = j {/(x)+p(x)} dx + j A(x) dx 

= J/(x) dx + J gix) dx + J *(x) dx. 

Siniilwfly* we can show that J ( «►(*)) dx = ^ J «|.(x) dx for 

any ft. 

lhrA'Mrw.«e 

J (j»+5*+rx*4-«e*)dx =px+^4-^+^* 



104 


THE INDEFINITE INTEaRAL 




l-i-H 

1 1 

\ain^^ 

^cos*xi 


dx 


- / * + / »* <fo = 

Change of variable. Integration by substitution. 
If 4>(t) has a deiivatiTe ^'{t) and if » = <^{t) then: 


83. J fix) dx = j /(^(O) ^'(0 dt. 

For 

= /(#))^'(0. since X = ^0. 

and {fmmt)} * =Mmn 

and therefore J /(x) dx and j /(^(O)^'(^) are equal apart firom 

an additiTe constant. 

RxAMTTJts. (a) Take x = then 

0 

= — -^tan”*^. 

ab ab a 

(b) Take x == (<— tl^en 

J X J (<-p)*+j** J (<-p)*+3* 

and thifflrefore 

J (^5$ - 1”** - 

(c) Take x =»/(0 > 0, then 

(t s±^dt^S{^dt. 

Jx J /(/)*" J'/W 

tliua J^^*»logx = log/(«). 
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(i) To evaluate j V(«*--aj*) dx. Take x <= osin#, Hum 

j dx = j <^{a*—a*^H) ^ *= o* J cobH dt 

J = (taJdng a > 0). 

Sinoe edlat &= x/a, if t lies in the interval (—hr, iv) th«i 

. . ,x 
i u-»- 

and oos< — ^(1—^H) and so 

— f-j-ainfcosf = sm-*^-+? 

2 a ' a*J\ a*l 

Thus 


(e) 


and so 


/ <** = ^8in-i54.|-^(o*-a!»). 

/ a ^ift a+bt = X, then 

flda:= f ■-■ — cft= f--- dt 

Jx Ja-hbtdt J a+bt 


Cl 1 1 

J o+tt * “ = ^log(«+^)» provided a+bt > 0. 

Similarly 

J l 1 

— _ dt — — glog(o— 6<)* provided a—bt > 0. 


Hence 


and 


J * = / i^S * + J ^5 * = 

provided o* > 6 V, 


provided «• > 6V. 

iViote that f --L. dt *= log(f— a) if t>a, 

J t — a 

ha J^^*«log(a-0. if t<a, 

tiwe fte logonUm ia defined only for a poaitive argument. 
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by parts: 

8.4. J f\x)g{x) dx =* f(x)g{x}- j f{x)g'{x) dx. 

Proof. Sinoe 

=/'(«)fl'(»)+/W(s») 

therefore f{x)g{x) — j {f'{x}g{x)+f{x}g'{x)} dx 

= / dx + j f{x)g'(x) dx, 

i.e. J f{x)g{x) dx = /(*)?(*) - J /(*)y'(®) d*, 

which is known as the formula for integration by parte. 
ExAum.KS. 


(а) J* are* d* = J da; = *e* — Je*dar = are*— e*, 

9. j xe^dx = e*(a;— 1). 

(б) J a!V“ dar = ar”^ — ^ J ar»-V» da: 


and so on, giving 


= a:*— — ” a:"-^e«»* 4- ^ f X^-*^dx, 
a a* ' a* J 


/ noa?/ 

aj»e** dar = — |ar»— »!- 1- 

a ( a 

ic) j xmaxdx — —xoobx + J oosxdar ss sina;— xoosx. 

(d) J e^'^^teda; as ^ginte— ^ J e** 0086 xda; 

^OX jk Ikt /* 

sa — smte — =e**oo86a; — = | eH^&eda; 
a a* a* J 


e^’^bxdx 


miHbandote 


l+^Je««alntedar» J 


(asinto— ftooB&e), 
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I e”*8m6a;({ic 


e®* 

?+ 6 * 


(amabX'—bcoBbx). 


(e) 

J logx j 

j* (i>x)logxdx s xlogx— J ie.^dx 



= x(logx— 1 ). 

(/) 

« 

j* tan~*x dx = 

j* (I>x)tan-% dx = xtan-*x— J 


= xtaa~^— |log(l+**). 


8 . 5 . Integration of the circular functions 
The integrals of tanx and cotx. 

I* tanx dx = I* dx = — j* ^ —logoosx, 

J J coax J coax ® 

in any interval in which coax > 0 , i.e. 

J tanx dx = — logooax. 

Similarly j ootx dx = -{-logsinx. 

llie integrals of oosecx and aecx are slightly more difficult. 

J smx 2 j sin^oos|x 2 j tan}x j tan|x 
= logtan^x, in any intonral in which tan }x > 0 , 

J coseox dx — logtsn|x. 

Writing x == \n-\-t we have 


J sect di ss logtan(^+^), in any interval in which tan(^ 4 'i 

is positive. 

Since 

l-i-taa]|t _ coB|<+ain^< _ (cos^t+^i*)* 
1 — tan|< ~ cosil—sinif ~ cos*|f— sln*^ 
1 +sint 


tan(^+^) : 


thereffiie 


coat 

f aeef d( « log( 8 eof+tanf). 


seci+tant, 
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8.51. The integral of l/(a+6 008 x). 

' Wxite 1 3= tannic so that 

oosa = (1 — and ^ 5= j^aeo^Jx =» J( 14 -<*) 

U ax 
we have 


(ft 


/ o+ftoosx**® J a+b{{l-t*)J{l+fi)} l+«* 

= 2 f - f 

J (i-|-6-f"i*((i— 6) ct—b J 


dt 


(j“|~6-f"^((i 

^xovided a ^b. 

* The value of the integral depends upcm the sign of 


<*+(«+6)/(«^-6)’ 


, <*+6 (a-j-b)* 

a-b ~ a»-b‘ ’ 

and so upon the sign of a*—b*. 

If o* > 6* let = A* > 0, then, sinoe f y - dt — tan“*(-, 
0—0 J <*+A* A 

we have 




da = 


2 


a-f6oo8x 
where t = tan^x. 

. o+ft 
‘a-b 
1 


tan"*- = — , - — — tan~*fl 


Ifa*<6*,let' 


A(o-6) 

—ft* < 0, then, sinoe 


^0+6// 


I: 


dt 


1 , t — It 

— log — fz or 


t 


aeooHcding ae f > /t or < < ft, we have 

1 . 1 , t-fi 


— log — — 

2/t ^ft+« 


/ 


a^-ioosa; 


dx s=z 


or 


M 


n-t 


ft(a— 6) /i(a— 

- * i-,rH-,/{(t+»);(6-.)ii 


or 


W 


-V{(6+a)/(6~o)}J 
>-a«) ”*lV{(fr+a)/(6-«)}-"*J 


aoorading as * > V{(*+»)/(*— ®)) or < < V{(^+«)/(5— «))• 
TheseiesnltsinaybettansfoiinedinvaiiooswayB. Fcarinstaaoe, 
if ras write 

)tan«, 
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IM 


aooBa;+6 _ (o4-6)— ^ 1— tanHt 


aaad therrfoie 




I omi^ 



2» — 008 


.lf g008g-|-fe 

ia4-booga; 


1 * 


, -TOtha- 

f ^ ^ J ocosa;+6 | 

J o4-6oo8i, ^ia*—b*) lo4-6ooBxi’ 

proTided o* > 6*, i,e. l«l > |6|. 

K a = 6, the value of the integral is (l/o) j dt — 
a ^0, and if o = —b the value is (l/o) J (l/<*) dt = — (l/a)oot}a;, 
o #0. - 

The integration of l/{o+6co8*+C8in»} may be reduced to the ^ 
preceding case by writing 6 = tan-^(c/6), r = +V(6*+c*), so that 

6cosa;-fc6ina; = r(oos9oos«+Bin9sina;) = r oo8(®— 0), 
and therefore if p = x—d. 


f a-t-AcARx-i-CHina; 


dx 


o+rooes 


8.52. The integral of sin*'a;oo8”a;. 


8.521. If m is an odd positive integer = 2ik-|-l* say, write 
t as COSO, then 

J edn"^roos"a;diB = J (8in^)*co8*'a:sin* d* = ~ J (1— 
which is integrated by expanding (1— 

8.522. If n as 2h+ 1, write t =a sin o, then 

J 8in*VeooB”a; == J f^l— <•)** dt. 

8.523. If — — 2h, where h is a positive integer, write 

< as tanx, then 

J 8in*teoo8«x dx =» J 008*"+^ dx 

a* J ten"x(8e(Ae)*“%e(Ac dx = J (*(1+ dt, 

^hieh is integrated by expanding (l+t*)*-^. 
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8.524. If m+M as 0, m > 0, and integral, write < « tan w, tiben 

J 8in”^oo8"x <2® =s J Y^j dt, 

Divide by 1+t*, giving a quotient <»»-*— and 
leaving a remainder ±1 or according as m is even or odd, 
whence the integral is evaluated. 


8.525. If m+n = 0, n > 0, and integral, write « a: oot®, then 


J 


sm*^cos*^d® = — 



du, 


which is evaluated as in 8.624. 


8.526. If m = — (2J!:+1), n = 0, write t = tan |*, then 

f dx 1 f (l+^r .. 

J Bin**+^» 2 ** J ’ 

which is integrated by expanding (l+f’)’*'. 

8.527. If TO = 0, » = —(21:4-1), write y = Jv— ®, then 

dy 


f— f_ 

j oos**+^® J si 


ein^+V" 


8di28. If TO and n are both integers, podtive or negative (or zero) 
the integral of sin^^eoos’*® is evaluated by means of the foUowing 
redueticn formiUae. 

Since J sm”*® cos^ d® = j 8in*”~^® cos"® sin® d®, integrating by 
parts we have, provided » — 1, 

(1) Jsm”^oos"®d® 

sin’""*® oos*+*® TO— 1 

«4-l "^n-fl 
But 

j 8in’""%coo8*+%c d® a= J sin’""%! 008 "®(l— sin*i®) d® 

as J 8in’"-%:oo8’HiJ d» — J sin*"® cos"® dx, 

and therefore 

f ain*^oo8’HB dx 

ain*-**oo8’*+** , to— 1 T _! « * - j 

;+i — +SFrJ 


/ 


sm’"-^oo8"+^ d®. 
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wheiuie, provided m+» # 0, 

( 2 ) jdnl^oaf^dx 


8ill"^*»008’^*a! . i»— 1 


/ 


sm"-%cooB"a;<iie. 


m+n m+« , 

In the same way we can show that, provided m # — 1, 

(3) J ffin*teoos”»d« 


sin’"+’^*oo 8 *~*« , «— 1 


wad, provided m+w - 
^41 r mn**^ fiOB*'a; dsu 


m+l 

A 


f 


m+1 J 


sm"**^ 008*“** dx, 


“'n*+*a: 008 "“** , »— 1 


:/ 


8m"toooB"“^ da 


ttt+w m+n , 

Formulae (2) and (4) may also be written in the forms 
(6) J sin*"^ cos"* dx 

8in**“*»oo8"+*» , m4-» f • «_ « j -j j , , 

*= 1 1— I 8m*^eooB"*a*, provided m # 1, 

tn — 1 tn — 1 J 


J 

(6) Jain"Veoo8""^<b? 

ss — ^5^? — - f 8in’"*cos"*d*, provided » # 1. 

n— 1 n— 1 J 1-7- 

If m is a positive integer the repeated application of formula (2) 
reduces the exponent of sin* to zero or unity without change the 
exponent of cos*; thus the integral of sin'"*oos** is in this case 
*^".oed to one of the integrals 

008 "+** J C 

J' 


j sina;oo8"*d* : 


J 


»+l 


and I cos"* dx. 


If n is positive then J oos'^d* is reduced to either j ldx = x 
or to J ooB* — sm* by rqieated aj^oation of (4). 

If m is a negative integer the rqteated apidioation of formula (6) 
raises the exponent of sin* to zero or —1, and so the integral is 
radnoed eith«r to j <x»*x d* mr to 

'F*dtiDg i «> ooe a, and if « is positive this is evaluated by dividing 
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1— -t* into If « is negative, J oos’*x dae is leduoed by fcmnula (6)’ 

to one of the integrals 

Jeeo«!r«te = tan» or / dx = log(seoa;+tan«) 

J QOS^*3? 

-r - <ZiB is reduced either to 
amx 

Thus the intend is evaluated when m and n are any ^tegers 
whatsoever. 

If m and n are of opposite sign the reduction process ivay be 
more speedily effected by a prehminary use of either formwa (1) 
or (3). 


8.6. Miscellaneous Integrals 
The integral of a;(tan«)*. 

j xtasAe dx — j xaeoh; dx — J xdx = xtanx— j tanx dx 

= xtanx+lc^oosa;— |x*. 

The integral of l/(a+frtanx). 


/ 


dx 


a+frtana; 


llier^cae 


f 008 xdz 

j aoosx+frsinz 

_1 fooOTx-ffrsin* 
~ aj acosa^+bsina; 

_ f einafdte 
~a aj a 


dx—^ f sin a; da? 

aJ acosar+hsina? 


oosa;+6siaa?‘ 

)og(ooo.*+6d«») _ 

J aoo&x+bwix 


* bV+j^V-^ = (a»+6*)F/6-aa?/6, 

b iur 

nduBiioe log(aooBa;+68ina?)4-^q-pj. 

The integia! of a?*/(a?oo8a?— sina?)*. 


fiSnoe 


d ! t \ a? sin a? 

da?\»ecMa?— sina?/ (a? 00 Ba?— sina?)* 
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US 


therefore 


/ 


** 


(«oosa»’-sui«)* 


dx 


j gmfl;{2a;\a;cosa;--Bina; 

X 

. f 

singfgoosg- 

-ring) J 

X 





1 


■ dx 


dx\einxfxeoax—^x 
dx _ g— oo8ai(a;co8a;— sina;) 
sin** ~ sin g(goosg— sing) 


gsing+oosg tang+1/® 


= tan{g+tan-^(l/g)}. 


gcosg— sing 1— (tang)/g 

The integral of (1— f oosg)/{l— 2roosg+f*) 

J 1— 2roosg+f* 2J ^2j 1— 2roo8g+f* 

Writing t = tan |g we have 

1 f l-r» da:= f 

2 J 1— 2fcosg+r* J (1— »•)*■ 

Therefore 


dx. 




dt 


tan-»J±r*. 

1— r 


8.7. The integral of a rational function 
By expressing a rational function P{x)jQ{x) in partM fractions 
the inte^el of P(x)IQ(x) is transformed into a sum of integrals of 

U» ft™ J X. J ^ J 4,; 

the integral of any rational function may be determined provided 
only these integrals can be evaluated.f The integrals J g^ dg, 
1 f 1 

<^)l’>0,and I —-—dg are trivial, their values being 


h 


J g+o 


(®+0)»+l 

l/p(®+o)*', and log(®+o) respectively; so too the integral 


f ^ f Ar f t 

J {(g+A)*+o*} 2J (®+A)*+o* o J (g4-A)*+o’* 


dg 


= ilog{(*+A)*+«»}. 


c— A 


tan 


_i*+A 
a 


t tTniM tli» Mohxtuin Into partial firaotkow ia impraotioablo, wlueh may 
^pan aSthar baoauae tha faotom of <l{») are too numezons and diveraa or becanaa 
w aquation 0(a) «* 0 ia not ablubla assoapt by a^ronimaiiona to ita roota. 



lu rm momamM intbgeal 

Thero zemaios to oontdder the integral of («+c)/{(o^+A)*+a*}*« 
f> > 1. To evaluate this iutegial ure ezpreas x+e in the form 

where A = (c--A)/o*, B — (A*— Ac+<**)/o*, 


{(»+A)»+a*}» 


{(a;+A)*+o»}v 


i-fc-IJ 




(Az—B) dk 

Ax — B 


^ I {(*+A)*+o*}*»-»‘** ■*’2(2)-1) {(a:-i-A)»+o»}*'-i 


1 A x—B 

2(v—l) f(a;4-A)*-t-o*)*' 


, (2i>-3) . / 

-»'‘‘2(j)-ir J 


{(*+A)«+o»}v- 


Bepeating the piooess the exponent of the denominator is st^ by 
stem reduced to unitv. 


TRyautdt.V! nP/\ Ava.1nof« 

r 3C*'4“3ii/*4-4: j 

doi 

. {x»+l)« 

Wo hav« «*+3a!H-4 = (»*+l)+3(a:-|-l). 

od *+1 =s a5*+l— 2a5.4(a!— 1) 


f _JL_di,+3 f(g±l)-^i(»-l)^ 

J (**4-l)» J (*•+!)• ^ J (**+!)» 

' (*•+!)•*** ”2/ 

_ W I . 8 g-1 3f 1 

~ (*•+!)• ij(«*+ir' 

^ 8 g-1 . 18 r_j_^ 
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f — ! — idbs: r — i_da:_l f ^ xdx 
J (®»+l)* J a»+l aj (»*+l)» 

aaf— i— (te+i f 

J a!«+l ^2(!t*+l) 2j*»+l 


Henoe 


2**+l 


+itan-*a!. 


fa5*H-3a!+4, 3 x—1 13 a? ,13. , 

J (*»+!)• *^ i(a!*+l)**^ 8 **+l*^ 8*“”^' 

The same method of reduction may be applied to any integral 

of the form J where P and Q are polynomials and Q does 

not contain a repeated factor. We have but to choose polynomials 
C and D so that P = CQ+DQ', where Q' is the derivative of Q, 
and then 

Of course the integral of (x+e)l{{x+\)*-\-a*y‘ may also 
evaluated by the substitution x+A = atans, but this method 
generally &r more laborious than the former. 

8.71. If B{x, y) is a rational function then the integral of 

JB(sinx, oosx) 

may be evaluated by the substitution t — tan Jx, for the integral 
C J it l-<*\2<ft 

J \l+t*’ l+t»jl+«»’ 

which is of the type discussed in § 8.7. 

8.8. Integration of quadratic Irrationals 

8.81. We oonfdder first the integrals of the three fimotions 

l/V(o‘+**). 


S .a 
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By the Bab 6 titatto& z =» asinf. 


Bin*;) 


oostdt; 


/^(a*-®*)***" Jva-Bi 

if we snppose that t lies in the interval (— th^ 

oosl = J(l— sin^) and t = sin-^-, 

a 

whence f -,—5 — -dx = ( dt — t = 

J J a 


The substitution x — ashl gives 

Ifa; = aohl, 1>0, then 

sh< = V(ch*<— 1) and t = = log{»+V(**~®“)} 

and therefore 


J 75^)'*' = /* = ' = !<«{«+,««•-«■))• 


8B11. The integral of ll^{ax*+^+c). 

(i) If a > 0, 

V(a«*+ 26 a?+c) = Vo 

we must distmguish the cases oc < 6*, oe = 6*. oc > 6*. 

If ac < 6* let oc— 6* = — a^*, and so 

*= ;^log|«+^+V(<»**+2te+c)/‘vi»| 

apart from an additive oonstant. 
If 06 > b* the result is unchanged. 

(ii) If a < 0 write a =* — A*. th«i 

<i«*+ate+6 « 6+6«/A*--(A»~6/A)* «- 6-f 6*/A«-A*(«-b/AV 
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and therefore 

/ v^a*»+ 26 »+c) ‘*® “ A « V(--a). 

Ifac«^,o>0, then 

V(fl»*+2te+c) = Mx-\-bla) if » > _6/a 
and therefore 


/ >^o**4-26»+c)*' ~ :^^o«(®+*/a). 
8.82. Writing y = V(a®*+26*+c) we have 

~ -(«**+26a;+c)*+(y— ^/o) J 
whence the solution follows from 8.811. 


8.83. 


a Jyeto s= (oaj+hly— J 


y 


- (a«+%— aj ydx+(ac—b>)J — 

and the solution follows from 8 811 and 8.82. 


8.84. A reduction formula for f ~dx 

. J y 

Write 4. = I —d®, then since 

V y 


y_(a!m-ly) ^ «W*«+(2w-l)6!C«-l+c(TO-l)a!«-« 

we have 4 = 1) y c(»i--l) , 

° am 

The values of 4 and 4 are given by 8.811 and 8.82. 


8.85. The integral of !/(*— 

Write x—p ss i/j, then l<^(x—p) = — logr and so 


1 (bt 1 
z^p dt “* "“< * 
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f— i 




<2k ' 


— 
fl t 


f 


fm-1 


which is of the fonn 8.84 if m > 1, and of the foim 8.81 1 if m 




1 . 


Fust we evaluate 


8 . 86 . We consider next the integral of (pz+g)/(ax*+b)^(a^+c), 
whidi we evaluate in two parts. 

f gda; 

J (a**+6y(»*+c)‘ 

Write ^(x*+c) = y so that o **+6 = 03 /*+ 6 — oc and *» y 

and the int^ral becomes \ 

If 6 =s r* > 0 the solution is 

itan~^- SB -,^{o/(6— ac)}tan~*^{{a**H-oc)/(6— oc)} 

€tT T €t 

and if h = —a* < 0 the solution is 

» log!!=f = 

2aa y+s ® x^+bja 

dx 


Next we evaluate 


/ 


(a«*+6)V(«*+c)' 
Write jf = x/V(**+c) so that 

*• , c du cx 


y» s 

tiien 






*^d» (**+c)*’ 


and g* ' 


^ ■ • 

T^’ 


/ 


dg 


f exdx (g*+<;)l ^ 


(ag*+6y(g*+c) J (g*4*c)* *• c(ag*+6) 

1 »• 


-J 


whence 


/ 


dg 


(ag*+6)^(g*4-c) 
and the solution ia completed aa above. 


y* aey^—by^+b* 

f ^ 

J b—{b—ac^ 
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S^l. The geneisl otue of the integral of 

(ia!-fif)/(o*«H-2te+cy(^a!»+2Bx+C)), 

whera «»*+^+c Im no teal fiwtow, is eaeOy reducible to an 
int^pral of the fonn 8.86. 

Write X = (ri+«)/(lH-<) and so 

fl»*+2te+c = 

The ooefiSdent of # in the numerator is zero if 

Simn.riy, «-.+6(r+.)+._o. 

= M(’<+*)*+2-B(rt+*)(I+l)+0(l+()*)/(l+|)i 

and the coefficient of t in the numerator is zero if 

^ra+B(r+«)H-(7 = 0. (A) 

Equations (i) and (ii) will both be satisfied if r, a are the roots of 

(oB-6ri)^-(cri-oC')8+(6(7-c5) = 0, (fii) 

for this gives 

or«4-6(r+a) = {a(bC-cB)-\-b{cA-aC)}l(aB^bA) = -c, 
and similarly Ar»+B{r^8) = -C. 

Moreover 

«-r , dx r—8 


!+« 


»•+ 


and so ^ _ 
dt 


<+l di ~ (l+i)i 

and Lx+M = {(ir+M)i+L«+iif}/(l+<). 

Therefore if r. a are the roots of equation (iii) the integral is 
transformed into one of the form 


/ 


ft+i» 


- jft ^ f j. 


which we have evaluated in 8.86. 

It remains to prove that equation (iii) has (different) real roots: 
™is requires 

{cA^aC)*-4{aB-bA){b0^eB) > 0 , 

aubject to the condition ac-6* > 0 since aa:*+2to+c » 0 has no 
nal roots. 

«. A y be any three numbers, then 
(«+y~2/5)* > 0, 

whence oS.j.ya..^2cKy > ^(a+y)— 
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(ot—Y)* > 4(q^+/ 5)/— ay— /S*) 

= 4(^— ot)(y— ^). 

Take Ala, Bib, Oh for a, B, v and we have 

e-rHHi-f). 

M-oC7)* > 4.^,(aB-bA)(bC-cB), 

and so, sinoe ac/6‘ > 1, the condition for real roots is satisfied. 
To ensure that the equation (iii) has itvo different roots w^ require 
also that aB~bA is not zero; if aB—bA — 0 the transforation 
fails (sinoe it reduces to a; == constant) but in this caM both 

0**+ 26a;+<; and 4**+ 25 *+ 0 are of the form - {o*+ 6)® +oopistant 

a \ 

and so the int^ral is reduced by the substitution a*+6 = t. 


8.87. If we denote the integral of 

(5»+ Jf )/(a**+ 26»+c)^(il**+25*+ C) 
by F{x, e) it follows that 

A.fV(x crt = Lx+M 

" ((i**+26*+f)V(i4**+25*+C) 


....1 




JtiC-f-jM 


d(iP\ 

TTMAsa if t 


(aa;*+ 2bx+c)^‘^^^{Ax^+ 2Bx+ C) 








I Lx+1^ ^ _ (~^)* ^ jp/jp -1 

I (aa;»+2te+c)«»+V(^a!*+25c+(7) p\ dcP ^ ‘ 

8.88. The integral of B{x,y), where y — ^(.d**+25*+C) and 
5(*, y) is a rational function, P(*, y)IQ(x, y), 

^y separating the odd and even powers of y in the polynomials 
Qi^>y) rational function B(x,y) may be reduced 
to {A-i-By)j(C+JOy), where A, B, 0, D am pdynomials in « 
alone. Multiplying the numerator and denominator by O-^Byt 
{4+%)/(C'+l^) takes the form 5+JV, whore E and E ate 



121 
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rational ^motaona in x, and tbfe agm is of tlie fom E+Gly 
whece S and & axe rational functions. Expressing 0 in parti^ 
fractions the int^ral of B{x, y) is reduced to a sum of integrals 
of the forms 

jsdx, jjdx, J 

each of which has already been evaluated. 


8.89. In conclusion we shall examine some special oases in which 
the integral of a quadratic irrational may be evaluated directly by 
a special substitution. 

Consider first the integral of l/.^{(o— *){«— 6)}, where a >b. 
We seek for a transformation which will make a—x and x—b both 
squares simultaneously; this requires a—x = »*, x—b = »*, and 
BO a—b — «*+»*, which is satisfied by u = roo»0, v — rsin^, 
provided r* = a—b. Thus the desired transformation is 
X = = 6+(o— 6)8in*tf = o— u* 

— a—{a—b)coaW = asin*fl+6oo8*^ 
and, if 0 < < Jit, the integral becomes 

r il ^d0 = 2 ( d0 — 20 — 2ain-^ 

J (a— 6y(8in*^co8*0) j fj\a—b) 

To evaluate the integral of ll^J{{a-x){b-x)}, o > 6, we require 
a—x = «*, b—x = v\ whence a—b = «*—»*, which is satisfied 
by tt 3s .^(o— 6)oh0, v — ^(o— 6)8hfl, and so 

X =s o— tt* = a—{a—b)oli*0 = 6oh*tf— osh*^. 

The transformed integral is 


— 2 J dW = — = 2lQge-* = 21og(ch® — sh^) 

= 21og{V(a-®)-V(^-*)}* 

Similarl y, we can evaluate the int^rals of ^{(o— aJid 
V{(»— o)/(»— 6)} by the transformations x = 6oos*^+oMU*fi and 
X =« &oh‘9— ash^ respectively. We find 



(a-6) J 2oob*0 = {a-b) J (l+ooB2fl) i0 
V{(a-*)(*--6)}+(a--6)sin“*y(^J 



junij'jsAUKi.i'Jli iNXBGBiAIi 




ExampIiB. To evaluate 


J (2**— 8«,-roivw»'“2a!+l»l 

We make the substitution x =: where r and » are detw- 

I+* 

mined by the equations 

2fs— 3(f+«)+6 = 0i 

7 rs-ll(f +«)+19 = 0 , 

whence r = 1, « = 2 (or vice versa). 

<+2 , , 1 .da: 1 , ' 

From a: = — = 1 we have and 

2*»-8*+6 = ^^, (/*+!), 

7a:*-22a:+19 = ^^,(4t*+3), 


and therefore 


{2a:*-6a:+6)V(7**-22*+ 19) 


I 

2j {t*+I)V 


Tidce V — - 1-2 — 2 - so that — -s — = == 1 — ^ « 

^ V(<*+i) t*+i <*+i 


2j {t*+I)V{t*+|) 

t* } 

— . ss 1 — and therefore 




Also ^+1 = 3/4(1— y*) and t*4-l = (4-y*)/4(l-y*). whence 

f 1 f l<* V(<*+i)«*+i 

J (i+<*W«*+f) J (*•+!>* 


and therefore 




f 

J (2**-te+«)V(7*« 


de <B 

I 2^y+2 
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the first mean-value theorem, change of variable, 
generalized integrals, integral of a power series 

9. If two fiinotions/(a;) and g(x) differ only by a constant then for 
any x and y the differenoe/(x)— /(y) is nnohanged if we replace the 
fimetion/ by the function g, for if/(a:) = g{x)-\-c then 

/(*)-/(y) = 9(»)+c-(p(y)+c) = g{x)~g{y). 

We have seen that an integral of a function is definite apart from 
an additive constant, accordingly if F(a;) is any int^ral of a 
function /(«) then the value of F(x)— J'(y) is the same whatever 
integral F{x) we choose; for instance x* is an integral of 2a; and 
the difference a;*— ^ is unchanged by replacing a;* by any other 
integral of 2a;, such as a;‘4-3. Though independent of F in the 
sense we have described, the difference F{x)~F(y) depends of 
course upon the values of x and y. 

If F{t) is uniformly differentiable in an interval (a;, y), with 
derivative /(O, then the difference F{y)—F{x) is called the d^nUe 
integral of f(t) firom x toy, and a;, y are called the of the 
integral. 

We shall denote the difference F{y)—F{x) for brevity by [F(*)J[, 
where the t in F{t) may be replaced by any other letter (inolndi^ 

either x or y). The expression [ J f{t)di^ will be further abbre- 
viated to f/(t)(U. 

Thus if F(t) is any integral of/(t) so that F'(t) —f(t) in (x, y) 
thmx y 

In particular 

J/(t)* = 0. and 

m ir * 

t Thare ii no nhttioa faetmao thia uae of iha word 'limit* and the limit of a 

aonvetgiMtt laqiMMa. 
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ISxuinAS. I^oe 

Jj*=*log«, t>0, 

therefore J jdtss log*— Ipg 2 (provided * > 0 ). 

a 

/' ^ ~ sin-^ » — 339g ^ .jg^g 


item 
we deduce 


and from 


we have 

4 


/ V(il) “ *<«{*+V(**-4)}. ® > 2, 


/ ^**-4) ‘*® ~ *o«(^+''l2)-log(3+V6) = 2-0101-1.6666 

= - 3646 . 

( 1 ) If F{x), G{x) are equal apart from an additive constant then 

(S) [^(*)+fl'(*)]^ “ C-*^(*)£+[G'(*)£ for any F(x), 0(x), a, and 6 . 
The proofe of these are obvious. 

9.024 Bach of the equations 
€ 

jf(t)dt = F(x)-F(a), 

/(*) SB F'{x) 

iB a OQQsequenoe of the other, by definition. 

e * ® 

fM. / ~/(«) (fe » - J/(*) d» « J/(x) dx, 
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ftjT if DF{x) *=/(») thaa D{—F{x )) « — f(ps) and bo 

J -/(*) dx - [- - Fia)-F(b) = (fix) dx 

“ ' * 6 

= — [^(6)— ^(o)] = — jf(x)dx. 

a 

9.03. From Theorem 8.2 and equation (3) of § 9.01 we have 

b b b 

J {/(»)+fl '(*)} dx = jf{x)dx + j g(x) dx. 

a * a a 

9.04. From Theorem 8.4 and equations (1) and (3) of § 9.01 we 

have t f, 

/ dx = [/(a;)y(a:)]*- J f{x)g'(x) dx. 

a a 

X 

9.1. If /(*) > 0 then J f(x) da: > 0 for any a: > o. 

a 

For J f{t) <ft| = f{x) > 0 and so, by Theorem 3.62, J f{t) di 

a X ^ 

is steadily increasing; but J/(t) dt — 0 mid bo ff(t)dt > 0 when 

a a 

x> a, 

X 

Similarly, if /(a:) > 0 then j f{t) d( > 0, when a: > o. 

a 

Furthermore, if /(a:) ^ 0 in (a, b) and f{x) > 0 in a part of (a, 6) 

b 

th«i > 0; for if (c, d) is the part in which /(a?) > 0 then 

f e b 

jf(t) dt> 0 and J /(<) dt > 0, J/(l) dt > 0 and so 

b e d b 

J/w* = //(<)*+ jf{t)dt+ jmdt> 0. 

a a c S 

9.101. Sinoe \f{x)\—f{x) > 0 it follow foom 9.1 that 


b b 

j \f{x)\dx^ jf{x)dx>0. 


and BO, by 9.03, 
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b b 

j |/(*)ldaf > J/(»)e**. 


SizDilarly, Binoe |/{*)|+/(®) ^ therefore 

J |/(®)| dx^ — Jf(x) dx. 

a a 

Hence, sinoe 

J f(x) == J /(*) dx or — J Six) dx, 

therefore J \fix)\ d* > j J fix) (fej. 

9.11. If m < fix) < JU for any x in (a, 6) then 

b 

mib—a) < j fix) dx < Mib—a). 

“ 6 

For M—fix) > 0 in (o, b) and therefore J {M—fix)} dx>0. 
But 

b b b 

j {M—fix)} dx = j M dx — j fix) dx 

a a a 

b b 

= / /(«) = Jf (6-0)- J fix) dx 

a a 

b 

and therefore M{b — a) > J f{x) dx. Similarly 

a 

b 

j fix) dx > mib—a). 

a 

9.12. K m < fix) < M for any x in (o, 6) then 

b 

mib—a) < j fix) dx < Jlf(6--a). 

(Proof as in 9.11.) " 

9.121. From 9.11 and 9.12it follows that ifm </(a:) < JIT in (a, 6) 
and m ^C.fix) < JIf in some part of (o, b) then 

» 

mib-a) < J fix) dx < Mib-a). 
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9.13. J£f{x) is oaathmous and m < f{x) < Jf in (a, 6), m and M 
Ifoth being values of/(«) in (a, &), then there is a number e between 
a and 6 auoh that 


V 

/(*)&= /(c). 


For, by 9.12, jf{z) dx lies between m(6— a) and M{b--a) and so 




lies between m and M; but m and if are values of 


f(x) in (a, b), and therefoie/(«), being oontinuoua, attains the value 


I* f(x) dx at some point e in {a, b). 


Theorem 9.13 may also be proved without assuming that we 
can find the least and greatest valura of /(«), viz. m, M. For ii 

X 

F{x) = jf{t) dt, so that F'(x) ==/(») in (o, b), then, by Theorem 

A 

3.61, we can find and c, in (a, b) such that 

F'M < ^ F'ie,), 


ie- /(Cl) < j jmdty{b-a) 

but/(a;) is continuous and therefore attains the value 

(//(*) *)/( 6 -»). 

between /(ci) and/(C|), at a point c in (c^, e^. 

Theorems 9.11, 9.12, 9.121, and 9.13 collectively are known as 
the meem-vahte ikeortm for integrals. 

9.131. If g(x) lies between/(w) and &(«) then J g(x) dx lies between 
i fi 

J/(s) dx and J h{x) dx when/(«)— i(z) is of constant idgn. 

« or 

Stqqpeae first that « < /}. if /(») < g(x) < k(x), then 
g(s}— /(«) > 0 and h(x)—g(x) > 0 
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m 

BO that, by 9.1, 

fi fi 

f {9(®)— /(*)} *1! > 0, J {%)— 9(®)} d® > 0, 

P P 

whence J /(*) <?* < J ff(*) < 

Sunilaily, i£f{x) > g{x) > h{x) then 

p p P 

J f{x) dx> j g(x) dx> j h{x) dx. 

Of a a 

If a > /5, th6n/(a;) < g{x) < h{x) implies 

a Of Of 

J f{x) dx< j g{x) <*® < J A(®) dx, 
p p P 

80 that, changing the sign throughout, 

p p p 

jf(x) dx> j g{x) dx> j h(x) dx 

Of Of Of 

and siinilarly f(x) > g(x) > A(x) unplies 

p p p 

J f{x) dx < j g(x) dx < j h{x) dx, 

Of a Of 

which completes the proof. 

9.14. Tff(x) is continuous in {a, b), and if in any part (c, d) of {a, b) 
we can determine points fi, v such that/(ja) < f{x) < f{v) for any x 
in (c, d) then in each sub-interral (a,., of (a, 6) we can deter- 
mine a point Of such that 

b 

J /(®) da = /(Co)(Oi— 

a 

where ss a and a^^.i — b. 

S'or by repeated application of 9.01 (2) 

* ai 0| «m 

J /{«) d* = j f(x)dx — j f{x) dx+ j fix) dx +...+ j fix) dx. 

^ <1# Ol Oft 


J hix) dx. 
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m 


ll 

By 9.13 these is a point (vsudi that j /(a;)(tes/(o,)(<^i— a^)aQd 

, «r 

tiie zeqtdied resolt follows. 

9.141. f{x) ^ oontinuotis in (a, b) and the points (oj^) divide the 
interval (a, b) into a finite number of sub-intervads, each of length 
0(»). If Zh is any point in the sub-interval (oj^, and if o, 
denotes the sum taken over all the intervals of 

b 

the subdivision, then a„ J f{x) dx. 

a 

Proof. Since f(pe) is continuous in (a, b) we can choose n so that, 
for a given p,f{z)~t{x*) = 0(p) for any two points x, x* in (o, 6), 

satisfying x—x* — 0(n). By 9.14, in each interval (a/t, them 
6 

is a point such that J f{x) dx = '^ f(<^k){^k+i~^k)y ^4 ^ ^k 

a 

x^ both lie in (Sj,, we have Ci^—x^ = 0(»), and themfore 

b 

j f(x) dx -a, = 2/(c*)(ffl*4.i-Ofc)- 2/(®*)(«fc+x-«*) 

*= 2{/(«'*)-/(**)K®fc+i-®*) 

= 0(p) 2 (o*+i-Oft) = 0(p)(6-o), 
b 

which proves that j f(z) dx. 

a 

Theorem 9.141 enables a definite integral to be evaluated with- 
out appealing to the indefinite int^ral. For instance, if we divide 
(0, 1) into m equal parts by the points l/m,...,(m— l)/m, and form 

the sum V ——V the limit of this sum will equal j^dx. 

« wr\ m fn>] 5 

But 

V t*lr+l r\ 1 V J 1 r »»(m— !) ]*_ 1/. 1^ 

^ >»*\ m mj ♦»*[ 2 J 4\ mj ’ 

which tends to thus I (te = which may of course be verified 

by means of the inde^te integral jii^dx — a^/4. 

(To justify the apidioation of 9.14 to tin function as* we observe 
that in any part (e, d) of (0, 1) we have < a^ < d* £» any a 
in(c,d).) 


s 
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9.2. Ghaagd dl variable in a definite integral 

If (1) ^(*o) “ ®» ^(h) “ 

(2) ^(t) is difierentisble in (fg, ^); 

(S) /{^(t)} is oontinuouB in (<oi fi)i 

thm 


9.21. 


ff(x)dz=i/(mmodt- 


By Theorem 2 64 it follows from conditions (2) and (3) jthat /(x) 
is oontymuous in the interval (a, ^(t)) for any t in ((„, fi);^h6noe if 

J /(x) dx = F(x) then J /(*) doc = F{^{t)} 


\ 


and therefore 


But 


± j f{x)dx= r{mm 

a 

i 

T/ 


and so j di and J f(x) dx, having the same derivative, 

differ only hy a constant, and since each integral vanishes when 
t = ig, this constant is zero and we have, for any t in tj) 

4*fi I 

f /(x)dx=imtmt)dt. 

Taldng t — tiwe have the stated result. 

Condition (3) is necessary only if, for a t between and ^(t) 
takes a value outside (a, 6), otherwise the continuity of /{^(<)} 
follows from that of/(a:) in (a, b) and 4>(t) in (<„ 

The theomn remains valid if we rejilaoe condition (3) hy the 
condition that /(*) is continuons in an interval (a, /S) such tiiat 
« < ^(0 < ^ for any t in (t#, sinoe this condition, together with 
(2) above, implies the continuity of in («,, 

1 

H xAM W i iw . Evaluate J <fe by the enbatitation s « taa(. 
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ISl 


As f fix>m 0 to « raxies ficom 0 to 1 and taut is difleren* 
tiaUe in (0, |ir), and so by equation 9.21 


2tani 

l+tan*t 


860 % df 




tanidi 


= plogseoi]*' = 1(^2 — logl = log2 = *69316.' 

Equation 9.21 may of course be used to derive either one of the 
integrals from the other. In the above example ve have proceeded 

from the 1^-hand side of 9.21 to the right-hand side. To illustrate 

1 

the converse process we shall evaluate the same integral J — dt 

e 

by the transformation x <= i‘4-1. We have 

DO 1 

as before. To justify this transformation we need but to observe 
that fi+1 is differentiable in (0, 1). 

It is most important to ensure, in working examples, that any 
transformation used satisfies the conditions of Theorem 9.2 
titroughowt the range of integraiion. For instemce, if we se^ to 

V|/l 


evaluate 




^ dic by the substitution a; = sin^ we might be 


tempted to write 
vi/t 




which is fdite because 


since siniir V3/2, smSv » sin^ a 


The explanation of the fallacy Mas in the fact that 
not oontiniioiia in the inteml (^w, |«r} nnoe tlw demomimitog 
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Tankdies at the point < » ^ir in this interval. Another fiJse stq> 
lay in taking ^{1—^H) as cost thronghout the interval («) 
whereas in the part of this interval from to t«r oos t is negative 
and equal to —^{1—^H). It is, howevw*, oorreot to write 


^y* Jr 

f ^ - j; (fe = I Sinttft. 

* *» 

The condition that 0) be differentiable throughout (f,, tj) in 
making the transformation z = ^(t) in the integral ii 

shows that e.g. such an mtegral as f2(sinf, cosf)(ft cawfuit be 

evaluated by the substitution x = tan since tan is not di^eren* 
tiable in (|ir, fir). In the use of transformations involving the 
inverse drcular functions great care must be taken to introduce 
the inverse functions appropriate to the range of integration; thris 
if the range of integration is 0 < x < ir we cannot use the tnms* 
formation x = 8in~^< since the values of sm~H lie between —fir 
and fir, and if the range is— fir<x<firwe may use x = sin~^f 
or X = tan"^< but not x = oos~*<. 

A similsr situation arises if we attempt to evaluate the mtegral 

J X* dx by the transformation x® = y, for in the interval 

— 1 < X < 0, X = — 




and in the interval 0 < x ^ 2, x = snd so in these intervals 

^ “ ”2^ ^ respectively, but the transformation 

function is not differentiable in the whole interval ( — 1, 2) (tinoe 
± l/ 2 y 5 ^ has no value for y = 0), and so the transformation x* *« y 

is not valid in this interval; correspondingly, if we seek to treat tiie 

s 

integral J x* dx as the retuU of the transformation y ss x* on the 
-1 

4 

integral f f ^dyvre find either that 


{ 


• } s 

ij I J x2xdxs» Ja^dx 



or 
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J — *2a!cfe=e 


ISS 


-» 


5 


• but neither — \ f 2x*dx nor J f ^dy = J J — 8**<fa 

is true, for Vx* — -i-xiSx > Oand s: — x if a; < 0, butneithw 
^ ss -fa; nor Vx* = —x is true throughout an interrd whioh 
contains both negative and positive values of x. 

This example illustrates also a further point. In applying the 

4 

transformation y = x* to the integral | it may be thought 

that there is some ambiguity as to the limits of the transformed 
integral, since both (4-2)* = 4and(— 2)* = 4 and so too (4-1)*= 1 
and (— 1)* = 1. It is true that we have a choice for the limits, but 
for each chosen pair we must examine the nature of the trans- 
formation in the chosen interval; for instance, if we choose the 

values X = — 1 and x = 4-2 for the limits of the transformed 

> 

integral then the int^ral becomes f Vx* 2x dx, but this cannot be 

-I 

< t 

replaced either by f x2x dx or by J — x2x dx and must be Sfdit 
-1 -1 

up into 

0 t 0 « 

J Vx*2xix -f J Vx*2xdx = J — x2xdx -f Jx2xdx. ' 


-1 


-1 


Writing t = — x in the first of these integrals it becomes / 2t* A 
and therefore 


i 


j ^2xdx = j2<*(ft4"j2x*dx 

-1 1 • 

• • 

= J 2 i»(ft 4 - J 





It wifi iead% be verified tiiat, whichever choice of Umits we make, 
u oorrtet interpretation of the function ‘Nh;* in the choswi interval 
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wiQ always lead ns to an integral eqnal to ibe integral Jsfiit. 

That tiliis muei be the ease we know already fix>m Theorem 9.2 and 
the fact tiiat a definite integral has a unique value. 


9.3. If a function f(x) has an integral, then f{x) is the uniform 
derivative of this integral and therefore /(«) is conHnuoua. Thus a 
neoessary condition fatfix) to have an integral is that/(a;) be con- 
tinuous. In order that /(a;) have a definite integral from atob there 
must be a function F(x) of which /(a;) is the derivative ihri^hout 
the interval (a, b), and accoidingly/(a;) must be continuous tarough- 
out (a, 6). The step from an integral to a definite integral nuy not 

always be possible. For instance, although j ^dx — log:^ it is 

-» 

not true that J i da; = [logx]~*, for the function logx is defined. 


-* 


and has the derivative Ifx, only for values of x greater than zero; 
-a 

to evaluate f - da; we make the transformation x = —t and the 


-8 

8 8 

integral becomes J —j.—l.di— j j d<, and since log f is defined, 

t t 

‘and has the derivative l/t in the interval (2, 3), the value of this 
integral is — logf. 

Again, firom J dx — Bin“*a; we can deduce 

0 

1 

even thon^ sin-’a is dtihied 

0 

throag^out (0, 1), for 8in~*a; is difierentiable, and has the derxvative 

l/^{l->«*)onfyfor |a;| < 1. Of course, since isdefinedand 

y{l ar) 

is continuous only for \x\ < 1, 1/^(1— a;*) has no definite integral 
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ovw a range whioh is outside the interval [*<-1, 1], and so suoh an 

As a farther illustration consider the integral J 

The function 1) is continuous if «< —1, but it is tibe 

derivative of ch~He only if a; > 1, and so we cannot say tihat ilie 
value of the integral is [ch-^]~|. As in the case of the integral 

j' li.,. ^ the tWonctton *= -. «Kl «„ m.«»l 

* * s 

becomes — dt, which, since the range 

of int^ration is now positive, has the value 
[ch-i<2 = 

AUJurngh continuity is a necessary condition for a function to haw 
an integral there art continuous functions which cannot be integrate 
in terms of rational functions, circular functions, exponential oi 
logarithmic functions. An instance of such an integral is 


ac 

J 


^(l— fc%dn^) 


dx, k<l. 


tchich is known as an dUptic integral. 

9.31. Standard results 


(i) J ooamxooBnxdz » i J oos{m+»)a; dc +i J oos(m~»)a dx 
0 os 

_ jf Bin(m+n)a; 1* r sin(m— n)a; 'j* 

~[ 2(m+n) ],"*■[ 2(m-n) J,’ 

provided »»• n*, 


0. 


Thus, if m* n*, 


fr 

/ 


COSffWCOSMdx =s 0. 



IM 

If m* « n* ^ 0 . 
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= i J {l+oos 2 «i«} da = [ 1 * 3 "+ =* K 

^ fr 

* * J oo 8 ®m» da = ^. 

1 * . 

/ 5i5w “ “ 2b“«s=i ■ “’V 

D 

(iii) The integral of cos”* from 0 to |ir. 

By reduction formula ( 4 ) of § 8.628 

|ir iff 

J cos"a?£te == ( oos^“^(2a: 

n J 

® jrir 

= !? — 1 J cos^-^ da:, 
n J 

V 

Henoe if n is an even whole number 

f cos”* da — ”~i— "T . ?’::? • ^ f di 
J ».»— 2 ... 4.2 J 

andif »is odi 

r _ J n— 1 .»— 3 ... 4.2 ^ J 

<X»^dx=s — I 008 * 0 *. 

n.n- 2 ... 6.3 J 
« 0 

Thus if we denote by nj (read semi-factorial n) the product 

«.n— 2 .n— 4 ... 4.2 

if » hi evm, and the product n.n— 2 .n-- 4 ... 3. 1 if n is odd, then 

r . ^ (n-l)|._ . 

J 008 *^ 0 * if n 18 even 


costed 


if n is odd 
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The txaiufonnstion y ss |ir— a; shows that 

’ ^ r ^ 

I sin"* da? s= — j oos^aj da; j oos*^ dx. 

^ iv Q 

(iv) The integral of sin”^ ooB”a; from 0 to 

We have 


sin**^ooB"x da; I 


Henoe if n is even 


r 8in”-*-%coB*~*a; 1*" n— 1 /* 
[ m+n J. "'"m+nj 


8in*tooos*-%da:. 


f . _ - , n— l.n— 3...3,i f • „ j 

I cos^^ ™ = I ax 

0 0 

Therefore if m. and n are both even the value of the intend is 

(n-l)i(m-l)i , 

(m+n)i ^ 

and if n is even but m is odd, the value is 

(n-l)i(m-l); 

JJl 7» 10 uuu 

hr in 

r . „ . J n— l.n— 3...4.2 f • « j 

ax = I cos d 

mu «IV wo M/ MW ^ I ^ I «• O U*_Llv I WWOWM 



m+n.m+w— 2.,.m+3.m+l 

(»»+»)| 

Thus J 8in"teoos*a;da; = 8{(m— l)j(»— l)|/(m+«)|}, 

• 

where $ ^ if m and n axe both even but 8 = 1 otherwise. 

If m and n are both odd the integral may be expressed in terms 
of fhotoiials. For if m = 22>+l> ^ — 2}+l then 

(«-l)| = 2p.2p-2...2 = 2»(j)!), 

= 2J.2J-2...2 = 2«(jl), 

Md 

(»i4**)| *» 2(i>+ff4-l)*2(p+j).2(p4-€— 1)— 2 — 2*'-‘«+'(j»-HH>‘l)f, 



l«8 

•ndl^unefiote 
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J (l>+g+l)! 2»-Hi+i 2(j)+g+l)r 


1 (p+g+l)l 


(▼) The integrale off(taxix) and xf{^z) from 0 to «r. 

If |ir » 

J /(sina:) dx = J /(sina;) dx + J /(aina;) dx. 

0 0 inr 

In tiie second integral write t = rr—x and we hare 

IT 0 iir 

J /(sina;) dx = — J /(sinO = J /(sina:) da:, 

iw 0 

whence 

7 

j /(sina;) d* = 2 J /(sina;) da: = 2 J /(oosi) (ft, i = a:. 

For instance, if n is even, then sin”^ cos*^ may be expressed as 
a function of sina;, and therefore 

W 

j* sin'^cos'a; dx = {(m— l)i(n— l)i/(m+»)i}28, n being eran. 
Also 




J sin^ da; = 2 J sin^ dx = 2 J cos^r da; 

0 0 0 

^ = J (sinfa;+oos^) dx — f Idxss 

Farther 

0 

J a;/(sina;) dx=^ — J (v—t)/(dnt) dt, writing t == ir— a; 

If 

If ir 

a® w J /(sina;) die — J xf(tmx) dx 






J a;/(ains;) da; » in j/(aax) dx = n j f(einx) dx. 


I 





THT!! TOBUTMmR TWriMlIlAr. 


ir example 

r eing 

2— siafo 


and therefore 


0 

J 1 + 008 ^ 


9.32. There are further instances whmi it is possible to OTsluate 
(in finite form) the definite integral of a function without a know- 
ledge of an integral of the function. This possibility is illustrated 
again in the following example. 

IT 

To evaluate j logsina; dx. 


IT fTT 

/logrin**r= 2 jlog 8 mxfc 


Since mnx = 2 sin cos |« therefore 


ir It IT 

Jl,>gdBxdx = /log2ir + J logsin \xdx -{- j logcos Jas dx 


= -^1+-^+^ (say)- 

Writing X — 2f in /| we have 


fvr w 

J, ss 2 J logsint d( <= J logsinx dx. 


and writing x as w—2t in /„ 


fir w 

/, ss 2 J logsini df « J logsinx dx, 

0 • 

If n 

and so J logsinx dx — vlog 2+2 Jlc^sinxdx, 


ahd therefore f logsinx dx s log 2 . 
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9.4. The generalized integral 

6 » 

H the integral J f{x} dx exists, then J f{t) it is continuous in x 

a V 

and (xmtinuous in y in the internal (a, b) and therefore, for any A 

6-lM 6 

J f{x) dx-*- j f(x) dx 


j f(x)dx-^ j f(x)dx, 


wYiatiaa* 


A w— */fl 

9.401. j f(x) dx+ j f(x) dx 


A 0 O 

-> J f{x) dx + j f{x) dx = j f{x) dx. 

a X a 

9.402. If/(x) is continuous in the interval (a4- 1/n, b— 1/n) for any 

b-iln A 

n, and if, for a certain A in [a, 6], J f{x)dx->-u&x}d J f{x)dx-*v, 

A a-flM 

then for any other point A* in [a, 6] both the sequences 


— A- 

J /(*) dx and J /(*) da 


are convergent and 


A- 

liin J /(*) dx +lini J /(*) dx — u-\-v. 


Sui^NSse A* < A, ther 


»-lM A b-th. 


J “ J I /(*)<**^ //(*)<*»+« 

A* A A A 

J = J — jf(x)dx-*‘V— jf{x)dx, 


«+lM A* 
A* 


whenoe lim J /(«)dr+lim J f{x) dx <ssi u-{^v 
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The sum of the limits 

A b-il» 

lim I /(«] (Zx -f-lim f f(x)dz 
^ a+im i 

is called the gmetalned iiUegnU of/(x) from a to 6. The generalised 

b 

integral is also denoted by J f{x) dx, so that 

a 

b A b-^lln 

j f{x) dx = lim J f{x) dx +lim J f{x) dx 

a a+l/n A 

for any A in [a, 6]. This dual usage of the integral sign leads to 
no confusion because, by equation 9.401, when the integral exists 
in the ordinary sense, its value is the same as that of the generalized 

b 

integral. If the generalized integrals jf{x)dx and 

a 

^ h r. hnf.h ATiaf. f.liAn wa 

J /(«) dx = J /(x) dx + J /(*) <Za 
9.41. If/(x) is continuous in (a, 6— 1/n) for any n, and i 

6-lM 

f /(x)dx->j 

a 

thmi g is the value of the generalized int^ral ftom a to 6. For if 
A lies in [a, 6], then/(x) is continuous in (a, A) and so 
A A 

J /(x) dx -»> J /(x) dx. 

a+l/n a 

Forthermore 

fc-lM A 

j /(x) dx =® J /(x) dx + J /{x)dx, 

a « A 

andtharefore 

^ j /(*)<** +liEA /(x)dx«»|/(x)dx+9~ 
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Similady, if/(a;) is oonijiraouB in (a+l/n, 6) for any n, and if 


u 

j f(x)dx-*-ff, 


tt+l/ll 


tiien g is the value of the generalized integral J f{x) dx. 

a % 
b 

9.411. if the generalized integral J f{x) dx exists then 

a 

b 

J /(*) dx-*0. 


b-lUt 


By 9.402, the generalized integral f /(x)(2z exists for any fix! 

6-l/» 


c\d». 


SinQeJ/(x)dii; exists, /(») dx is convergent, and therefore^ 
J /(*) d*! < ^ for ^ > n > »*, 

-im 

i/» 

b 

j f{x) dx-*-0. 




-l/» 
ft 


fSmilarlv. 


ft-lM 
•+l/» 

j /(x) dx ->■ 0. 


ft ft 

9.42. If both the generalized integrals J /(x) dx and J g(x) da 
«dst and if/(x) < j)r(x), then ” * 

ft ft 

J/(x)dx< Jy(x)dx. 

a a 

It aufficea to consider the case when/(x) and g(x) are both con* 
tinnous in (o, 6— 1/n), and/(x) < g{x) in this interval, sinoe the’ 
general ease may be reduced to a sum of such oases. Then 

ft-l/» ft-lM 

J /(*)<*»< J g{x)daB, 

tflA IMtllf. fAllmra 
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9.421. J£f{x) is oontimioiis in {a, b—l/n) tor any it, and positiTe 

» 

near b, and if J f{x) dx exiata, then for any aeqnenoe b^ anoh that 

9 

b^<b and b$-*- b we have 

. a. » 

J /(*) d* -► J /(x) dx. 

a a 

Sinoe -»■ 6, we can find BO that > b—llkfoxn >njk,and 
therefore, aaf(x) is positive near 6, we have, for any p, 

b-iip b~iip 

J /(x) dx < J /(x) dx 

a. b-iik 

and therefore 

ft ft 

f /(x) dx < f /(x) dx -ft- 0 by 9.411. 

a, b-iik 

Hence, using 9.402, 

ft. ft ft ft 

J /(x) dx = j f(x) dx — J /(x) dx -ft- J /(x) dx. 

9 Q bn a 

Similarly, if/(x) is continuous in (a-|-l/n, 6), positive near a, and 

ft 

if J /(x) dx exists, then 

“ft ft 

J /(x) dx -ft- J /(x) dx, provided o» > « wid o„ -ft- a. 

Om a 

9.422. Conversely, if /(x) is continuous in (a, 6— 1/n) for any n, 
positive neaff 6, and if J /(x) dx is convergent for a sequence b^ 

“ ft 

such that b^<b and b^-*-b then J /(x) dx exists and is the limit 

of//(*)dx. 

« 

For if 1/n < 6—6* and 6—6* < l/iT, then 

ft-l/W J 

J /(x) dx < J /(x) dx < -, A > 6 > fcp, 


ft-lM 


. 9 * 

Binos J /(x) lb ooBvetges, and therefore j /(x) dx arnmges. 
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Thus J fix) dx eziats. Henoe by 9.421 

a 

6 

J fix) dx-*- j fix) dx. 

a a 

Ther condition that fix) be positiye near b may be r^laoed by 
the condition that it be negative, for if 

6 -l/n 6-1/11 

/ (-/(«))<**=- J fix)dx 

a a 

6 -l/» 

is convergent, then J fix) dx is convergent. 

9 . 423 . We may omit the condition, in Theorem 9.421, that fix) 

is positive near 6, if in addition to the other conditions upon fix) 

6 

given in 9.421, the generalized integral J |/(ir)| dx exists. 

a 

For, applying 9.421 to the positive function |/(z) |, it follows that 

6 

J \fix)\ dot 

Hence since |/(a:)| > ±/(*) in (o, 6], therefore by 9.42 

I J /(*) d*| < J l/(*)l 0 

md%. 

bn b b h 

J fix) dx — j fix) dx — j fix) dx-* j fix) dx. 

9 . 424 . It is important to observe that the fundamental theorem 
• for definite integrals 

a 

doesnoteztend to generalized integrals, for when/(a;) » ^ 

a 

^bmfix), being a uniform derivative, is oontittaous in (a, «), whiol 
is not the case when jfit) is a generalized Integral. 
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9«425* If f(x) is continuous in (a, 5 — l/n) for any n, and if 

(6 — is bounded in (a, 6], where A < 1, then J /(aj) eZas exists. 
For if l(6-*)V(x) I < Jf , then for N>n, ‘ 

I t-yif b-lIN 

j f{x)dx < J l/(*)|d* 


'd-l/n 


6-1/n 

b-lfN 


6-1/n I* ^ ^ Jft- 

„ Jf r 1 1 1 _ Jf 1 


&-1/JV 

6-lM 


h-l/n 

Thus J /(«) da? is convergent. 


since 1— A > 0. 


In particular J f(x) dx exists if /(aj) is bounded in (a, 6], for 

a 

ifA = 0. |(6-x)y(x)| = |/(x)|. 

Similarly, if/(*) is continuous in (a+l/n, 6) for any n, and if 

b 

(x~a^f{x) is bounded, then J /(*) dx exists. 

a 

n 

9.43. If /(x) is continuous in (o, ») for any n, and if J /(x) dx -»■ ti, 

a 

then t; is called the generalized irUegral of f{x) from a to infinity. 
This generalized integral is denoted by 

J fix) dx, 

a 

so that, by definition, 

«o » 

J fix) dx = lim J fix) dx. 

a a 

It is important to realize that the expression ‘the integral firam 
o to infinity' means neither more nor less than ‘the limit of the 
integTfd from a to n’, and in no way impUes that there is some 
hitherto unmentioned number infinity. An anale^ous notation h 

often employed for series, the limit of the sum ^ a, bmng denoted 
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If ff(x)dx is oonreigent rad tends to to then to is called the 
generalized inUgral from minus infinity to 6, and we write 

b h 

j f(x) ia; = lim J f{x) dx. 

-flo -n 

a n 

Jf both the sequences J f(x) dx and J f{x) dx are convergent we 

-n a 

define 

00 n a 

J f(x) dx = lim J f(x) dx +lim J f[x) dx, 

t -00 a -n 

9.44. If /(*) is continuous, and if, for p>0, |ic*+»/(*)| <^Jf, in 
the interval (a, n), for any n, then the generalized integral J f{x) dx 

a 

exists. 

For if > n, then 

N n \ I N I N 


n 

N 

f/(x)dx = i 

I* /(*) dx 

V J 

a n 


T -^1 

1 1 1 

1 pi 

nf iV*>J 


Thus J f{x) dx is convergent, and so J f{x) dx exists. 

* a a 

Similarly, if |a:^+^/(a?)| < Jf in (— », a) for any n, the integral 

J f(x) dx exists. 

—00 

For if If >n, 

a « -» -« 

J/(x)dx- j/(x)dx = J /(®)i!r < J 

91 

AoMxdin^y, if/(a!) is continuous and < Jbf in (— •, n) 

00 

flgv any » then J /(«} dis exista. 
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9.45. lf/(x) is legular in (a, n) for any », and |/(a;)| < Jf in (a, »), 

«a 

tiien J d^exists when p>0,a>0. 


a 

For 




Since |/(»)| < M, therefore < Jf so that, by 9.44, the 


[/(») 




n*> ’ 


second int^ral is convergent, and furthermore 
and so « « 

J or .iw"*' 

a a 

Examples. Since is diiSferentiable, with deriyative 

1/-^(1— «*) in the interval (0, 1— 1/n), for any n (but not in the 
interval (0, 1)) we have 
l-l/n 

f _ — 1 — j- (fo; Bin~^/l — — sin^^O 

J 7(^^) V n) 

0 

->sin“^l— sin-^ 0, 

since sin“*a; is continuous in (—1, 1), - 

= 

JL 

and therefore f -77-^^^ — ^ dx ^ hr, 

J V(i-**) 

For any x, 

j e-^ooabxdx — e““{— aoo86*+6sinte}/(a*+6*), 
and therefore 

* 

I? 

J e-“>c086!C(i» = ooo86n+68in6«}/(o*+6*)+o/(o*+6*). 

0 

If « is poaiiave, 

|e-«*ooB6»| < e-®* < 0, 

andaiiailady e-®"8in6n-»-0. 

j e~**ei»bx ix a, »J(a*+6^), a > 0. 
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From J aj^e-* dx =» [— J d», 


siooe n^/e* -> 0, we have (by 9.44) 


x**e-*da: 


«D 

= p J 


e-^dx 


aad therefore, if; is a positive integer, 


and so 


at w 

J a:Pe-* dx=p\ j e-*dx. 
0 0 

0 

J 3 iPe~’‘dx = ;!. 


If o* > 6* and 0 < a: < v, then 


f ^ ^ cos-^ igcosg-ffe). 

J 0+6 cos® ^(o*— 6 *) ( 0+6 COB®/’ 

the equality does not extend to the points ® = 0, ® = ir, sinoe at 

these points — takes the values 1 and — 1 respectivdy, 

and oos-*y is differerUMk only in the open interval [—1, 1], 
Hence 

f . ^ dx = - -i fcos-* 

O+ 60 OS® V(®*— ^‘/L l«+*C08*/Jj^ 


COS~* 008 


/(o«-6*)l'~“ a 


(a+6oo8l/n/ 




sinoe oo8~^ is continuous in the dosed interval (*~1, !)• 


Similarly, 


ir-l/ii 



Tine tiieirTMtTie rNmR/iTk.AT. 
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« 

I 


dx 


v 


a+6ooBas 


If a* < ft*, lilien a+ftoosa; Tanishes for oos« = —j, i.e. 




Consider the integral from 0 to 2tan-^(/u— 1/n) ; in this interval 
tan lx < ft and so, writing t = tan |x 

ItUTHM-lM 


I 


a-hbooBX 


4. Lrioee=!r‘" 


“ -SS^)h”+'^(=^-s))- 

which is not convergent since logn*— logn = logn > 1, forn > S 
Hence, since a+b cos x is of constant sign in (0, 2 tan-V]» follow 
that the integral over this interval does not exist. 


9.5. The integral of a poiver series 
If 2) a„x" is convergent in the interval (0, Z) and if /(x) is it 
limit and F(x) is an integral of/(x), then F'{x) =/(x) and so, b; 
Theorem 3.71, _ 


J fix) dx = aox+oj^+o,^ + ... for xJX < 


Since a„ 


n+1 


J o,^x* dx for any tt this result may be expressed 


0 

l>y nylng that a powo* series may be integrated term by term in 
any interval in which it is convergent. 


9J5I. /SertM /or tan~*x. Since 

l—x*+x*— x*+... sa 1/(1+**) ittovided |x| < 1, < 
it foUowB from 9.S that 


taa*% 

I 



dx « X— 


X* , X* 

a+« 


mmm ,,, 


for |x| < 1. 
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1^06 1 — is oonTfliigentit if ^(«) denotes the limit of 

a* 

then ^x) u oontinuous in (0, 1) and therefisre 

o 5 

hnt tan~^; is also oontinuous (for any x) so that 
tan“^|l — -► tan“^ 1 = J»r. 

Thus: 

9.52. i7r= 

Formula 9.52 is far more convenient for the oaloulatiod of the 
value of V than the method described in § 6.2, but even so, as many 
as 600 terms of the series are needed to obtain v to 3 places of 
decimals. We can however readily obtain, from 9.61, other series 
from which the expansion of it can be obtained with reasonable 
rapidity. 

For instance, since 

tan{tan-4+tan-4} = (Hi)Al-i) == 

therefore 


Jw = tan-* 1 = tan~^ J+tan“^ J 

and 60 terms of this series give 9 r to 30 places of decimals. 
Similarly, 

tan|2tan-^g| = ^ and so tan|4tan-^ij ax i~, 


1 1 <— ii"+‘ 

— I ^ _ a. x-<rl)!:L 

'*« «l 2«+l a«4.s"^'**'^an+2p-l 

I (_i L.U <-i- 

8n+l V2»+S fci+6/ ••• ^ *»+l* 
aMoh provw thst «, k ooavmgent. 

Hlk k m {Murtkokr oaae of tiw tlworna ptovsd ia Esanqilo I.S. 
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151 


whmoe 

1 1 1 ' 

4 tau'*^ — — — 
6 239i 


and therefore 


\ll9 239// \ ^119.239/ 


120.239-119 

119.239+120' 


119.239+120 

119.239+120' 


hr = tan“^l = 4tan“^i— tan-^r^ 
* 6 239 


-4P_1 io.! i_ -Lo-l J 

\6 3‘6®'^5'6® "*/ 1239 3‘ 239»'^5’ 239» "+ 

60 terms of the first series and 15 of the second suffice to give v 
to 70 places. 


9.53. iSeries /or log(l+x). Integrating the series 

_ l_a:+a;S_*»+..., 1*1 < 1, 

l+» 

ve obtain 

l0g(l+*) = X-J + J-J + ..., 1*1 < 1. 

Since the series l—i+J— i+... is convergent and log(l+*) is 
continuous in (0, 1) it follows as in 9.51 that 
log 2 = 1 — J+i— i+... . 

Similarly, integrating 

-i— = l+*+*»+*>+,.., 1*1 < 1, 

1 — X 

we have 

“log{l— *) — *+-^+'^ + -j’ + “‘» 1*1 Ii 

and so 


«log(l+»)— log(l— ») =a 2|»+^+ j+...|, 1*1 < 1. 
By means of the identity 



we obtain the ocmveigmit series 
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iMi Chapter with aa ahoodit a «^pfe 
lA^bibd by wbiob the ezpansio&s of tan*^ ai)id<log(l-|'^} suty be 
;^<)btehied, without inte^ting a power eeries. 
iSinee 


l+t+fi+...+t^-^ = (l_<»)/(i_t), for ah t except t *= 1, 
therefore 


l+t» 


1 +t* 


and so 

m 


« « *1 
J “ J di jfc*. 


that is, 




<** 

l+t» 


dt. 


But 


fin 

I+i^ 


< <•", and BO, if 0 < a; < 1 , 




l+<* 

and if — 1 ^ a; ^ 0, then 
«*» 




2n+l 2»+l’ 


/ 


l+<* 


dt 


' Jhootdin^y 


= — J , d«!, uhere « = —t, 
J l+«* ^ 2n+l ^2n+l 


I 3^6 > 2n+l 2»+l’ 

c; V. : , . provided — 1 < a; < 1, 

; proves that the series 

X- 

^vetges to Uarht, provided -1 < * < 1, sinoe l/(2»-f 1) 0. 


»• , *• 
*-3 + «- 
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Binuiarly, Ri&oe 
1 




therefore 




w jB 

/ - / {i-(+<«-...+(-i).-^i^.} * f'_2. 

• 0 J l+< ’ 

that is, 


bg(:+*) = *-f 

If 0 ^ ^ Ij then • 

* jp 

JlV***^/^*’ «“oej^^<lwheni>0, 


J ^ 

and so +3—... converges to log(l+x). when 0 < « < 1. 
Moreover, if -1 < « < 0, then 

J 1+* 

0 I 

' r , 

J iZ^ where u = 

0 

^1+*/***^“’ ®“®® I-* ^ I+* ▼ken 0 < tt < -a:, 

0 

_ 1 I 2 

!+« »+l i-j-a; 1-j.ji’ ' 

«nd 80, sinoe lAl+*)(lH-n) -> 0 for any fixed x 96 -1, therefore 

the fiAW Ao M ^ I ^ 

*"2 + 3—- oonveiges to log(l+«) also when « is 
^‘^tive, provided x > —1. 


»+i ^»+i 
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DIFFEEBNTIAL GEOMETRY OF A PLANE CURVE 


TANGENT AND NORMAL. AREA AND ARC LENGTH. POLAR 
COORDINATES. CURVATURE. INFLEXION. EVOLUTES 

10 . An ordered pair of decimals (x, y) is said to define or to be 
the coordinates of a poirti, and the point (0, 0) is called the origin 
(of coordinates). A functional relation /(x, y) = 0 is said to define, 
or to be the equation of, a (plane) curve; if X, F satisfy the equation 
/(X, 7 ) = 0, the point (X, 7 ) is said to lie on the ourve/(a:, o) = 0, 
and the curve is said to pass thrcmyA the point. If X, F satisfy 
both/(X, F) = 0, g(X, 7 ) = 0 then (X, F) is called a cospnon 
point, or point of intersection, of the curves f(z, y) — 0 and 
g(x, y) = 0 . The curves /(x, y) — 0 and kf{x, y) — 0 have all their 
points in common (if 1; 9^ 0) and so are said to be the same curve. 
A pair of equations x =f(t), y = g{t) determine a curve, for the 
result of eliminating t between the equations is a functional 
relation between x and y. Such a pair of equations are called 
the pammetric equations of a curve. 

10 . 01 . The distance between two points (x^, ^j) and (X|, ^i) is 

defined to be , , ... 

In puticular the distance between (Xj, a) and (x^, a) is i^i— X|| 
and the distance between (a, y^ and (a, y,) is |yx— yai* * 

10 .02. K/(x, y) is linear in both x and y, /(x, ^) = 0 is said to 
define (or to be the equation of) a straight line; since the general 
linear fimction is ax+6y-{-c, the general equation of a line is 
oc+fiy+c = 0. If ao'+66' — 0 the lines 

ax+by+c = 0, a'x+6'y+c' s* 0 

axe said to be perpmdiculair. 

The equation of any line through the po^nt (x^, y^ is 

o(x-Xi)+6(y^yi) « 0 

•ince this is the most general linear ration satisfied by «|, yj. 
Of all the lines through a point (x^, yj) <mly one passes tiooun^ 
aseoGaulpoint(xa,y,),forifa(x— a^-fbfy—yj) «> 0 passes thzou|^ 
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{Xf, jft) tb«b 0 >0 naiqm lina 

tbzoogh both points is » MuSl , 

»i-*i y»-yi 

e gooeral equation of a line through the point (xj, y^) 


in the form ?L^ -- V -we may denote each fraction by r and 
I m 

obtain the equation in parametric form 

X = Xi+lr, y = Pi+mr. 

Here x^, yx, I, m are constants and r is a Tariable parameter; the 
distance of any point (x, y) of the line firom the point (X|, pj) is 

+V{(»-®i)*+(y— yi)*} = == l»‘V(i*+m*)i. 


10.021. We shall use single capital letters as names of points and 
single small letters as names of lines. 


10.03. The distmice from a point (X, J) to a point on the line 
X SB Xx+lr, y s= yx+Wf (which does not pass through (X, Y)) is 

h=^^{(X-x)*+(Y-y)*). 

Now 

* _{i(X-*)+m(7-y)}/V{(X-*)«+(r-y)*} 

and tiierefore h is a mtntmum for 1(X— x)+m(7— y) = 0, i.e. 

= i(X— «i)+m(r-yi). (i) 

The line through (X, Y) perpendicular to (x—x^fl — (y— yi)/m is 
Ix+my = IX+mY, 

and this meets the line x — Xx+lr, y « yi+m** ■’t point wh«» 
r(P+m*) = l(X-*j)+m(y~yi), 

and so by (i) at the point of the line z »= Xx+lr, y ^ yi+mr 
nearest to (X, Y). Thus the perpendicular fixun a point P to a 
line p (i.e. the distance between the point P and the point of 
intersection of p with the line through P perpendicular to p) is 
Ihe shortest distance fi»m P to apdnt on the linep, showing tiiat 
the use we have made of the term ‘perpendicular’ is oontiBteni 
with that in eiementaiy geometry. 

10.04. The length of the perpendicular fr«m a point (X, 7} to a 
Une az-^by-^c *■ 0 is |oX+67+®|/V(®*'t“ft*)* 
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^ (^> Fi) ^ * point on the line, so that its eqnaftioa may be 
ezpieaaed in the form {x—x^jl * where nt » a, 1 =» —h, 

and ffiXj = e. Thoaby lO.OSthel^igthofthepeipendioulariB 

V{(Z-*)*+(7-y)«}, 
r-y I _h 

X—x m o’ 

X-x^Y-y 
a b 


and 80 


= o. soy. 


Thus the length of the perpendicular is |o|V(o‘+^*): but 
o*+6y+c = 0, 

tiierefore o(Z— oo)+6(r— o6)+c = 0, 

whence o = (oZ+6F+c)/(o*+6*), 

which completes the proof. 


10.05. Since the equations ax+6y+c = 0, a'x4-6'y+c' == 0 have 
no common solution when ab'—a'b — 0, the lines of which these 
are the equations have no point of intersection under this condi- 
tion, and are said to be paraUel. Note that each line is perpendicu- 
lar to the line bx = ay. 


10.06. The lines y = 0, a; 0 are called the ‘x-axis (of co- 
(»dinates)’ and the ‘y-axis (of coordinates)’ respectiTely. The 
axes are perpendicular. 

The perpendicular distances of a point (X, T) Scorn the axes 
X =s 0, y s 0 are |Z|, |r| respectively. 

10.07. The equation of a circle centre (a, b) and radius r > 0 is 

(x-o)«-|-(y-*)**r». 

for every point on this curve is a distance r from (a, 6). 

10.1. The straight line 

X = f(T)-(-rf'(T), y =* i(T)+rg'(T) 
is called the iemgent to the curve x y « g(i) at the point 

(/(T).y(r)). 

For example, the tangent to the parabola x = i*, y 21 at the 
pdnt (9, 6) is ^ ^ Q^2r, 

fe^ixldt » %iylit » 2,8othatwh(8il » S,dx/dl bb 6,dy}dtam2, 
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If/'(r) andl axe both diSerrait £com zeio the equation olthe 
tangent maY be 'written in the form 

« __ y-g{r) 

fir) ~ g\r) ’ 
or, denoting/(T), ^(t) by X, 7, 

y_F=(*_X){flr'(r)//'(r)}. 

If the result of eliminating t between x = f(t), y — ^(t) ia 
y == 4>{x), so that g{t) = ^(«)} for any t, then g’{t) = ^yit))f(t), 
and so ititym = f (/(!)), whence g'(T)//'{T) = f (/(t)) = f (Z). 
Accordingly the tangent to the curve y = ^(x) at (X, Y) is 

(y-Y) = (x-X)q»'(X). 

ExAMFiiB. The equation of the tangent to the parabola ^ a 4»* 
at the point (3, 36) is 

y-36 = (®-3)8.3, 

Le. 24a;— y— 36 = 0. 

When ^'(x) exists, it is called the slope or gradient of the curve 
y = ^{x) at the point (x, y). Thus if 6 7^= 0 the slope of the line 
o*+6y+<5 = 0 is —a/6. 

Even when the equation of the curve f(x, y) = 0 cannot be 
solved for y, we may be able to find the tangent at a point of the 
curve; for instance, if — 33 then 6**+6y‘{<^/(te) = 0 and 
therefore at the point (2, 1} on the curve the gradient dyfdv has 
the value — 2*/l* =: — 16 so that the equation of the tangent is 

(y-1) = -16(a;-2), i.e. 16a;+y-33 = 0. 

10 . 2 . The acute angle between the lines aa;+6y+^ — 0 and 
o'a:4-6'y+c' == 0 is defined to be 

oo8-»l{oa'+W')/V{(«*+6*)(o'*+h'*)}l 

and the obtuse angle between the lines is 

co8-*C-|{ao'+W')/V{(«*+6*)(a'*+h'*)}l]. 

Suice ooB~^— a;) ir— oos~^, it follows that the sum of the acute 
and obtuse angles between any two lines is w; if the lines ate 
perpendionlsr, so that aa'+66' — 0, then tiie angles between the 
lines are both equal to Jir— converse, if an an^ between two 
lines is ^ then l(ao'4-66')/V{(®*+^*)(«'*+^'*)}l “ <»b 1 w ■» 0 and 



158 I>lFFIiBI!Nl!UL OEOMETRY OFvA ILANE CURTEI 

tiiersfore aa'-^W ^ 0 which proves that the lines am perpendioa- 
lar. Observe tbat since cosd >0if0<9<|«r, and cosd < 0 if 
}ir < d < ir, tiieiefore an acute angle lies between 0 and ^ and 
an obtuse angle between and w. 

10.21. The acute angle between the line aa:-\-by-^c — 0 and the 
ae-azis, y = 0, is co8“*|6/^(o*+6*)|; if 6 == cob"^16V(®*+^*)I> 

0 < d < Jir, then cosd = \b\l^(a*+b^), and so (provided 6 # 0) 

tan*d = 8ec*d-l = {(a*+6»)/6»}- 1 = o*/6*, 

whence (since 0 < d < \ir) tand = |o/6| and tan(— d) = — A/dl; 
if 6 — 0, d = fv. The slope of the line aa:+6y+c = 0 is -\a/6 
(6 ^ 0), and therefore, if d is the acute angle between o!C+6y4-« 0 
and the x-axis, the slope of ox+dy+c = 0 is tan d if a/b is ne^> 
live and is tan(— d) if a/6 is positive. Hence if we define ^ by the 

conditions ^ $ if a/6 is negative or zero, 

tfi = — d if ajb is positive, 

^ ss ^ if 6 = 0, 

tiien the dope of the line ax+by+c = 0 is tan^ (if ^ < In); ifi is 
called the indination of the line. Observe that — ^ < ^ir. 
It follows that the equation of a line of inclination ^ is 

y = xtaxi»ft+c 

if ^ and is ax+e = 0 if ^ = fir. 

10.22. * A transformation from the variables z, y to new variables 
X, T by the relations 

X = a:+o, Y — y+6, 

for any constants a, 6, is called a change of origin. 

A ixsnsfinmation by the relations 

X = xcosa+ysina, Y *= xsiaa— ycosa, 

for any constant a, is called a rotation of axet. 

A combination of change of origin and a rotation of axes, 
expressed the relations 

X w* xoosa-f-ysina+o, Y =r xsina— yoosa+6, 

Is ealted a genecal tramformation of rectangular aacec. 
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Notifle that a genraral trazisfonnation nuy be ^eoted by a 
rotation foilowedl by a change of origin, or yioe versa. For if 
( =s xQosa+lfBhiOi ^ == xsina— yooB«and 2 f =» €+a,T =■ »}+6, 
then 

X = xooBot+ysina+a, T — xrina— yoOB«+6; 

and if f = »4-(aoosac+6sina), i; = y+Casina— doosa) and 
X s=» f ooB«+i;8in«, Y — f sin a— i; cos a, then 

X = xco8a-fysinoeH-<t> Y — xsina— yoos«+h. 

10 . 23 .* The distance between two points, and the an^e 
between two lines, are unchanged by a transformation of 
axes. 

For if Xj = *i+a, X* = x,+o and = yi+6. I* = yt+^ 

(Xi-X,)*+(Fx^Fa)* = (xi-x,)*+(yi-y,)*, 
and if Xi = XiCosa+yiSina, X, = Xgcosa+ytsina, etc., then 
(Xi-x,)*+(F,-n)* 

== {(Xj— X2 )cob «+ (y, — y,)8in a}*+{(Xi— x,)8in a— (yj— y ,)008 a}» 

The pair of equations ax+6y+c = 0 and a'x+b'y+c' = 0 trans> 
form under x *= Xcosa+F sina+ 7 , y — X sina— F cosa+m into 

X{a 0080+6 8in«)4-F(a sin «— 6 oo8a)+aZ+6m+c 

and 

X(o' 008 «+6' sin a}+F(a' sin «— 5 ' cos a)+o'i+6'm+c' 
and since 

(a 008 a+6 sin a)(a ' 008 a+6' sin «)+ 

+(osin«— 6oo8a)(o'8ina— 6'008 o) = ao'+66' 
(oooBa+68ina)*+(o8ina— 6 oo 8«)* = o*+6*, 

(«' ooB 0+6' sin «)•+ (o' sin o — 6' oos o)* o'*+6'*, 

it follows tibat the (acute) angle between the lines is unohai^ged. 

10414.* Let {Xf, y,) be called the point 2^, r = 1, 2, 3, and dwote 
the distanoe between 2^ and 2^ by 2^1^ and the line joining 2^ to 2J 
We prove: 
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If (Pi, P,) is perpenidioalar to (P^, Pg) «Qd if (i is the aeute angle 
between (Pi, P,) and (Jfg, P^ then 

P,J^ « PiPj+PjPJ 

and PiPf = PiP^oobS, P^P^ — P,i^ain9. 

I^ce (Pi, Pi) is perpendicular to (Pi, i^) 


Vi ^ 

ZJ =: - , say. 

Xf—Xi a 


y» 


y»-yi 

Let (a, a) be the polar coordinates of the point (Xi—Xi, yj( 
so that 

* 2 — jCi = acosa, y,— yi = asma 

(see § 10. S) : then by equations (i) 


(i) 
-yt) 


®8~*i = fesinot, yt~yt — —boos a. 
Consider the transformation 


X = (»— *i)oosa+(y— yilsina, 
Y — (aj— *i)sinoe— (y— yi)coso(. 

The coordinates 


X = Xi, Xj. X,. y = yi, y„ y, 

take the values 

Z == 0, o, 0, Y — 0,0, b respectively. 

The equation of the line joining the points (a, 0), (0, 6) is 

bX-\~oY = ob, 

and the acute angle 6 between this line and (be line F — 0 is given 
COB0 \a\l^(a*+b*). The distance between (a, 0) and (0, 6) is 
i^(a*+^) o^d so, by 10.23, 

P,i1 = a*+6* = PiP5+PiPJ 
and 

PjP, = |a| = PgPgCosd, PjP, = 161 = PgP,sin9. 

lOJ. The area bounded by a curve 
If x(i), y(i) are differentiable functions, and if xffg) « x(<i), 
y(ti) m |r(fi), bnt the equations x(f) s= x(u), y(t) =■ y(u) cannot be 
ahntdtaaeondy satisfied by a f and « in the interval (f,, fj], open 
to the xij^t, then the equations x » x(f), y a y(t), ^ < f < 
define e simids ciosed cttrvt. 
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The fbrmiila for the area bounded by a simple dosed ourye is 


(A) 






0 < « < 1, 
1 < < < 2 , 

2 ^ < 3 , 

3 < * < 4 . 


where «' dxldi, y' — dyjdt. 

A rig«>rous proof of this formula belongs to the theory of double integrals 
and is postponed to Chapter XVII. 

It is Buffident for the application of formula (A) if x{f) and y{t) 
are continuous in the interval (tg, and if the interval may be 
divided into a finite number of parts in each of which the fixnctionB 
«(f) and y(t) are differentiable. 

For instance the formula may be applied to the fimctions x(f), 
y(t) defined in (0, 4) as follows: 

»(«) = o+(6— o)f, y(t) — e, 

= 6, = c+(d-c)(f-l), 

= b-{b-a)(t-2), = d, 

s= o, = i— (d— c)(f— 3), 

Both x(t) and y{t) are differentiable in each of the intervals (0, 1), 
(1, 2), (2, 3), and (3, 4), and are continuous in (0, 4), but not 
differentiable in (0, 4). The curve described by x{t), y{t) consists 
of the parallel segments y = e,y — d,a ^x and the parallel 
segments x = a, x = b, c ^ y d, which, since the lines x = a, 
y = e are perpendicular, determine a rectangle. 

Now 

« 

J {xy'—x'y)dt 

9 

0 1 2 S 

1 S S 4 

» - f c(6-a) + J 6(d-6) dt + j d{b-a) dt-j o(<l-6) dt 

0 12 4 

»= 2(6-o)(d-c). 

Henoe formula (A) ^ves the famil i ar value |(6— o)(<l— c){ fiar the 
area of the reotan^. 

Exaimji. To find the area bounded by a loop of the eurFe 

X asinfif, y » asihL 
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Since a; andy ate aero simultaneoiialy when f as 0 and f » ir but 
not for any value of t between 0 and it, therefore the equationB 
K =B asm 21, y = asinl, 0 < 1 < w, determine a dosed ouive which 
bounds an area 


ft 

1 / (®y'— *'y) * 

0 

IT 

— |a* J (sin21oosl— 2oos21sinl) 
0 


IT W 

= o* J sinl dt — o* J sinloos*! dt. 


\ 


since 2(sm2loosl— oo8 2lsinl) = 2sinl, 


= a«[-co8<];+o*[2|^]"=2o* 


a* = io». 


10.31. If « = a;(l), y — tx, Iq < ^ < ^i> a.re the equations of a 
dosed curve, then the area bounded by the curve is the positive 
value of the integral 

xy'—x'y = x^dldt)(yjx) =a **, since yjx = t, 
and therefore 

i J X* <ft = J J {xy'—x'y) dt, 
which completes the proof. 

BSxsicplx. To find the area of the loop of Deseartea' FoUvm 

= 3oay. 

Write y^tx, then **(l+l*) = daaH so that 

* * 3o</(l+l»), y = 2afil{l+fi). 

When*»0,xa=y«0,imdlim,i2!L.lim:^!^ :0. Forther- 

1+n* l+«» 

akne x andy are not dmultaneoudy aero fear any podtive t, and 
*» » a* 3o^(l+^), y *a 3a<*/(l+^) deeotibea a dosed ewnre as * 
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inoieasM from. 0 throtig^ all positi.Te values, and the area bounded 


is 



0 


9a*fi 

(l+t*)* 


dt — Ihn 


r -3o» 3o* 

[2{l+fi)l - 2 • 


10 . 32 . The area bounded by the eurvee y — f{x), y — g{z) and the 
lines X = a, X = b. 


We suppose that/(«) > g(x) in [a, 6]. To obtain a parametric 
representation of the curve bounding the given area, we define 

x{t) = a+ib-a% y{t) = p{x{f)}, 0 < « < 1, 

= 6, = sf(6)+{/{6)_p(6)}(«_ 1), 1 < « < 2, 

= b-{b-a){t-2), = /{»«)}, 2 < « < 8, 

= a, =/(«)+{fi'(o)— /(«)}(<— 3), 3 < < < 4. 

As t varies from 0 to 1, the point x(t), y(t) describes the curve 
y s g(r), X varying from a to 6; as t varies from 1 to 2, x(t), y(t) 
describes the line x = b,y varying from g{b) to /(&); as t varies 
from 2 to 3, x{t), y{t) describes the curve y = /(x), x varying from 
6 to a, and, finally, as t varies from 3 to 4, x{t), y{t) describes the 
line z ^ a, y varying from /(a) to g(a). 

Thus we have determined a parametric representation of the 
given curve. The area bounded by the curve is the positive value 
of the integral 


ij {xy'-z'y)dt 
0 

if / + 

^0 X 

+ I {x/'(x)x'-xy(x)}* + / a{p(o)-/(o)}<«l. 

In the first and third integrab we transform from the variable f 
to the variable x by the rdation x «= z{t), and we obtain 
1 » 

J {xp'(x)— p(x)}x' (tt as J {xg'{x)-~g{x)} dx 

ft 

2 Jp(x)dx, integrating by parts, . 
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amd 

/ {*/'(*)-/(»)}»' * - J {»/'(»)-/(*)} 

* b 

= -[*/(»)I+2 //(x)(te. 

Furthermore 

J Hf(b)-gib)} di + j a{g(a)-f(a)} dt = 

and iherefore the area is given by 

10.33. J {f(x)— g(x)} dx. 


10.34. An important special case of 10.33 arises uHben the curve 
y s g{x) is the z-axis, ^ = 0. In this case it follows from 10.33 
that the area bounded by a curve y =f{x), the z-axis, and the 
lines X — a, x = bia 

J‘/(z)dz 

a 

provided /(z) > 0 in [a, 6]. 

ISmilarly, taking /(z) = 0, g(x) < 0, we find the area bounded 
the z-axis, the lines x = a, x = b, and the curve y = g(z) is 

I J g{x)dat 

ExaupIiBS. I. The area bounded by the parabola y — z*, the 
x-naaa, and the lines z « 0, z — c is 

/*■*'= 

artiioh is one-tilird of the area of l^e rectangle bounded by the 
z SB 0, z s c, ibe z-axis, and the line parallel to the ZHuds 
thsQni^ the point (c, c*) <m the parabola. 
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n. The aiea of the cirole =» a*. 

The oirde is bounded by the two curves 

y *>*“»»). 

which intersect at (and only at) the points (a, 0), (—a, 0). The 
area of the circle is therefore 

J [V (»*— »*)—{— ^ 

-a 

a 

= 2 J ^{o*— **) d* = [*,^( 0 *— a:*)+o*arosina:/a]^^ = wo*. 

-a 

10.4. The formula for the length of the are of (he carve x — x[t), 
y s= y{f) from 1 = tg to ^ 

(L) s(0 = /+>/(x'*+y'*)dt. 

The proof of this formula is postponed to Chapter XV. It is 
sufficient for the application of this formula that the interval 
(ig, 1) can be divided into a finite number of parts in each of 
which a;(t), y{t) are differentiable. 

10.41. Since a parametric representation of the arc of the curve 
y =*/(ar), o < x < 6, is given by 

= t> y(0 = /(*). a ^t^b, 
it follows that the length of the arc is 

/ + * = / +4i+{rm * 

a - 

mu. 

s 

Conversely we may derive formula (L) from formula 10.411. 
For if X ^ x(t), y ^ y(t) and a — x{tt), b — x(t]), then since 
dyjdx aa y'/*’ 

• 4 ^ 



lee DIF7S)REKTIAL GEOMETRY OF A FLAKE CURVE 

SxAlcnUBS. L The length of the axe of the paxabola y 
from 9as=0tOXs:Ci8 


I as« 




te 


¥, 


0 

= ic^(l+4c*)+ilog{2c+V(l+4c^}- 

II. The length of the circumference of the circle a;*+y* 

The circumference of the circle is made up of two semicircular 
arcs, y = +^{a*—x*), y = — ^(o*— *■), each from x = — o to 
X — On the first semicircle dyjdx =s —xl^(a*—a^) and so 
the length of the arc is 


a a 

j V[1 +{**/(«•-»*)}] dx = aj = a[axe^{xla)f_^ 


ita. 


Similarly the length of the second arc is ita, and so the total 
oiroumferenoe is %na. 

Alternatively, since x — aooat, y = asin^, 0 < ^ < 2ir, is a 
parametric representation of the circle, the length of the circum* 
lerenoe is given by 

Sir Sir 

J +^(a*8mH+o*oo8H) dSf =« o J <ft = 2no. 

0 0 

CTS OOMFLXTBS THB FBOOF THAT THE DBOIHAL it WE IHTBO* 
PUOED IN § 5.2, AS THE LEAST POSITIVE BOOT OP THE EQUATION 

oos*|a; a 0, IS the same as the numbeb it in elbmbntabt oeo- 
METEY, NAMELY, THE ‘BATIO’ OP THE OIBOVMPEBENOE OP A OIBOLE 
TO ITS DIAMETEB. 

10.43. In a unit drdt a chord of length 2eSnx cute off mare of 
length 2e (provided 0 < » < |ir). 

Oonsider the chord joining the points (sin a, oosa), (— sins, oosa). 
0 < ft ^ |ir, vrhieh lie on tiie unit oirole 1* 
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The tength of the dhord joining these points is 26ina(, and the 
'n^igth of the are joining them is 

itett ^ alnfli 


— lina 

TBIS OOHFLBTS8 THB XOBNTmCATIOR OF THB FTTNOIIOKS sin i 
AND 008 X, INTBODUOBD IN § 6, WITH THB BIiBMBNTABT TBIOONO 
MBTBIO FUNCTIONS. 

Examflb. To find the area bounded by the x-axis and an aiol 
of the oyoloid * = a(l— sint). y = o(l— coal). 

The oyoloid meets the x-axis at the points t = 2niT, so that ( 
oomplete aroh is contained between the points x==:0, x^2av 
where 1 s 0, < = 2^ respectively. The required area is 

taw tw tw 

J ydx= j yx'tbssj a*(l— cost)* dt 


BW 

= o* J (1— 2oos< + oo8H)d( 

0 

s ** 

0 

- $[3«-4sin«+j8in2<5’ 


»3rai*. 

The length of the aroh of the oydmd is 

»« ‘ Sir 

I a/(»'*+v'*) (ft — a f f(l— ooBl)*+sin^}* dt 


»a| {2(l~oo8f)}»(ft 

tw 

es 2a Jsinif (ft, since sin is positive in (0,2ir), 
OB 4a[~-ooB|(j^ SOS 8a. 
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10>43, The an^ avbtended at ike eextre of the oirole 

X = a+’JBoost, y — 6+i{8iiii (0 < « < 2ff) 

Ihe arc of the cirole firom the point t « to the point t p, 
jS > at, is defined to be jS— at. 

The aonte angle between the lines joining these points to the 
centre of the oirde is 


arccos 1 ( 1 + tan Of tan j8)/ ( 1 + tan*a) ( 1 4- tan*^)} 1 

= arocosloos(j8— oi)l = y, s4y. 

Thus the relation between y and J3— ct is given by the equations 

y = jS— Ot if 0 ^ P~(X ^ JjT, 

y = ir—iP—a) if iir < fi—a < v, 

y = (fi—(x)—ir if ir < p—a < fir, 

■.Titl Y = 2it — (P — ot) if fv < P — ot •< 2jr. 


10.44. The length of the arc of the circle 

X = o+JBco8<, y — h+J2sin< 
firom i = ot to t = ot+fl is 

«+« «+» ^ „ 
f ^{x'*+y'‘) dt^B j V(sin*<+cos*«) tft = 1? J di = BB. 

B “ “ 

By 10.43, the angle subtended by this arc at the centre of the 
oirole is d, and therefore 

irma T.TBV ftTiT OF THE A»0 OF A OtBCLS K THE PBODTJOT OF THE 
BASIUS OF THE OIBOUE ANP THE AHOLE SUBTENDED BY THE ABO 

at the centre. 


10.45. Units. Elementary trigonometry introduces two unite for 
leootding the size of angles. One unit is the d^ee, which is a 
ninetieth part of the angle between two perpendicular lines, and 
tire othmr is the radian, which is the angle subtended at the ocmtre 
of a circle by an mro equal in length to the radius. The relation 
between these units is that an ani^e of or radians is equal to an 
amg^ of 180 degrees. 

We have seen in 1 10.44 that in a oirole of radius S, an are of 
length B subtmids a unit angle at the centre. This diows that 
tiw nnlt angle of the present work is equal to the radian 
pt Ommtary trigonometry. 
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10.5. Polar coordinates 

The pair of numbera r, d delSned in terms of x and y by the 
relations # 

6 — arooo8(x/r), if y > 0, r > 0, 

= 2w— arooos(»/r), if y < 0, 

are called the polar coordinates of the point (z, y). x and y axe 
expressed in terms of r, d by the equations 

x — roos0, y = rsin0. 

The equation ^(r, 6) — 0, where ^(r, 0) =/(rcos0, rsin0), is 
called the polar equation of the curve /(x, y) — 0. 

The general polar equation of a straight line is 
r(^cos0+jBsind)-f C = 0; 

in particular lines through the origin have the equation 

0 — constant, 

for if 9 = a then y/x — tand = tana, i.e. y — xtana. 

lOJSl. To find the area bounded by the curve r =f{0) and th< 
lines 0 =1 a, 0 — p. 

A parametric representation of the bounding curve is given b] 
x(t) — r{t)ooa0{t), y(0 = r(f)sind(i), 

where 

«(<) = a, r(*) = </(«), 0 < < < 1, 

= a+0~«)(i— 1). 1 ^ ^ 2, 

The required area is therefore 

* * * j 

I J i^—x'y) <ft = i J i J 

0 0 0 

ssa J J HoosVseo*^ ~ dtt 

sinoe 0(t) is constant in (0, 1) and in (2, 3] 
-i sinoe ^(l)««,«(2)«jJ. 
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Thins the area bocmded by the curve r B»f{0) and the lines 8 ass a. 


ijr*de. 

10.52. To find the length of the arc of the curve r —/(d) from 
d =® a to d == /3. 

A parametric representation of the arc, with parameter d, is 

»(d) =/(d)oosd, y(d) =/(d)8md. ( 

Since \ 

a'* a= = (r'oosd— r sin d)»4- (r' sin d+f cos d)* = 

the dash denoting differentiation with respect to d, therefo)^ the 
length of the arc is ^ 

J +V(r'*+r*)de. 

ExahfIiBS. 1. To find the areas of the loops of the curve 
r» = (1+2 cos d)*. 

The expression l+2oosd is negative when < d < |ir and 
positive when d lies outside this range, that is when 0 < d < {w 
or |fr < d < 27. Hence the loops are given by 

r=l+2oosd, 0 < d < fw or fw < d < 27r, 
and r=— 2cosd— 1, |v<d<|w. 

The area of the first loop is therefore 

|ir 2«r 

ijr*dd+ijf»dd 

/ lir fir 

« jj J + J (l+4oosd+2(l+cos2d))dd 
'O si 

= |{2ir+4sin}ir + sin|7r+2n-— 48in|ir— sin|7r} 

=s 2ir+4Bin^ — sm^ir = 2ir+?^* 


And the area of the second loop is 


2 


i]>dd a= jt{ 27 r+ 4 sin|ir + singir— 4 un|ir — Bin|w} 

3V5 


SS5S 
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n. To find ilie total length of the cardioid 
r«» 14-0080, O<0<2ir. 

We hare 

s'* = r*-f = (14-coB0)*4-sin*0 

= 2(1-40080) = 4OO8*i0. 

Henoe the required length is 

2ir , IT 2ir V 

2 J 4V(<»8*i^)d0 = 2 f oo8i0d0 4 f - oosi0<i0|, 

0 'o w ' 

sinoe cos is positive in the range 0 ^ 0 ^ «r 
and negative in the range v ^ 0 ^ 2ir, 

= 4{[sin J0]J-[sinJ0]*”} 

= 8 . 

10.6. A differentiable relation between three variables, 

/(*, y, ») = 0 , 

is oalled a surface. If the equation has one of the forms 

y*4** =! /(*)*, **4** = f{y)*, »»4y* = /(*)• 

the surface is known as a surface ofrevclutUm with axial symmetry. 
The surface y*+z* — f{x)* is said to be formed by rotating the 
curve y = f{x) (or the curve z = f{x)) about ike x-aads (and similarly 
for the other forms in relation to the y- and z-axes). 

10.61 . The formula for the volume contained by the surface formed 
by rotating the arc of the curve y = /(«), from « — a to a; » 6, 
about the x-axis is 

J iry*dae 

a 

and the area of the surfooe generated by the rotating curve ia 
given by 

«• 

where « is the arc length of the curve y «/(x) and s„, ts 
fiistanoes along the curve from the point where sb a 0 to the 

pcinta where n a a, a; a 6 respectively; since ^ 



j 2nyd8, 
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tibu intQgtal, a&et transfonnuig the vatiable from « to a;, beoomM 

The foregoing formulae for voltune and sur&oe area are provable by 
laultii^ mtegrals. 

Example. The surface formed by rotating the axoy = ^(a*— »*), 
from z =: —a to a; = a, about the x-azis, has the equation 
y*-j- 2 * = o*— a:*, that is, a:*4-y*+s* = o*, which is the equation 
of a sphere. Thus the volume of the zone of a sphere, formed by 
rotating the arc y = ^(a‘— a^) from a; = to a; — pg, abont the 
a;-axis is ' ^ 

J 7r(o*-**) dx = iff(P2-Pi){3o*-(i^+PiP,+l^)} 

pt 

and the surface area of this zone is 

j 2w^(o*— a:*)}*] dx = 2i7o(p,— pj). 

Pt 

10.7. Tangent, normal, subtangent, and subnormal 

If the tangent at a point P, of a curve, whose coordiimtes are 
(X, F) meets the a;-azis at the point T then the distance between 
the point T and the point (X, 0) is called the length of the sub- 
tanffent of the point P. 

The line through P perpendicular to the tangent at P is called 
the normal at P and if the normal meets the a;*azis at N the 
distance between the points N and (X, 0) is called the length of 
the subnormal of P. 

Thus if (X, F) is the point P on the curve y = f(x), since the 
eqpiation of the tangent at P is y—Y = {x—X)f(X), therefore 
the equation of the normal is 

(y-F)/'(X)+(*-X) = 0 
sad the coordinates of T and N are 

(X-F/f(X),0) and (X+F^X), 0). 

It follows tiiat the length of the subtangent of P is 

\wm 
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and the length of the snhnonnal is 

^ \Yfm 

BxamfIiB. ^Ihe length of the sabtangent of the point (x, y) of 
the parabola ^ — 2ax ia 



and the length of the subnormal is 



= lol 


Thus the subnormal of the parabola is of constant length; we shall 
see in the next chapter that the parabola is the only curve witii 
constant subnormal. 


10.71. If » = Jf, y = r when t — T thmi the equation of the 
tangent to the curve x — x{t), y = y(t) at the point < = T is 

= where Z' = *my' = ym 

and so the equatimi of the normal takes the form 
{*-X)J'+(y-r)r = 0. 

10.72. If ^ is the inclination of the tangent to the curve y s /(«) 
at the point (x, y) then, by 10.21, 

tan^ —/'(»). 

But if s(x) is the length of the arc of the curve from a to a; than 

«(*) = J +^/[l +{/'(»)}*]<** 

a 

and therefore 

* = (»)}*] » +V(l+taiiV) = seo^ 

(since — !«• <^< !»)» 

so that ^»C 08 <]i, 

08 
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10.73. If is the length of the pnrpendioular from the origin to 
the tengent to the curve y —fix) at the point (X, 7) then 

p =a |7 oo 8^— Xsin^^l, 
where ^ is the indlinatiion of the tangent. 

For the equation of the tangent is 

(y— 7)— («— X)tan^ = 0, 
ji.e. y— atan^^— (7— Xtan^) = 0, 

and therefore 

_ 7— Xtan^ 

^ ~ lV(l+tanV) 

10.74. If r is the distance from the origin to the point {z, on 
the curve y — fix), ^ the inclination of the tangent at this point, 
p ^e perpendicular distance of the tangent from the origin, and 
9 the length of the arc of the curve then 

dr 


■■ |7 CO80 — Xsin^l. 


dp 

Let q = yooB^—xtm^ so that p \q\. 

We observe first that since p* = g® therefore p 

at 


dp 


q^ and 


sop 


1^ 

dt 

Novi 


= I? whence 

Ol 


dp 

H 


dq 

1 

dx 


, for any L 


dtff 


1 3^008^^— ^sin0 >8in^— a?oo8^r 

or ax doc 

— (prin^+xcos^)^, since ^ cos ^ tan ^ cos ^ ss sin ^ 


therrfore 


whence 


dx' 

dq ^dqda _ 
dr~dxdr~ 


dx 

- (y sin cos 


= --r^/(y8in^/i+»coB^). 
But f* sa **+F* BO i^t 

d^ d^i^” d^ \ d9^^ da) d^ 


{srcos^+ysin^} 


da 

M 
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dr da 

“ -n- 

|j^ Jj. J*-11 il. _ J. I d Id 

Id 

■ •■I i^iiii 

10.75. The line joining the point (r, 0) to the origin is called the 
radiua vector through the point; its equation is xsind = f/ooB0 
If is the acute angle between the radius vector and the tangent 
through the point (r, 0), to the curve r =f(0) and if ^ is th( 
indination of the tangent, then smce the tuigent is parallel t( 



ooeflcos ^-f~8m^8in^ 

cinfAL 


Ioob( 0— dV 


■“nt r* = a:*+y* and 


dr _ _ oo8doos«t+8m0sini^ = eoBl0—d 


|C»| 

Let ^ s= if dr Ida is positive and ^ — v— if drjda is negative, 
then in either case cos<p = dr {da. ^ is usually called the angle 
between the tangent and radius vector; observe however that ^ 
is the acute or the obtuse angle between the tangent and radius 
vector according as drfda is positive or n^ative. 

10.8. The curvature of a plane curve 
If (it, 7) is a common point of a curve and a oirde and if at 
the pdnt {X, Y) both dyjdx and d^/dafl have the same value for 
the curve and the circle then the cirde is called the ctrde of 
cwrvodwre of the curve at the point (X, Y); the radius of this cirdb 
is called the radiua of curvature and its centre the centre of earva* 
hire; the inverse of the radius of curvature is called the curvotiffe. 

10.81. To find die radius of curvatnie at the point (X, 7) on the 

offlfve y •■•/(af), 

Snppoee the equation oi the oirde of oorvature is 
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thoa {bt any point on the drole we have 


(x-o)+(y-6)g » 0, 


(ii) 


The equations (i), (ii), and (iii) must be satisfied by 

y = Y. |=/'(Z). 

therefore (J— o)*+(r— 6)* = />• 

and 

(Z-a)+(r-6)/'(Z) = 0. l+(r-6)f (JC)+{/'(Z)}* = 0. 

(iv) 

whence 


X-o_ ..X +yl{{X-a)*MY-b)»} _ P 

__ tj' 0 )- ~V[l+{/'(X)}‘]’ 

the square root having the same sign as —(7—6), and so the 
same sign as/'(Z), since — (7— 6)/'(JC) = l+{/'(Z)}* > 0; hence 

i+CTi^)}* = -(Y-b)r{X) = pr(X)/^i+{f'(X)n 


which shows that 


p = [i+{/'(X)}*p/r(X). 


tiie square root having the same sign as/*(Z). 

Thus the radius of curvature at the point (x, y) of the curve 
y sssf(ps) is the positive value of 

[l+{f(x)}*]V*'(x). 


10.811. Solving the equations (iv), § 10.81, for a and 6, we see 
that the centre of curvature (a, b) at the point (x, y) on the curve 
y sb/(x) is given by 

a = *-{l+/'(x)»}/'(x)/r(*). 
b - y+{i+/'(*)*}i(r(*)- 

10.812. Writing (fy/dx for /'(x) and d*y/da^ for /'(x) the finmula 
10.81 fior tibe radius of curvature becomes 
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This fiffimula is tmaltraed by interehaTiiging x and y, for 

^ ^ ^ _ _£/j /^\ ^ d*y/<fay 

/ utc <2a;\ / dxfdy da^\dvl 



ondtherefo] > 



m 


10.82. The radius of curvature at the point t on the curve x => x(i), 

y = y(t) is 

For if the result of eliminating t between x = x{t), y — y(i) is 

y=f(z) 

then y{t) —f{z{i)), for all t. Whence 

and / 

BO that the radius of curvature is 

[!+{/'{»)}•]* _ { 1 +y'V*'*}* KHy'*}* 

fix) ~ (*y-y V)/*'» ” ’ 

the square root having the same ogn as «y — xy. 


10.83. To prove that p ss |ds/d<|»|. 

Sinoe/'(x) ^ tan^, therefore 

A*) - seoV^ - S “ 

sa [seoVP/»e<^^ “ jaeoVyseoV^ 
Icbl 

'’“I#}* 

H 


whence 
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10.84. The nditu of eorvakve at ^ point (r, 9) on the cam 
f satM) is 

{r*+r'*}»/{r*+2r'«-rr'}, 

where r' = drldd, r* = dhjdJS*. 

For at any point of the curve we have 

X a=f($)cos$ — rooBff, y =f{B)tm6 = rsind, 


so that 

*' = f'oos^— f sinfl, y' »= f'sin^+foostf, 

af = f^cos^— 2 r' sin fl—r 0080, y' = r*sin 0 + 2 r'oo 80 '— 

whence the result stated follows from 10.82 after a simple call 
tion. 


10.85. From 10.83 and 10.74 we have p — |r(dr/dp)|. 


10.86. To prove that 


We have 


p*~wf '^Wl ■ 


dx . . dhc , . d^ 

-j-sscoBtb and so sm^^. 

da <w* ^ da 


' Sunilarly 
and therefore 


d*y , (M 

d«® ^ da 




10.9. Definitions. If 7 > y then the point (X, Y) is said to be 
above the point {x, y), and the latter is said to be hdaw the former. 

10.901. A point (X, T) is said to be above a culre y =f{x) if 
7 >/(X), and bdow if Y </(X). Two points are said to be on 
(he aame aide of a curve if they are both above or both below the 
curve. 

Observe that if (X, Y) is above y <^f{x), then provided /(«) is 
continuous, (X, Y) is above all points (x, y) of the curve for wluoh 
4 is suffidently dose to X; for when |X— x| is small enoo|^ 
l/(*)-/(X)| < r-/(X) and'so/(x) < Y. ’ 
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10.903. A ourre y is said to be above a curve y « j|F(jB), in 
(o, b), i£f(iv) > gix) in (a, b), and then y = g{x) is said to Iw behw 
y «/(»). 

If two curves ^ and c, are both above, or both below, a curve e 
they are said to be on the same side of c. 

^ y — /(*) is above y — g{x), and/(x) and g{x) are oontanuous 
then any point («, y) on the first curve is above any point (X, Y) 
of the second, provided x and X are sufficiently dose. For by 
hypothesis /(r) > g(x) and so the point {x,f{x)) is above the curve 
y = g{^)> therefore, by 10.901, above any point (X, F) on 
y ss g{x) for which |X— a;| is sufficiently small. 

10.91. If /"(a) >0 the centre of curvature of fhe carve y —f(x) at 
tile point X = a is above the tangent to the curve at this point, and 
iff{a) <0the centre of curvature is bdow the tangent. 

The centre of curvatme at the point (a, /(a)) has the coordinates 

r, = «-{l+/'(a)*}/'(«)/r(«). Fa =/(»)+{l+/'(»)*}/r(«). 

The tangent at ® = a is y = /(«)+(*—«)/'(») so when x == ®,, 
on the tangent, 

F = y, =/(«)-{! +/'(a)»}/'(a)*r(o)- 

Hence y^-y, = {l+/'(o)*}*//'(<»), 

and therefore if /"(a) > 0, > y^ smd the centre of curvature is 
above the tangent, and if /*(a) < 0, y„ < y| and the centre of 
curvature is below the tangent. 

10.92. If f (a) > 0, then in the neighbourhood of the point a the 
curve y =■ f{x) lies above the tangent to the curve at this point. 

First we prove that the function {/(*)— /(o)}/(»— a) is increasing 
in the neighbourhood of a. 

The derivative of {/(*)—/(«)}/(»— o) is 

{(*-o)/'(*)-(/(®)-/(o))}/(»-a)s, ® # o, 

which has the same sign as ^(*) = (x—a)f{x)—{f(x)—f{a)}. But 
^'{x) as {z—a)f'{x) and for values of x near a, *(®) bdng coii- 
tinuous has the same sign as f'{a), and Hierefore ^(®) decreases 
for » < a and increases for x> a. Since ^(a) « 0, it follows tluA 
4{x) > 0, ® # a. Hence {f{x)~f{a)}/{x—a) is increasing both for 
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« < tt and * > o. Furthermore {/(*n)“"/(®)}/(*W“"®) *• 

«« -y a and so 

{/<*♦)-/(«)}/(**-») </'(«) < {/(*)-/(«)}/(»-«). x*<a<z, 
whence /(*) >/(o)4- (*—»)/'(«) 

whether a; be greater or less than a. Thus the point (x, f(x)) on 
tibe curve lies above the point (*, f{a)+(x—a)f{a)) on the tangmrt 
to the curve at the point (a,f(a)), for all values of x near a. 
Similarly, if/*(a) < 0 the curve lies below the tangent. , 

iO.921. Theorem 10.91 and 10.92 together ehow that at anyvpotnt 
of a curve the centre of curvature ie on the same aide of tite UingeM aa 
ffte curve. \ 

10.93. Theorem 10.92 may also be expressed in the following Way : 

Iff{x) > 0 throughout an interval (a, 6) then in thia interval the 
curve y — f(x) liea below the chord joining thepointa (a, /(a)), (6,/(&)) 
on {he curve. 

For {f{x)—f{a)}l{x—a) is increasing in [a, 6) and so if x lies in 
[a, A] tW 

{/(»)-/(«)}/(*-«) < {f{b)-f(a)}l(b-a), 
and so f{x) <f(a)+{f(b)-f{a)}{x-a)l(b-a), 
i.e. fix) < {ib-x)f{a)+ix-a)fib)}l[ib-x)+ix-a)l 
which shows that the point (x, fix)) on the curve lies below the 
pcdnt X, {ib—x)fia)+iz—a)fib)}lib—a) on the line joining (a, /(o)) 
to(6,/(6)). 

Similarly, if fix) < 0 in (a, 6) then in this interval the arc of 
the curve y fix) lies above the chord joining its end-points. 

10.931. If fia) = 0 and fix) changes sign as x passes through 
the value a, then the curve y f{x) crosses the tangent at x » a. 

For the diffetonce between the y-coordinates of the point x,/(x) 
on the curve and the point x, /(a)-f (x— a)^(a) on the tangent is 

^(x) ^fix)-fia)-ix-a)fia). 

Shioe ^'(x) fix)— fia) and ^'(x) ^fix), theref<ne all three 
^x), ^'(x), and fix) vanish at x ss a, uid fix) changes dgn as x 
Itasses thrcN^ a. Home fipe) eithor first increases to fia ) » 0 
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and deoreaaeB, or vice versa, so that ^'(x) is of constant sign 
near x »» a, and therefore ^(x) either steadily increases or steadily 
decreases through the value ^(a) ^ 0, so that ^(x) changes sign 
as X passes throu|;h the value a. Thus the curve crosses its tangent 

at X = o. 

A point of a curve where /*(x) vanishes and changes ngn is 
oalled a point of infleasion, and the tangent at such a jtoint is called 
an inflexion tangent. An inflexion tangent has a closer relation- 
ship to the curve than an ordinary tangent, sinoe not only Ayjdx 
but also has the same value, at the point of contact, on 

the curve and on the tangent. 

If /'(a) as 0 but/'(x) does not change sign as x juMses through a, 
then the curve does not cross the tangent at x == a. 

For when ^*(x) vanish^ at x = a without changing ngn, then 
^'(x) changes sign as x passes through a, and therefore ^(x) itself 
does not change sign. 

10.94. If the centres of curvature of a curve C compose a curve 
C then C' is called the evolvte of the curve C, and C is oalled 
an involute of C'. 

Thus, by 10.811, the parametric equations of the evolute of the 
curve y =* /(x) are 

X a= x-{l-f-f (x)*}/'(*)/r(*). T = y+{l +/'(*)•}//'(*). 

and so the evolute of x — x(f), y — y{t) has the equations 
X = x-{x’*+y'*}y’Hxy-scrjf), 

T = y+(x'*-|-y'»)x7(*y-*'y'). 

where x' stands for dxjdt, etc., since dyjdx == y*jx' and 
^ = fxV-x'v'l/x'* 

1(195. Hie parametric equations of the involutes of the ourvi 
X ss x((), y as y{t) are, with an arbitrary constant a, 

f as X— I J (x'*+y'»)*(ftjx7(x'*-t-y'*)», 

9 ** y™*! J (*'*+y'*)*<**}y7(*'Hy'*)*- 



ynii tiiwefore 
Moieover 
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Pro€f. r » *'-*'(*'•+» W+y'*)*- 

V j J (#'•+»'•)* *) /(*'*+»'*)*+ 

and 80 f»'+i7y = 0 . whence 

f = -(y7»')i?'+(*"y'-*'y')’J /* 

(•fj'-SW == (**y'-*y)v'*/»'*- 

H«»6 the pmmietrie eqotlOD. of the evolote of the com (£, ,) 

r=f-(.’'+h’h7w-«'h')=f+u 

= f+(a!-€) = » 

y « ,,+(*'»+»'*)r/(»y-*'y') = 

i.e. the evolute is X = *(«). ^ = »(<). which completes the proof. 

« A QA Tf B ia the centre of curvature at the point P of a curve 0 
Jn'Ll^ItTttheeote. C,i..ho»ng«.t«.he.eotat. 

“'Stl r he the o«tt« of oom,to« rt the pttol .( 1 ), iKI) oo ti» 

curve » - m. y == yW; 

(i) (z-»)*'+(y-y)y' =“ 

(tt) (z-*)»'+(i'-yy = *'*+y'* 

^_)tf +(r-»V - 

DiS^xentintiQE W follow that 

zv+ry = 0. 

The »m.I I* («. ») 1 * - 0 . 

(z-*)*'+(y-y>y' ” 
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the equation of the nonual may be written in the foim 

* 0 , 

end since JV+F'y' == ^ this is the same as 
/ (f- j)/r = (i,-r)/r, 

which is the tangent to the evolute at (X, Y). 

10.97. If Xg, El aie the centres of curvature at the points Pg* A 
on a curve (7, and iZg, the radii of curvature at these points, 
then the length of the arc of the evolute of C, from E^ to Ex, is 
|Pj— Pgl, provided R' is of constant sign between Pg ond Pj. 

Since the tangent to the evolute at ( J, Y) passes through (x, y] 
we have 

X7(Z-x) = r/(r-y). (i) 

Differentiating the identity 

(j-x)*+(r-y)‘ * iJ» (ii) 

we have (X-»)X'+(r-y)r' = RR\ (iii) 

whence &om (i), (ii), and (iii) 

P*X' = RR\X-x) 

or X' = {X—x)R'IR, provided P # 0, 

and similarly Y' = (F-ylP'/P, 

whence o' = +7(X'*+r*) = IP'l, 

where o is the arc-length of the evolute. Hence if P' is positive 

between Pn, P, we have 

a- j P'<ft = Pi-Pg, 

and if P' is neeative, 

& 

= -JP'<ft«Pg-Pl, 


which completes the proof. 



XI 

DIFFERENTIAL EQUATIONS 


LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS. 
SIMULTANEOUS LINEAR EQUATIONS 


11. A differential equation is a functional relation betweoi a 
variable x, some function y, and one or more derivatives of y with 
respect to X. For instance 


xy 


d*y 

dx*' 




and 


\dx/ 




are differential equations. Integration of a differential equation 
consists in the determination of a relation between x and y wmch 
does not contain any of the derivatives and which satisfies the 

differential equation; thus a solution of the equation y^—x « 0 

dx 

is = o, where a is any constant, for if y*— x* is constant 

then = i.e. — differential 

equation is satisfied. 


11.01. Differential equations arise in the attempt to solve many 
diverse problems; commonest of these are problems in Dynamics, 
but many problems in the Calculus also give rise to differential 
equations. For example, if we seek to find for what curves the 
an§^e between the tangent and chord has the constant value a, 

dd 

we must solve the equation — tana; writing the equation in 
1 df 

the form - cota &= 0 the left-hand side is seen to be the 
rdS 

derivarive of 

and so a solution is 

logf— oota ss constant » log^ (say) 

andso rsace®®** 

which is the equation of the egwangular spiral. 



. DiimaamAL sqvatioks m 

11.1. IliefixBt type of difiSBrentialeqiuttioii ire shall oonaidert^^ 
the fiam , 

M^=2r, 

ax 

wheie Jf is a fraction of y alone and is a function of x alone. 
Since the derivative of J |if das is M^—N it follows' 

that the solution of the equation is 

J |jlf ^ dx — constant = a (say), 

«« = J^da;+o, 


onil art ' 


^ M dy = ^ N dx +o. 


ExAHFUS. The solution of ^ — cosx is 

y dx 

j ^ ~ j ® “ sinjc+a. 

11.2. The equation dy/dx+Py — Q, where P, Q are funeUons of x 
alone. 

If we can find B, a function of x alone, such that dB/dx ss PB, 

**““ „<iv dX d , 

B£+PBy=B£+^y = ^m 

and the differential equation becomes 

~(By) «= BQ, 


at vhinli fliA Hnlntinn m 

By = J BQ dx -f-o. 

It remains to show that we can find an B satisfying dB/dx — PB; 
writing this equation in the form 


we see 


1^-P 
Bdx^ * 

logjR s j PdXi 
R sf'*. 


aaid tKimfniw 
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Since the solution of the differential equation is effected by 
mtdtiplying the equation by this M, the fiinoticai B is called an 
integrating factor of the differential equation. 

ExAmfIiE. To solve a;loga;^-{-y =log». 

Write the equation in the form 

■ 1 

-Ji-L y 

dx xlogx X 

The integrating factor is 

gJlKxlogx)dx — giogdogx) — logx 

and the solution is 

yloga; = j ^^^ dx-ha, 

i.e. ylog* = i(loga:)*4-a. 

11.3. Linear equations with constant coefficients 

each Of oonstsmt, B a function of x. 

Writing D for d/dx the equation takes the form 

o„D»y+a„.iZ)»-iy+...+Ooy = B, 
which we shall abbreviate to 

(a^2)»*+o„.ii)»-H...+Oo)y = -R. or — B. 

If Ii(t) denotes the polynomial o„t"4-»«-il"“'+*»+Oit+n0 the 
equation may be further abbreviated to I>(B)y — B. When L{t) 
is of the nth degree we say that the differential equation lAJ>)y B 
is of the nth order. 

Before discussing the solution of this equation we shall prove a 
number of ample results on which the method of solution is based. 

1131. If Vx snd y, are any two functions of x then 
i(-D)(yi+y,) = i(D)yx+Z.(2))y,. 

Bor D(yi+yf) =» Dyx+Dy^ and if J^{gi-\-y^ = 
tiun 

i)*'»*(yi+y,) = D{iJ*(yi+y*)} =» i){D*!yi+i^*} 
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and so J^(yi+ya) ** ^Vi+i^yi for r. 

Heaoe ar^(yi+y») — ^ fl^-D'yi+ 1) 

■^i>)(yi+y*) = I»(2>)yi+X-(i))y,. 

11.32. Ha is constant and y a function of a; then L(2>)aj/ =s aL{D)ff 
(proof as in 11.31). 

11.33. D^iJD^) — D^{P^), for any m and », since each side of 
the equation is equal to D^+^. 

11.331. If/(i) and g(t) denote the pol 3 momiaIs 

a«<”+«m-i«*~H...+ao and bJ^+b^.^P*-^+...+b^ 
then fi^MDyy} = g{D){f(D}y} = (f{D)g{D))y. 

For by 11.32 and 11.33 

a^ly{f),iyy) = b,D>{fi^iyy) = (a,Z>-)(6,i)*)y 

and so 

^a^D'(b,D^) = 5 b,D‘{a^D'y) = 2 («r-D')(*.-D*)y. 

fs«o f«0 r«0 

i.e. f(D){b,D*y) = b,l>‘{f(D)y) = {f(D)b,D*)y, using 11.31, 
and adding these equations for a == 0, 1, 2,..., n we find 

fmmy} - 9im(m = 


11.332. If L{t) denotes the polynomial 

®n *"+®n-i •••+Oi *+®o 

and L'{t\ its successiT’e derivatives, and if w, v are 

any two functions of x, then 

lAfiyuv = «i(D)»+DttX'(D)»4- 

Proof. The Leibnitz formula for the rth draivative of uv may 
be written in the form 

Tflu 

IPuv s= iijy«H-X)»rI)'“'i;-f-^r{r---l)I)'~*e+ 

2; 

+^r(f-l)(r-2)Z)^-*e+...+^H8 
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«nd titerefoie 
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L(D}uv =* OfD'w 


^ f (r— l)...(f — 4+ 1 )o, D^-H + ... v| 


LH 
■ k\ 


Dhi 


uL{D)v+Dur(D)v+^r(D)v+...+ 


2 ! 

Dhi 


i*(D)t>+...+~L’*iD)i>. 


' i! ' " n! 

11.4. L(D)e«“ = e«»L(p). ^ 

For D*c**® = jp^e***, and so 2 Or^®*** — 2 O’rP'^t *•*• 
L{D)eP^ = IA^).eP*. 


11.41. L(D)e‘“y = e***L(D+p)y. 

For, by formula 11.332, 

UD)e^ = e*»|x(D)+pX'(D)+|!L'(D)+...+fj W)}y 
= e***X(p+D)y, by Example 7.92. 

11.411. ^*L{D)y = L{D—p)e^, 

for L(D—p)e^y — ^I^D+p—p)y — €^IAP)y. 

11.42. L(D*)8iii px s: L(— p*)siii px 

and L(D*)cos px == L(— p*)co8 px. 

For i)%mpa; = —p'sinpa? and so if (D*)"8mp* = (— jp*)"8inja 
iSien 

(D*)*+*8in|»!B = i)*{(D*)"8inp*} = J5)*{(— 

= (— p*)*‘+%mpx, 

m that {JDi^yttnpx » (— p^/sinpa; for all values of r. 

Henoe 


l^X3k)Bap» a« 2 OfiD^Yempx *= 2 af{—pl*YeSnpx ** £(— p'}Bin jpsi. 
£BtaikHdy L{JD^}ooBp3t » JD(— p*)oos|M!. 
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« 

EXA]in<rai. (i?*+22)+2)e»*= (3*+2.3+2)e»»« 
(i>*+2D+2)e»*«* a= «to{(D+3)»+2(2)+3)+2}iB* 

= ete{D«+8i)+17}®* = e»*{2+l(te+17aJ*}. 
{i)*+i?*+ lK-4 sin 2z+B cob 3 z ) 

= ^{(--2»)*-2»+ l}sm 2a?+5{(-3*)*-3*+ 1 }oob 3» 
13Jlsin2a;+73J3co83a;. 

11.43. (Z)*+o*)*^’‘oosa« = (2a)’*n! oos(aa;+if^)* 

11.431. (D*+a*)*afBmax = (2a)*n! 8in(aa;+|nir). 

Proof. Since 

(D*+o*)co8(ia; = (— a*+a*)oosaa; = 0, 
by 11.332 we have 

(D*4-o*)a5C08oa: = a:(D*4-o*)cosaa:+2Dco8a* = — 2a8inax, 
i.e. (Z)*4-o*)*oo8aa5 = 2acos(aa;+iv). 

Similarly (!)•+»*)* sin o* = 2asin(o*-f |ir). 

Thus 11.43 and 11.431 are true for n = 1. Suppose that they 
are hrue for n = k. Then 

(X)*+o*)*’+^cosaaj = (D*+o*)(2o)*'ifc! oos(aar+|fcjr) = 0, 
and so, by 11.332, 

(J5*+o*)*+*r*+^co8(M: = ®*)*‘^'®**cosoa; 

= a:(D*+a*)*+*r*’oosax4-2(fc4-l)^(^+®*)*^oo8a® 
as — 2a(l;+l}(2a)*iklsin(aa;+iA»r), 

whence 

(D*H-a*)‘'+*ie*'+^506oa: =* (2o)*+^(i!+l)lco8{aaj+J(i!+l)ir) 

since — 8in(a«+ifc"') = cos{a!c+J(i+l)ir}, 

and similarly 

(2)*+a*)*+*a!*'+%ina« = (2a)*+^(i!+l)!8in{aa!4-(l^J+l)*’}» 
so that 11.43 and 11.431 are true for n as i+1 and so axe true foi 
any value of n. 

11.44. Since (i>*4-a*}co8(ax+|tHr} as 0 it follows from 11.43 that, 

if P > 1 ., (2)*+0*)1»SB»008<KB as 0, 

and similarl (D»+o*)a«*(dnaas a* 0. 
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11<45. Theorems 11.43 and 11.481 may be written 

(D*+a*)*3i?'cos(ax+|iiic) a*. (2a)»n!co8ax, 

(D*+a*)*x*8ln(ax+fnn) = (2a)^!8inax, 
for 

(2>*+a*)"aj"co8(o*H- |»w) 

= cos |ra77'(2)*+o*)’*®"co8oa;— sin |n7r(i)*+o*)“«*sinaa; 

= (2o)"»!{oo8(a!c+ Jww)co8 fnw— sm(oa:4- |ajr} 

a= (2a)**n!ooBaa;, etc. I 

Instead of cos(«br-|-|nir) we may of course write oo8(aa;— |nTr), 
and sm(air— for 8in(aa;4-|nir). 

11.46.* itg, Og, tCg,... 010 Ti differentiable functions of x, and is 
^ another; u^, v^... are the rth derivatives of tg, ttg, Vg,... respec- 
' tively. 

Then if the determinant 


A= fg 

ttg 

% 

Wg . . is zero for all values of x 

h 



Wi . 

h 



W2 * . 

tn 

«» 

Vn 

«n • • 

but the determinant 



8= ttg 

»0 

Wg 

. . . . is different from zero for 



ICl 

. . . . all values of x, 


p« 

tag 






we shall prove that there are constants 


A, S, C, ... 

sneh tiiat ^ = Aug-^Bv^+ Cwg+... . 

^ The determinant A is called the Wroni^n of the n+ 1 fonctlons 
t$t accordingly the determinant 5 is the Wronshian of the 

a fonotions % Vg, Wg, ••• • 
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^oe 8 is not zero the equations 

Ji «* Kui+Lvi-i-Mv>i+..., 

determine unique functions K, L, M,... . 

^it„+Z(W„+wlfu>„+... = («0 

Eliminating K, L, M,... from the equations (oe) and (a'), we have 


«0 


Wo 

«1 


Wl 



w. 

Un 




i.e. A+vS = 0, whence o = 0, since A = 0 and 8 # 0. Therefore 

= Ku„+lA3^-\-MWn-^... . (fi) 

I>ifrerentiating the equations (a) and taking into account the 
equations (at) and (j3), we have 

0 — £\+L\+M'w0+..., 

0 *= £'ut+L'vt+M'wt+.,., 

where X', L', M\... are the derivatives of K, L, M,... respeO' 
tively. Multiplying these equations in turn by the oofactors o: 
% Ui, in 8, and adding, we find K'h = 0, and so as 0 
i.e. Kisa. constant; similarly L, M,... are constants, whidi com 
pletes the proof. 

1 1.5.* If y = «„, y ss y s= w,,... are n solutions of the differen 
tial equation of the nth order L(D}y » 0, then 

y =* .4«o+Bvo4-(?«>o+- 

is the fenmil solution of the equation, i.e. every solution of th' 
equation can be obtidned from il«»+B«n+C'tPo+— by a soitabli 
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dunoe of tiie oaostaats A, JB, C,... provided that the detramisuiir 




10 , . . is different from zero for al 
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ft. 


10 , . . 

• • 

«»-! 

»n-l 

10n-i. . 


A set of n Bolutions, of an nth order equation, with non*sen 
Wronskian is called a fundamental set of solutions 
Let the differential equation be 

and let be any solution. Then 

«««»+«*-l«n-l+-+«o“o = 0 , 
<*»<'»+«n-l»n-l+-+ao»0 = 0, 


Multiplying these equations in turn by the cofactors of 
in A, and adding, we find A = 0; but a^^O since the differmi- 
tial equation is of the nth order, and so A = 0. Hence, by 11.46, 
there are constants A, B, C,... such that 

to = Auo+Bvo+Cwo+... . 

11.51. If y — yih a, solution of the equation f{D)y = 0 and 
yssy^iBA solution of g(D)y — 0 then y — A^y^+A^yo is a solu- 
ti<m of {/(I>)c'(D)}y = 0. 

For 

/(D)p(DKA,yi+A,y^ = ll(-D){/(D)AiyJ+/(D){p(D)A,yJ » 0. 
It fdlows that to solve an equation L(D)y 0 we need only 
to solve the equations f(D)y » 0 for each factor f(t) of the 
pOtynomial L(t). 

1U2. l^e gmieral solution of {D—a)y =s 0 is y = for 
(D--o)aje** = (o— a)a0e*® = 0. 

11.53. The general solutbn of a 0 is 

y St e"(aa+at9+<iia^+«.+<>sa^)i 

iot (i)— o)*+*«^ =« at 0 if r < h. 
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11.54. To solv^e {(D— a)*+6*}y =® 0. We have 
e-“{(D--o)*+6*}y = 0 
and therefote {J5*+6*}e-^ = 0; but 

(D*+6*)sm6a: = (Z)*4-6*)oos6a: = 0 
and BO the general solution of the equation is 
e-«^ _ ^ oo86a:4-'BBiii6*. 
i.e. y = e®*(d cos bx-\- B sin bx). 


11.55. To solve {(Z>— a)®+6®}*+*y = 0. The equation is equiva- 


lent to 


(2)®-f- = 0. 


From 11.44 it follows that 


(D*-|-6*)*+V(dyCos6a:-f-B,8in6aj) = 0, provided r < i, 
and so the general solution is 


n. 

e-<^y.— 2 (d,cos6a:-f-jB,8in6x)af, 

r»0 

i.e. 

y — e“ ^ af (d, cos bx-\- sin bx) 

*= e“*coB 6a;(do-|-diX-f- . .. -f-e“*8in 6a:( jBo-f- *4* •• . + -B* »*)• 

Exa]m.BS. (i) (Z)*-f i>— 2)y = 0. The factors of 2 

are D— 1 and Z)-f2; the general solutions of (2>— l)y = 0 and 
{JD-\-2)y = 0 are y — dc* and y = Be-*^ and so the general 
solution of 2)y = 0 is 

y = dc*-l-JBc-»». 

(ii) (D»-l-2J5*-f-22)-}-l)y «= 0. The factors of /)•-{- 22)*-l-2B-|-l 
are D-fl and D*+D-\-l. 

The solution of (2?-|-l)y = 0 is y = dc-*. To solve 
(J)*-fI)-f-l)y = 0 

we write the equation in the form {(B-f J)*4-|}y *=* 0, whence 

(D*-f =» 0 

and so the solution is y *=* e-**(PoosjVSx-fQ8iniVSsB); therefote 
the solution of (D*-|-2Z)*-f 2I)-|-l)y 0 is 

’ y as de“*4-e'^(PoostV8«-|-^sin JVSx). 
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(iii) (D+1)®(D*— 2D4-6)*y == 0, The solution of (2>+l)*y « 0 
is y = e-*{L+Mx+Na^), and the solution of (D*— 2D+6)*y « 0, 
i.e. {(D— l)»+4}*y, is 

y =5 e*{(a+6a;)oos2a;+(c+d*)sin2a:}, 
so that the general solution of equation (iii) is 

y = Jlfa;+-l'^!*^)+c®{(a+6»)cos2a:+(c+<iaj)sin2!c}. 

11.6. If y = yi is a solution of L{D)y — 0 and y = is a solution 
of L{D)y = R then y = yi+i? is a solution of L{I>)y — 

For L{D){yi+rj) == L(D)y^+L(D)7) = R. I 

11.61. If y = F is the general solution of L{D)y = 0 ana y = i)i 
is euiy solution of L{D)y = R then any other solution, y W ijg, of 
L{D}y = R satisfies — F+iii for a suitable choice of we con- 
stants in F. 

For L{D){i]^—rii) — L{D)'q^—L(D)7}i = R—R = 0 
so that y — is a solution of L(D)y — 0, and therefore, 

with a suitable choice of the constants in F, •Jjg— iji = F. 

It follows that the equation L(D)y = R is completely 
solved if we know the general solution of L(D)y — 0 and 
any solution, however particular, of L(D)y = R itself. In 
idiafion to the solution of L{D)y = R the solution of L{D}y = 0 
is called the Complementary Function and the particular solution 
of L(D)y ss R ia called a Particular Integral. The sum of the 
Oomplementaiy Function and a Particular Integral is called the 
Complete Integral, We have seen how to find the complementary 
function of the equation I>(D)y = J2; it remains to consider how 
a particular integral may be found. 

11.62. Ify « is a solution of L(i>)y = R^andy — )},asolution 
of L{D}y = R, then y = iji+% is a solution of L{D)y — Rj-fR*. 

For R(-D)(’7i+’?a) == — ■Ri+'fia* 

11.7. Particular integrals of the equation L(D)y = R when 
R takes one of the forms e*", x'e^, sinpx, cospx, x'sinpx, 
z'cospx, e^'sinpx, e^x'cospx, and x®. 

11.701. If L(D)y = e***; since L{D)e^’‘ =» c*’*R(p). therefore, pro- 
vided Up) ^ 0, £(i>){e®*®/JD(p)} = and so a solutian of 
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11.71. If L(D) = {D—p^g{D), where ^( 2 >) gA 0, then a solution of 
L{D)y - is _ ** 

For £(P4-i>)** = i7(2)+i>)i)*** = g(D-\-p)k\ = 9 (p)jfc! 
and so eP’‘L{D+p'p^ = g{p)k\eP^, 

i.e. L(D)eP^a^ = g(p)k\ eP*, 


whence 


' ^g{p)k\ 




11.72. If y = yi is a solution of L(Pyy = e®* then a solution of 




L{D)y — afeP^ is y ■. 

Differentiate the equation L{D)yi = eP^r times with req>eot to 
p and we find L{D)^^ = proving that y = satisfies 
L{D)y = afeP<^. 

In particular, if the result of taking p = 0 in d^yjdp^, after 
differentiating, is denoted by y* then y = y* is a solution of 
HD)y = of. 

We shall later give a more direct method of finding a solution 
of L{D)y = af, 

Exaufle. (D*— l)y = «( 14 -a;)e**. 

The solution of (D*— l)y = is 

gpx 


and so 


and 


y 

p» 


■1 


2pev* 


^ 

dp p*—l (p*— 1)* 

aV-* 4ape»* , 2(8p*4-l)e*® 


iv . 

dp* p*— 1 (p*— 1)* 


Taking p = 2 we see that a solution of (D*— l)p — xe^ is 


ax' 


-c** 

3 9 


and a solution of (D*— l)y = ®^** is 

y 


3 9 ^27 
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and therefore a solution of (i)*~l)y rs i 

y = (using § 11.62). 

11.8. To solve L{D^)y =s cos aa;» 

Since L(D^)QOhaa = L{ — a^)cosaa; 

we have 

cos />»* 

= 0080 * provided L{—a*) # C 

so that the solution is 

COSO* 

" L(-a^) 

Similarly the solution of L{D^)y = sino* is y =: ^ ' 

I((— 0*1 

11.81. If Zf(Z)®) = {D'^-\-a^y‘g(Ifi), where g{~a^) 0, then 

i(D®)**cos(aa:+fi:w) = j;(Z)®)(2)®+o*)*'**cos(aa:+|»w) 

= g(D'^)(2ay‘]c\ coso* 

= g'(— o*)(2o)*'A:!cosa*. 

Hence the solution of 

y(2>*)(D*+o*)*^ = COSO* 

_a^ <sos{ax-\-\krr) 

^ "(2oj^?iPo*) ■ 

11.82. If L{D) is not a polynomial in D* then L(D) may be 
expressed in the form f{D‘‘)+Dg(D*). 

Then L{D)iy = coso* 

takes the form {/(D*)4-Z)p{Z)*)}y coso*. (i) 

But 

= say, 

and so 

{/(©•)+IV(D')}{/(1>*)--Df(X>*)}oobo* 

= A(2>*)cosa* = A(— a*)oo8aa;, 
Showing that a solution of equation (i) is 

y “ [/(jD*)— IV(- 0*)}co8aaj/A(— o*) iHX>vided A(— o*) # 0. 



197 


DIFfBRENTIAL EQUATIONS 


Whence y ^ — ^008aa!~-jD|j — ^cosoa;, 

h{—a*) A(— o*) 

i.e. y = {f(— a*)co8 ax+ag(— a*)sin ax}/h(— a*). 

Since h{—<^ = {/(— o®)}*+a*{y(— a®)}*, A(— a®) can vanish only 
if both/(~a®) and flf(— o*) are zero. If /(— o®) = y(— a®) = 0, let 
(D*+o*)*' be the greatest power of i)*+o® which divides both 
/(D*) and y(JD*) and let the quotients of/(D®), y(Z?®) by (Z?®-fa®)*’ 
be F[iy*) and 0{D^) so that F{ — o®) and G(— o*) do not vanish 
simultaneously. Further let H(D^) = {F(X>®)}®— D®{Gf(D*)}*, Then 
L{D) — (i>®4-a®)*{F(2)®)+jDG'(J[)®)} and so, sinoe 

(2)*+o*)*{F(I)®)+Z)(7(2)*)}{F(Z)®)-JDG(i)a)}a:*cos(oa:+|ibr) 

= H(D^){D^+a^y‘3^cos{ax-{-^kn) = H{D^){2a)^k\coBax 
— H(—a'^){2a)'‘k\ cos ox, 
therefore a solution of L{D)y = cos a® is 


!f \ K ) >f k\{2a)i‘H{-a*) 

__ i L{—D) l®*cos(oa;+f^) 

~ l(2)®+o*)*| ■ 

Alternatively, since 


therefore 


L{D)Li~D) = {/(2?®)}»-D®{G'(2)*)} 
= (D®+o®)®*ff(D®), 


i/(D)Xf(— 2))®**cos(o®4-3&7t) = if(Z)®)(Z)*+a®)**®**co8(oa:+3jfcir) 

= H(D*){'‘2a)^{2k)\ cosax 
= f?(— o®)(2a)**(2I:)! cosax, 
and so another solution of L(D)y = cosax is 
_ L{—D)x^cos(ax+Zkn) 


11«83. To solve 2/(i>)y = e^-'coso®. 

We have er^*L{P)y = cosax 

and BQ L(D-i-p)ye~** — cosax, 

vhidi is of the form M(D)z =» cos ax, and the solution is completed 
M ia 11.82. 



108 DZF7BBENTIAL EQUATIONS 

11.84. If y sa is a solution of L{D)y = e>'^oosax then 
L{D}yi = e*’®oosa«, 

and so, differentiating r times tdth respect to p, we hav 

L{p)^^ s= a?‘e*’'*cosaar, 

which shows that a solution of the equation 
LlD)v — afeP®cosoa: 


where y = is a solution of L(D)y = e^'^cosoa:. . 

Similarly, if y = is a solution of L{D)y = co8(aa!-i- 

y ~ ^ solution of L(D)y — :^eo8ax. 

Examples. A solution of {D*+2D— 3)y = 3c^ u 

3^ o. 

^ — 2«4-2.2— 3 ” 

A solution of (Z)— 2)*(D*+i)+l)y = e*^ h 

*- _ *3g2J 

To find a solution of (I>*+2jD*+3I14-8)y =■ cosSx. 

Since i)»+2i)»+3D+8 = 2D*+8+I>(I>®+3) 
we consider 

{{2D*+ 8)+Z)(D*+ 3)K(21>*+ 8)-I>(I>*+ 3)}cos 3a; 

= {(22)*+8)*-D*(X>*+3)»}cos3x 
= {(-18+8)*4-9(-9+3)*}oos3x = 424 cos 3a;, 
which shows that a solution of the equation 

{(2i>*+8)4-Z>(2)*+3)}y = cos 3a; 

is y « {(22>*+8)-D(Z)»+3)}?^ 

1 A A 

ss •— — oos3a?-( D cos 3:6 

424^^ ^424 

6 « 9 . ^ 

ss — — cos3a;-« — 

9 / 19 . ^ 9.19 
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To find a solution of (D*— 4Z)+6)*(D*~-4i)H-6)j^ = e**oosjC. 
We have 

e-te(2)2_4X)4.5)2(2)*_42>+6)y = oosa 
and so (D*+l)*(-D®+2)y«“** = cos®. 

Now 

(j!>a-(-2)(2)®+l)*a:®oo8(*+37r) = (2)*4-2)2*(2!)cos® = 8cos® 
and so a solution of the equation is 

ye-^ = — cos{®4-3w) = ——cos®, 

8 8 


i.e. y = — Je®^®®cos®. 

In particular cases it may be possible to make L{P) a function 
of D* without multiplying by L{—D), by using only some of the 
factors of L{~D). For example, to solve (i)®+4)*(f>+ l)y = cos 2® 
it suffices to consider (2)*-l-4)*(l— -0*)^ = cos 2®; since 
(2)*+4)*®®co8(2®+|77) = 43(3!)cos2® 

therefore 


(1— i)®)(i)*+4)®®*cos(2®4-8w) = 4*.3!(14-4)cos2® 

so that a solution of (D*4-4)®(-D+l)y = cos 2® is 


(1— 2))®*oos(2®+8w) 

y_ ^ 487 ( 31 ); 6 

(Of course a solution of (D*+4)®(1 
down directly by 11.81.) 


— (sin 2®) 
D*)y: 


(**— 3®*) ®®cos2® 

2‘.6! 2».6! * 

= cos 2® may be written 


11.9. The equation L(D)y — B when L{t) is a polynomial of the 
nth degree and K is a polynomial in ® of the Mh degree. We 
assume that L(0) 0, for if L{P) — IPL*{P), then integrating 

D‘^L*{D)y = R repeatedly we find L*{D)y = 8, where £*(0) ^ 0. 

Suppose we can find a polynomial M{t) which is of the Mh degree 
and which is such that L(0if(0— 1 contains no term of degree less 
than so that L{t)M{t)—l is of the form then 

{L(D)M{D)—1}B = N{D)jy‘*^B — 0, sinoeiZisoftheikthd^iree, 

and so L(D)M{D)B B, 

which shows that a solution of the equation L(D}y £ is 

y = Jf(i>)li. 

It remains to show how to fiind the appropriate polynomial Jf (f). 



soo 
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The condition that contains no term of degree less 

than means that the coeflGioients of f*, ^ in the piodnot 

L{t)M{t) are zero and the coeffidmit of ^ is unity, so that we have 
Aj+I conditions to determine the &+1 coefficients of the poly- 
nomial Alternatively we can determine M{t) as follows: 

We have L{t)M{t) = l-t-l*'+W{<) 




(jivisible 


andK> = 

Divide L{t) into unity until we obtain a remainder R{t) divisible 
by and a quotient Q(t) of the Arth degree and let i}(<) = V+'S{t). 

M{i) = 

Since is equal to the polynomial JH{t)—Q{i) and 

since L{t) is not divisible by t, therefore L(t) must divide R(t)-i~S(t) 
and so is either a pol 3 momial of degree (ifc+l) at 

L{f) 

least, or is zero. But M(t)~ Q{t) is of d^ree k at most and therefore 
= 0 and M(t) = Q{t), showing that the required poly- 
nomial M{t) is obtained by dividing L{f) (ordered by increasing 
powers of t) into unity until the quotimit is of the Ai)h degree. 


11.91. To solve moyy = ReP^, where i? is a polynomial, write 

e-P*L{I))y = R, 

whence L(D+p)ye-P* = R 

and the solution proceeds as in 11.9. 

Examfues. I. To solve (D-j-2)®(D-f-4)^ = e-*'»*(l-t-a:*). 
We have e**(D-|-2)*(D-f 4)*y = a;*(l-f-a:*) 
and so (D— l)*(D-f-l)*yc** = a^+afi, 

i.e. (D*— l)^®** = x*-\-x^. 

“ l+21*-f3A*-f 4<«-f... 

and so a solution of the differential equation is given by 
ye»* « (1-f 2Z)*-|-Si)*)(«‘-f »») 

a=? a:*-f 4-l-a:*-(-4(te*-f 360a: *= a::‘-|-40a:*-|-a:*-f 380a!-|-*» 
\JB. y 5=s 40H:*-j-aj*-|-8603:-j-4). 
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n. To solve (JD— 6)*(Z>— 6)®y = 

We have (2?— = «*, 


whence D^ye-^ = (l+2I>+3D*+4i)*+62)*)** 

= **+8a:»+36a:®+96a:4-120 

and 80 

-to _ 8a:« 36*® 96»* 120»» 

5 3 7 3 5 6 4 3 4 3 2 1 2 3 * 


i.e. 


y = 


6.3.7 


{**+ 14**+ 123a!*+840a:+4200}. 


11.92. Variation of parameters. Lagrange's solution of 

L{P)y = B(x). 


Let Pi, Pi,..., Pn he a fundamental set of solutions of the equation 

L{D)y — 0, and define the set of functions Ci(*), Cj(*) c„(*) by 

the n equations c w +c v + 4-e v - 0 




fi-D'‘-*yi+f*i>’*-*ya+...+c„2)«-*y„ = 0. 
(•jX>n-lyj+CgZ)'‘-*y8+...+C„D'*-^„ == R. 


The equations are solvable for Cj, Cj,..., c„ since the Wronskian 
of the set Pi, yj,..., is not zero for any *. 


Then g = ifi j c^dx+y^ j Cidx+...+y„ j c^dx 

is the general solution of the equation L{D)y = B. 
Proof. Write 0,(*) = J c,(*) d*, 1 < r < n, so that 

C^r(«) = M-P). 

then if j/ = yiCi+y8C?j+...+y„C7„ 

it foUows that 


Dy ~ <?iX)yi+f^Dy8+...+(?„Dy„, 

since 2 yr^r — Vr^r — 

I>*y » C\DVi+^*-®*y8+.”+Ci,I>*y»» 

since 2 Cr-P^f = 


2)*-Jy =» Ci2)'-Vi+...+C„D»-*y„, 

since 2 <vP'*“Vr ' 0, 
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aiu} 2)"y = (7iD*^i+— +Ci,2>"y*+5, since 2 Cr-D“”V *' 
whence i(2))y = (\ i(2))yi+..,+(7* i(Z))y^+ J8 = JJ. 
ExANFUi. To solve (jD*+l)y = seo%!. 

The fundamental set of solutions of (2>*+ 1)^ = 0 is sins;, cos a;. 
The solution of the equations 

Cicosx+Cssina; = 0, — Cjsina:+CjCos* = sec^ 

is Cl == — secxtanx, c, = seoar. Hence the general solution is 
y = sina; J seca; ix — cosa; J secxtana; ix 
= ^sinx+JBco8x + 8inxlog(secx + tanx)— 1. 

11.93. Simultaneous differential equations 

11.931. Bauth'a meOiod. The general solution of the system oi 

equations = o, n = 1, 2. 3, 

where u, v, w are functions of x and P„, Q„, are polynomiah 
in Dg, n = 1, 2, 3, ia u = X^C, V = fiiC, ‘U’ = ^it, where A„, v„ 
are the cofactors of P„, Q„, in the determinant A with nth row 
P^Q^B^,n = 1,2, 3, and C is the general solution of the equation 
A{«0. 

For 

for oil J if n = 2 or 3 
=r^C ifn=l, 

and so all three equations are satisfied if AC = 0. 

11.932. A particular integral of the system of equations 

•P««+Cn»+-Rn«' = A„, n=l,2, 3 
is 

« — Ajf+Ajij+AjC, V = w — Vii+Vtiq+Vfl, 

where (, 17, C particular integrals of the equations A| =s X 

Arf >= and AC = ^3 respectively. 

For 

■f"('^A3+ClMl4"FiV3)lJ-f-{iiA3+Qift3+FiV3)C = A^i 

and similarly 

PtV-i-QtV-i-Btiif — An. P»u-^Q%v-\-B%w =■ AC. 
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11.933. Iftt=s27, vasF, t 0 =pffi 8 the general solution of the 
equations L* s P^«+Q„«+jB„u; = 0, » = 1, 2, 3, and u = u^, 
v =s Ug, te — Wg is a particular integral of the system 
» sa 1, 2, 3, tihen u = Z7-f«o> ® = W^+Wg is the com- 

plete solution of the system 2/„ = X„, n = 1, 2, 3. 

Let u = u*, V = V*, w == w* he any solution of the equations 
= X„; then « = it*— -Ug, » = «*— »g, w = i»*— i»g are solutions 
of — 0, for 

«o)+G»(»*-»o)+P„(W*-M’o) = ^n-^n. = <>• 
Hence it*— itg = V for some values of the constants in V, etc., 
and so It = iJ-fitg, v— F-|-t>g, w= W-\-Wq is the complete 
solution. 

Exampus. Solve the system of equations 

Dit-f ®+(-D+l)“’ = 0, (Z)-f-l)tt-}-Du-l-«; = 0, 

it-l-{Z)-j-l)i>-l-X>u) = 0. 

We have A = 2(D®-H1) and so = 0 whence 

I — ^e~*-j-c**|jBco8^a:-l-C78in^x}. 

Therefore 

It = {D^—D—\% — Xc~*— 2c**|Pcos^x-|-Csin^x|, 
v = (l-J!>-D*)C 

= ^e-*4-e**|(P- (7^3)008 yx+ (C-l- J5V3)8in^xj, 

10 = 

= ^e-*-fcW(i5-fCV3)co8yX-|-(C-PV3)sm^xj. 



XII 

MEAN-VALUE THEOREMS 

THE DERIVATIVE ATTAINS THE MEAN SLOPE. ROLLE’I 
THEOREM. THE CAUCHY FORMULA. THE GENERALIZE! 
CAUCHY FORMULA. MEAN-VALUE THEOREMS FOR INTEGRAL! 

12. As in § 3.6 we shall denote {f{b)—f(a)}l(b—a) by fi{a, b). 

12.1. If X lies in [a, 6], and if fi{a, X) > n{a, b), then 

(liX, b) < ii{a, b). 

For if {/(X)-/(o)}/(X-o) > {/(6)-/(o)}/(6-a) 

then /(X) >/(o)+{/(6)-/(a)}{(X-a)/(6-a)} ^ 

and so 

m-m < m-m]-{m-m}{{x-a)i{b-a)} 

= {f{b)-m}{(b-a)-{X-a)]j{b-a) 

= {/(6)-/(a)}(6-X)/(6-a). 
whence /t(X, 6) < p,(o, 6). 

12.11. Similarly, if /i(a, X) < /i(a, 6) then n{X, b) > n{a, b). 

12.2. If {f{x)—f{a)}l{x—a) is constant in {a, b) ihonf'(x) ~ fi(a, b) 
for saiy x in (a, 6). 

For {/(*)— /{o)}/(«—o) = b) and so 

/(x) =r/(a)+fi(a, b).(x-a), 
whence fix) = fi(a, b). 

12J11. If {f(x)—f{a)}l{x—a) is not constant in (a, 6), then we can 
detmtnine a point c in [a, 6] such that /'(c) = (i{a, b). 

For if n(a, x) is not constant, there is an X in (a, 6) such that 
fi(tt, X) is different from fi{a, 6). Suppose fi(a, X) > n{a, 6), so that, 
by 12.1, ft(X, 6) < fi(a, b). 

Now by 3.61 there is a point Cj in (a, X) such that 

/'(Cl) > ^^(a, X) 

luod a C| in (X, b) such that/'(e,) < /t(X, 6), and therefore 
Shioe /'(«) is oontinttoos (3.02), f'[x) takes every value between 



MEAN-VALUE THEOREMS 206 

f'{ei) and/'(cy), and in paarticalar there is, accordingly, a point e in 
the open internal [cj, ej such that 

Since e Ues in [e^, cj, therefore c lies in [a, 6]. 

Similarly, if fi{a, X) < ^(a, 6) there is a point c in [a, 6] such 
that /'(c) == /i(o, b). 

Theorems 12.2 and 12.21 together give: 

12.22. If f(x) is differentiable in (a, b) then there is a point c 
such that f'(c) = {f(b)— f(a)}/(b— a) and a < c < b. 

Theorem 12.22 is known as the mean-value theorem. 

12.23. It is important to observe that in the mean-value theorem we prove 
the existence of a point c where the derivative equals the mean slope in 
(a, b), and ensure that this point lies between a and b, and does not coincide 
with an end-point of the interval. The existence of a point in the closed 
interval (a, b) where the derivative equals the mean slope — a result of 
relatively little importance — is of course a consequence of 12.22 but may 
be established more simply as follows: Wo know directly firom 3.61 that 
there are points Cj, Cj in (a, b) such that/'(ri) < ii{a, b) and/'(c,) > b) ; 
if equality occurs at either place the result is established, and if there is 
no equality, then/'(C|) < fi(a, b) </'(€*) and Theorem 12.21 follows. 

If f(a) = f{b) then n(a, 6) = 0 and from the mean-value iheorem 
we deduce SoUe's theorem that 

12.3. If f(x) is differentiable in (a, b), and if f(a) = f(b), then 
there is a point c such that f '(c) = 0 and a < c < b. 

Although apparently just a special case of the mean-value 
theorem, BoUe’s theorem is in fact as general as the mean-value 
theorem; we shall show this by establishing Rolle's theorem 
independently of 12.22 and then deriving the mean-value theorem 
from it. 

12.4. If/(®) is constant in (o, 6) then/'(a:) = 0 throughout (o, b). 

12.41. If /(a) s= /(6) and/(«) is not constant in (o, 6), then there 
is a point c such that /'(c) = 0 and a <c <b. 

For if/(a:) is not constant there is a point X in (o, b) where /(X) 
differs fitom/(a); suppose that/(X) >/(<*), then since /(6) —/(o) 
it follows that/(X) >f(b). 

By 3.61 there is a point Cj in (a, X) such that 
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and a point e, in {X, b) such that 

/(«*) < {/(6)-/(Z)}/(6-Z) < 0; 

hence since f'{x) is continuous, positive at and negative at Ci, 
therefore there is a point e baween and Cg such that /'(c) =s 0. 
Similarly, if/(X) </(<»), there is a point c in [a, 6] where the 
derivative vanishes. 


12.42. Theorems 12.4 and 12.41 together give BoUe’s theorem. 
CJonsider now the function <ft{x) = f(x)~Ax; >ft(x) is differentiable 
and ^(o) = ^(6), provided f{a)—Aa = f(b)—Ab, i.e. provided 
A — fi{a, b). Thus <f>{x) satisfies the conditions of BoUe’s theorem 
and so there is a point c in [a, 6] such that <ft'(c) — 0; but\ 

<f,'(x)=fix)-fi{a,b) \ 

and so /'(c) = fi{a, b), which proves 12.22. 


12.5. If/(x) and gf(x) are differentiable in (a, 6) and if g'(x) # ( 
in [a, 6] then we cam determine a point c in [a, 6] such that 


12.51 


/(fe)-/(g: ^£(c) 

g(b)—g(al g'(c) 


(Cauchy) 


Consider the function Llx) — {f(b)—/(a)}g(x)—{g(b)—g(a)}f(x); 
£(«) is differentiable, and Ir(a) = L(b) = /(b)g(a)—f(a)g(b). Hence, 
by 12.3, there is a point c in [a, 6] such that L'(c) = 0, i.e. 

{f(l>)~f(a)}g'(e) = {g(b)-g(a)}/'(c). 

l^oe g'(x) 9 ^ 0 in fo, 6], therefore g'(c) ^ 0, and g(b) ^ g(a), 
whence equation 12.51 follows. 

The interest in 12.51 lies in the fact that the variable on the 
right-hand side has the same value c in both numerator and 
denominator, an identity which cannot be ensured by the applica- 
tion of the Mean-Value Theorem to/(a;) and g(x) separately. 

The Cauchy formula (12.51) is really an example of the applica- 
tion of the Mean-Value Theorem to a composite function. 

For if 0(x) is a function differentiable in an interval (<x, /9), with 
a non-vanishing derivative in [<x, fi], then, since the derivative of 
/(<?(«)) is f{0(x))0’(x)f by the Mean-Value Theorem there is a 
point y in (a, fi) such that 

(*) 

0— at 
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Since Cf'(x) # 0 in (a, j8) and 0'{x) is necessarily continuous, 
riier^ore 0'{x) is of constant sign, and so 0{x) has a unique 
differentiable inverse ^(a;), say, such that 0'{x) == llg'{0{x)). 
Write a, b, d'for ^'(a), G{p), 0(y) so that g{a) = a, g{b) = j8, and 
equation (i) becomes /'(c) 

g(b)-g(a) ~ g'{c)’ 

12.52. The functions f(x), g{x) are differentiable n times in the 

interval (a, 6), ^ ^ 1 < r < », 

and |jr(»)l >0 in [a, 6], 1 < r < ». 

Then if at < a < 6, we can find c such that 

g(b)-g(a) flr»(c)' 

For by Cauchy’s formula we can find Cj, Cj,..., c„_i, c in turn, 
m-f{ a)^ r{<H) 

g{b)-g{a) g'{Cj) 

r(ct)-m ^ m ^ . /"-Mcn-i) 

y'(Ci)-9'(a) ■■ g”-HCn-i) 

which completes the proof. 

Note that lies in [a, 6], so that > a, and since lies in 
[a, Cfj therefore c, > a implies that c,.^i > a; hence e, > a for all r, 
and therefore |jr'’(«)l > 0 in each of the intervals [«, cj, which 
justifies the applications of Cauchy’s formula made in the proof. 
The conditions a < a < 6 may be replaced by a < 6 < «; the 
essential point is that the derivatives g'ix) should not vanish 
between a and 6. 

12.53. The functions /(«), g{x) are differentiable n times in {a, 5), 
wid |{if**(a:)| > 0 in (a, b). 

If /(a), g{x) vanish simultaneously at n distinot points between 
a and b then there is a point c = c(x) between a and 6 such that 

m /*(c) 
g{x) grip) 

at all points of (a, 6) where g{x) ^ 0. 


such that 


and 


tM 

g'ici) 
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Proof. Let 

H(t) =f{x)g{t)-^g{x)f{t), a <z<b, g[x) # 0, 

then H{t) is differentiable n times in (a, 6) and H{t) vanishes a 

n+1 distinct points in (a, 6), say at i^, and x. Hence b] 

Rolle’s theorem we can find n points in (a, h 

such that Tin \ n ^ a 1 

H (m,) = 0, r = 1, 2,..., n~l, n. 

It follows that there are (at least) n— 1 points in [a, 6] where H*{t 

vanishes, n— 2 points where H^(t) vanishes, and so on up to 2 point 

where £[^~\t) vanishes, and so finally we reach a point cm [a, b 

where j?"(0 = 0, But H”(0 = f(x)g’^(t)—g(x)p*{t) and so\ 

f(x)g’>ic) = g{x)f”(c) 

f(«) _ f”(c) 

g(x) g»(e) 

provided g(x) ^ 0 (for gr“(c) 0 by h3rpothesi8). 

As an application of 12.53 we prove that if il>{x), \^(x) are twici 
differentiable in (y, z) and if x is a point in this interval then then 
is a point e in [y, z] such that 

{y-zmx)+{^-x)<f>{y)+(x-y)4>{-) _ 


or 


12.54 

For i 


(y— z)0(x)+(z— «)i^(y)+(x— y)0(z) 0»(c) 


/(«) = (y— *)^(®)+(*-«)^(y)+(»-y)<^(*). 

g(x) = (y— z)«A(«)+( 2— a-)^(y)+(«-y)0(2) 
then both f{x) and g(x) vanish at the end-points of the interval 

(y.«)- 

12.541. Taking <^(x) — {x—y){z—x) in 12.54 we obtain the inter- 
potation formula 

^{x) » ^^(z)-f^^(y)-i(x-y)(z-a:)^»(c). 


z-y 


z— y 


12.542. In determinant notation formula 12.54 may be written 


^(c) 

^{x) X 1 

= m 

^{x) X 1 


^(y) y 1 


^(y) y 1 


^(z) z 1 


^(z) z 1 


which iaunediatdy suggests the extension to four or more variables. 
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12.55. If <^{x), ^{x) are differentiable three times in an interval 
which contains the four points x, y, t, w^then there is a point c in 
this interval such that 


?» 


m 

^{x) X* X 1 


tft(x) X* X 1 


^(y) y* y i 


i>iy) y* y i 


<ft{z) z* z 1 


^(s) s® 2 1 


^{w) ««* IC 1 


W® W 1 


This is an immediate consequence of Theorem 12.63, with » = 3, 
since each determinant is a function of x which vanishes at the 
three points y, z, w. 

An alternative method of proof is to observe that the determi- 
<^{x) ^(x) a? X 

^(y) Hy) y* y 

^(s) ^(a) a® a 

^{w) tl){w) i»* w 

is a function of t which vanislies at the four points x, y, a, and 
w, so that H^if) vanishes at some point c. Only the first fine of 
the determinant varies with t, so that the third derivative of the 
determinant is obtained by differentiating the elements of the 
first row three times, which leads immediately to the required 
formula. 

12.6. Integral mean- value theorems 
If we apply the mean- value theorem to the fimotion 

a 

since /'(x) = g{x), we have the mean-value theorem for integrals 

b 

J g{x) dx = {b—a)g{c), 
a 

We have already obtained this result in 9.13; the present gxooi 
has the advantage of not assuming a knowledge of the least and 
greatest values of g{x) in (a, 6). 
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12 . 61 . Applying 12.5 to the functions 

F{x) = J/(i)j7(<) <ft, Q{pc) « J g{t) it 

a a 

'with g(x) > 0 in [a, 6], so that 0{x) is increasing in (a, h), we have 

F{b)-F{a) _ Fy 
Q{b)-Q\a) ~ Q'ic 

i.e 

I J /(») 2 (®) ‘**)/{ / ?(*) == /(c), sinceL(c) ^ 0, 

whence \ 

b b 

12.61 1 . J /(«)?(») ic = /(c) J g{x) dx. \ 

a a 

12.611 is known as the second mean-value tiieoremfor integrals. 

12 . 62 . In 12.61 the condition ‘g{x) > 0’ in [a, 6] may be replaced 
by 'g(x) < 0’ in [a, 6], for if g{r) < 0 then —g{x) > 0 and so by 
12.611 6 6 

//(*){-Jl{*)} = /(c) I {-g(»)} dx. 


whence 


O V 

/ /(*)fl'(^c) dx = /(c) J g{x) dx. 


12.7. If/(a;) and g(x) are continuous in (a, 6) and if/(a:) is mono- 
tonic (increasing at decreasing), and g(x) > 0, in [o, 6] then there 
is a point c in [a, 6] such that 

b c h 

12.71. J S(x)g(x) dx = f(a) J g(x) dx +/(5) J g(x) dx. 

a a e 

X h 

Let 0(x) denote the function /(a) J g{x) dx -}-/{6) j g(x) dx, and 

a « 

b 

h the integral J g{x) dx. 

Then G(a) L kf(b) and 0(b) = kf(a), and by 12.611 there is 
a point X in [a, 6] such that 

6 b 

J f(x)g(x) dx « f(X) J g(x) dx ~ kf(X). 
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Sinoe X lies in [a, 6] and f{x) is monotonic, therefore hf(X) lies 
between kf{a) and kf{b), i.e. kf{X) Kes between Q{a) and Q{b)\ 

but j f{x)g{x}idx = kf(X), and so J f{x)g{x) Ax lies between 0{fl) 

a o ^ 

and 0{}>). Therefore, as Q{x) is continuous in (a, b), we can deter- 

6 

mine a point c in [a, 6] such that 0{c) = J f{x)g(x) dx, which proves 

12.71. 

12.72. f{x) is monotonic and continuous, and does not change 
sign in (a, 6), and g{x) is continuous in (a, b) and greater than zero 
in [a, h]. 

If f{x) is positive and decreasing (or n^ative and increasing) 
then there is a point c in [a, 6] such that 

b e 

12.73. J f{^)g{x) dx = f{a) J g{x) dx 

a a 

and if /(«) is positive and increasing (or negative and decreasing) 
then there is a point c in [a, 6] such that 

b b 

12.74. J f{x)g{x) dx = f{b) j g{x) dx. 

a c 

Proof of 12.73. If f{x) is positive and decreasing thmi 

{/(a)-/(*)}gf(a-) > 0, a; > a, 

b 

and so j {f(a)~f{x)}g(x) dx> 0, whence 

* ft ft 

0 < J /(a-)7(*) ^ </(«) / ^ 

6 ® * X 

Mid «o J/(a?)fif(a;) dx lies between the values of f{a) J g{x) dx for 

a o 

X 

xiss a and x 6. Since J g{x) dx is continuous there is, therefore, 

a 

a point c in [a, 6] such that 

e ft 

/(a) J g(x) dx=^ j f(x)g(x) dx, 

b C 

J /(«)jf(«) dx = /(o) J g{x) dx. 



SIS ' MEAN-WiUi: THBORSMS 

If fix) is negative and decreasing then —fix) is positive an^ 
inoieasing and so 

r e 

J {—/(»)}?(») dx = — /(o) J g(x) dx 


whence 


9 O 

/ /(*)?(*) ^ = /(«) / gix) dx. 


Proof of 12.74. If/(a:) is positive and increasing thei 
{fib)—f(x)}g{x) > 0 for a? < 5 

d b 

and so J f{x)g{x) dx lies between zero and f{b) J g(x) dx\ whence 

a a \ 

the proof is completed as in 12.73. 

12.75. We may interchange /(a) and/(6) in 12.71 ; the only change 

r b 

in the proof lies in taking 0(x) = fib) j gix) dx +/(a) J gix) dx. 

a X 

b 

In 12.73 we may replace the right-hand side by /(o) J gix) dx, 

e 

b b b 

for J fix)gix) dx lies between /(o) J g{x) dx and /(a) J gix) dx and 

a b a 

so ^ J fix)gix) dxj jfia) is a value of J gix) dx for an x between 
a and b. 

Similarly, in 12.74 we may replace the right-hand side by 
e 

fib) j gix) dx. The point to notice is that when fix) is positive 
a 

and decreasing we take /(a) outside the int^ral, and when/(x} is 
positive and increasing we take/(&) outside. 

12.76. In Theorem 12.72 the condition that gix) is greater than 
aeiro in [a, b] can be relaxed. We shadl show that formulae 12.73 
and 12.74 hold even when gix) changes sign in [a, 6], provided that 
gix) vanMtee only a finite number of times in [a, 6]. It sofSces to 
ocmsider the case when, for instance, gix) vanishes twice in [a, 
ti>e proof applying, unchanged, to any other case. We prove in 
&et: 
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12.761 . If/(x) is positive, increadng, and continuous in (a, 6), and 
if g{x) is continuous in (a, 6) and vanishes only for x—'a. and x^n^ 
in [a, 6], a <p, then there is a point c in [a, 6] such that 

/ /(»)7(*) = /(6) J g¥) dx. 

Proof. Since g(x) is continuous and non-zero in [a, a], [a, j3], and 
\P, 6] therefore g{x) is of constant sign in these intervals, whence 
by 12.61 and 12.62 we can find e^, Cg, c, in [a, a], [a, j3], [fi, 6] 
lespeotively such that 
0 

jf(x)g{x)dx 

a P ^ 

= J f(^)g{^) dx + j f{x)g{x) dx + j f(x)g(x) dx 

a at p 

=/(Ci) / ?(*) ^ +/(f 2 ) (gix) dx -f /(c,) I g{x) dx 

a at p 

= /(Ci)( / - / g(^) <*»)+/(Ca)[ J - / g(x) d*}+/(c8) / gipe) dx 

*a a ^ ^ot p " p 

b b 

= /(Ci) / 7(*) dx + {/(Cj)-/(ci)} j g(x) dx + 

® “ft 

+{/(c8)-/{Ca)} / g{») dx 

* f ^ 

= /(Cl) J 7(*) ^ + {/(C8)-/(Cl)} J gi^) ^ + 

a a 

ft ft 

+{/(c»)-/(c8)} J 7(*) + {/(*)-/(««)} j 7(») 

since J p(®) d® » 0; 
» 

hence if 1 and g are the least and greatest of the four niunbers 

J p(») dx, j g(x) dx, J g(x) dx, and J g{x) dx, 

• a fi * 


fih), {/(«•)-/(«!)}. /(Cs)~/(Ci). a“d {/(6)-/(c,)} 
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are pontive, and 

/(Ci)+t/(c.)-/fe)}+{/(c,)---/(c.)}+{/(6)-/(c,)}*/(^ 

b 

we hv lf{b) < j fix)g{x) dx < gf(b). 

a 

b 

Thus jf{x)g(x)dx lies between two values of the oontinuov 

O 

function f(b)j g{x) dx, a <t <b, and so there is a of < v 
[a, 6], e (say), such that 

h 6 

f /(»)y(*) dx == /(6) I* g(x) da 

12.762. If/(x) is positive, decreasing, and contmuous in (a, b) an( 
if jr(x) is continuous in (o, b) and vanishes only for x = o, x = / 
in {a, b\ cc <p, then there is a point c in [a, 6] such that 

b C 

f f(x)g{x) dx = /(a) f g(x) dx 

¥ai 

jf(x)g(x) dx —f{Ci) j +/(c,) J +f(Ci) j g{x) dx 

a a a p 

a a P ^ 

= f +{/(ci)-/(c.)} / +{/(c.)-/{c,)} 1 +/(«.) J 

b 

and so | f{^)g(x) dx lies between If {a) and gf{a), where I and g are 

a 

i 

the least and greatest of the four numbers J g{x) dx^t^ a, ct, p, bt 

a 

wheuoe the iH»)of is completed as above. 
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THE TAYLOR SERIES 

STANBABD AKD GENERAL REMAINDERS. GENERALIZATION 
OF THE LIMIT CONCEPT. CONTACT OF PLANE CURVES. 
APPROXIMATION TO THE ROOT OP AN EQUATION 

13. In § 7.4 we proved that if the difference f{X)—f{x) can be 
expanded in powers of X~x in a convergent series 

{X-a!)ai{a:)+^~^Oa(a:)+^^^08(a:)+ ... + ..., 

then, for all values of n, a^{x) is equal to /“(a;), the nth derivative 
of /(a?); in other words, the expansion 

13.1. /(x)+(X-J:)/'(*)+^^’/'W+^^^/»+-+ 

is the only possible expansion off{X) in powers of X—x. 

The series 13.1 is called the Taylor series associated with the 
function /(A[), in the interval {x, X). 

We have seen that the equality of/(J!C) and its Taylor series is 
assured if we know that /(A) can be expanded in a series, but this 
condition is too indirect to be of much practical value, and we 
shall now consider what simple restrictions imposed upon f{x) 
direcUy suffice to ensure the equality of/(Z) with its Taylor series. 

We shall first consider the difference between f{X) and the sum 
to n terms of the Taylor series 13.1 ; this difference is known as the 
remainder (after n terms) in the Taylor series. We shall denote 
the sum to n terms of 13.1 by T{x) (or by TJx) when we require 
the ‘n’ explicitly), and make the following initial assumption 
about /(»): 

13.3. f{x) is differentiable n tiimes in the interval (», Z). 

13.21. Sinoe 

a’^i(«)*2;(*)+^^^/^(«) and afi(*) =/(*), 
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TJX) »/a). 


n(*) =/'(*); 

henoe r,(ar) = (X-®)A®). = 

and so on up to r„(a:) = ^^0^f«(x). 

Since the function T{x) satisfies the conditions of the m^to-value 
theorem, 12.22, we can determine a point c in (x, X) such that 

T(X)-Tix) = {X~x)T'(c). 

Accordingly 

f(X)-T(x) = TiX)-T(x) = (X-*)<^J~/»(c). 


13.3. f(X) =/(*)+(X-ic)/'(*)+... + (|p^^V»-M®)+ 

If we write X—x = k and {c—x)j{X—x) = fi, so that c == x+6h 
and X— c — h(l— 0), then equation 13.3 takes the form 

13.31. f(x+h) = f(x)+lif'(x)+^‘r(x)+...+^^l,l--Hx)+ 

+h« ^ - ^^ f»(x+eh). 

/I— 0)“-i 

The remainder h“ ~ — jyj-l*(x+8h) is known as Catu^'a form. 

13.311. We obtain a second form of the remainder by ap;0ying 
Theorem 12.6 to the functions T(x) and (X—a;)^; by 12.51 

T(X)-T(x) „ T'(C) r^r^T 

x<c<X, 

andao 


/(X)-T{x) - T(X)~T(x) 


(X-*)*» <X-c)*-» 




/*•(«)* 
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whence f{x)-T(z) = h“ f“(x+9h), 

which is th^ SMdmilch temainder. Cauchy’s remainder is just a 
paxtioular case of Schl<}milch’s with p = 1; if we take p 
obtain the Lagrange remainder 

^f"(x+eh). 

n! 


13.312. Applying Theorem 12.5 to the function T(x) and any 
function g(x) with derivative of constant sign we have 

»<c<x 

g{X)-g{^x) g\ey 
whence we obtain the remainder 

m-m = — 

which contains all the previous remainders as special cases. 

Beplacing the Cauchy by the Lagrange remainder, 13.31 takes 
the simpler form 

13.32. f(x+h) = f(x)+hf'(x)+^*r(x)+...+^^^jf»-Hx)+ 

+^f-(x+eh). 


For completeness we rewrite 13.31 also with the Schlomiloh 
remainder, giving 

13.33. f(x+h) = f(x) 4 -hf'(x)+^*r(x)+...+^^^,f“-Mx)+ 

The existence of a value of 0 in [0, 1] satisfying 13.31 or 13.312 
or 13.32 or 13.33 is known as Taylor's theorem; the actual value 
of 6 depends upon x, A, and n (and, of course, upon the function 
fix)), and in general is not the same in the three equations. 

The special case of Taylor’s theorem with as = 0 is known as 
Madaurin's theorem. Taking x — 0 in 13.32 we have 

13JSI. /(») -/(0)+V(0)+ jr(0H- +^^/^'(<')+ 
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•ad fiom 13.33, 


13.332. /(X) _/(O)+»/'(O)+|^(0)+.-+(^/*-'(0)+ 


Since f^[x) is necessarily continuous, and |0A| < |A|, we can 
determine q, depending upon p, so that f’*(x-\-dh) = /**(*]j+0(p) 
provided h — 0{q). Hence, from 13.32, we find 

13.34. f{x+h) =f(x)+hf{x)+^r{x)+...+j^^f^-Hx 


for any h satisfying h = 0(}). 


n 


13.341. Conversely, i£f{x) is differentiable n times, and if for any 
h such that h = 0{q), we have 

13.342. f(x+h) = Oo(*)+*«i(«)+|-j«*(»)+-+^{«n(«)+0(p)} 

then ao(x) ss f(z) and for all r from 1 to n, a^ix) — f^ix). 

Proof. From 13.34 and 13.342 we have, for any h such that 

{«e(*)-/(«)}+A{«i(-B) -/'(»)} + {Oa(*) -/'(*)}+•••+ 


Take h — 0, then OQ(a:) =/(«). Suppose that a,{x) —f^(x) for 
r < k, thw 


•ad therefore, provided k # 0, we may divide by giving, for 


h 


* 0(a), 




n\ 


{<■.(*)-/*<*)} 
h.—-' 

** 4l.f 


0 (|»- 1 ). 


Denote the left-hand aide of this equation by ^(A), so that ^A) is 
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contiaaous in any intenraJ and ^{h) = — — 1) provided 




h^0(q), A#0. Hence “d «> 

i/i) <i provided i+l <% proving ^{i-Wo; but as <Uh) 
\mj fn \fnj 

is continuous, ^(^)> therefore ^(0) = 0, i.e. 


«fc+i(*) =/*+V*)- 

Thus we have proved that a^ix) = f’ix) for all r less than n; but 
this implies that 

On(*)-/”(*) = O(P-l) 

for any p, and therefore ajx) — /”(*), which completes the proof. 

13.343. Theorem 13.34 can be proved without an appeal to either 
Taylor’s theorem or the mean-value theorem; it is in fact an 
immediate consequence of the following important result: 


13.35. If ^(A) is differentiable n times and if 

^(0) = f (0) = ... = = 0, and ^"(O) # 0, 

then, for small values of |A|, ^(A)/A“ has the same sign as ^"(0). 
Suppose that ^"(0) = 2« > 0. Since 

^n-i(A)_^«-i(0) = A{^"(0)-f 0(p)}, provided h = 0(g), 

if we choose p so that 10>’a > 1, we find that ^"~^(A)/A ^ ot. 
Hence if A > 0, ^"“^(A) ^ Aa and — A) ^ ha. Therefore 
a A* 

I {^’•-HA)-Aat} dA > 0, i.e. ^"-*{A) a ^ 0; int^ting a further 

(»--2) times we arrive at the inequality ^(A) ^ ^ Similarly, by 
integratiDg — A)— Aa repeatedly, we find 

(-1)"^(-A)>^a. 

■which may be written as ^(— A)/(— A)* ^ a/»!. Thus whether A 
be positive or negative, provided A = 0(g), ^(A)/A" > a/»f. 

In the same way we can show that if ^“(0) = —2^ < 0, then 
^A)/A" < — i8/»l, and 13.86 is proved. 
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13.351. Let A be any constant and let 

Tbm ^'■(0) = 0 for r < w, and ^"(0) == A, and therefore, by 13.36, 
has the same sign as A, for h = 0(9). 

Replacing A first by 1/10*’ and then by —1/10*’ we see that, 
whether A" be positive or negative, ^ 

/(»)+A/'(*)+|^r(*)+...+g/»(*)-/(*+A] 


1 \ \ 

lies between and -I — and therefore is equal to 

n! 10* n! 10* T 

A* ' 

— ;0(A), A = 0(2), which proves 13.34. Observe that the value of q 

for which the result holds depends upon the value of A, and 
therefore upon k. 


13.36. Ifhfk have the same signs, and if /(x) is differentiable in 
an interval i which contains the points a, a+A, a-j-k then there 
is a point c in t, such that 

f{a+h)-f(a+k) = (h-k)f{a)+(h*-k*)?^4 

+(h»-k»)?^4.-.+(b"-*-k“-*)^^j+{h»-k»)^^ 

Proo/. Write 

^a!)=/(a;)-j/(a)+(a;-o)/'(o)+(a:-o)*^^+...+(af-a.)»-*^^jj 

and il>{x) = 

tiben 

^a) = f (o) = f(a) = ... = « 0, ^«(*) = /^(*), 

and 

^a ) » f («) « r(a) = ... = » 0, ^•(*) « 1, 

iribinoe, by Theorem 12.62, we can find a point cini such that 

ii(a+A)— ** ^(c) 
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aade 

/(a+A)-/(aH-*) = (A-i)/'(a)+(A»-*:*)® +.■.+ 

13.4. The endless Taylor series 

In order that/(X) be equal to its Taylor series it is both neces- 
sary and sufficient that the difference between /(Z) and TJps), the 
sum to n terms of the series, be arbitrarily small for sufficiently 
great values of n. Expressing this difference by the Iiagrange 
remainder, we require that there be a function Np such that, for 
mypmdn'^Np. , 

ft! 

this condition, however, is of little practical value since 0 varies 
with n in a manner that is unknovui to us. 

It is easy to deduce sufficient conditions which do not involve 
a knowledge of 0; for instance, if for any t between 0 and 1 and 

n ^ A* 

^/»(o-f <k) = 0{p] 

(where Np depends only upon p and not upon /)> then, necessarily, 

^f^{x+0h) = 0(p), 

whatever the value of 0. But the condition is stronger than is 
necessary. Pnngsheim has shown, however, that if we take the 
Camky remainder, instead of the La^nge, the analogous con- 
dition, viz. .. 

■( 5 = 1 )'! 

for any t in [0, 1] and n ^ Np, where Np depends upon p but not 
upon t, is both Tiecessary and sufficient for the equality off(x+h) 
and the Taylor series 

f{x)+hnx)+p’'(x)+...+^r>{x)+... -t 

It is important to distinguish between the condition =» ©(p), 

t A ptoof of thk important reeull fa given in The Theory of Punehono of « 
Boot VoriMo, E. T. Hobton, vol. ii, p. 208. 

^ proof fa simple and straightforward but rather too long to be given here. 
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for any t in [0, 1] and n > and tl^e seemingly similar con- 
dition Vn(0 ^)> ^0^ Boy ^ [0> 1] (Kod » > N{p, ()’. 

For instance (1— f)" == 0{p) for any t in [0, 1] and 

n>3j/logio{l/(l--«)}. 

but we cannot choose a value of n, independent of f, which for any 

t in [0, 1], makes (1—0" = Otp). for — 

ever great n may be we can make (1— ()' 
t s= l/n. 

13.41. The convergence of the Taylor se 
does not ensure that the limit of the series is f(X), fjsr if the 
remainder after n terms tends, not to zero, but to some function 
fjfiX), then the Taylor series is convergent, but its limit is 

f(X)-m- 

13.42. Simplest amongst the sufficient conditions for the equality 
of f(x+h) and its Taylor series is the condition that for all n and 
all < in the open interval [«, ar-j-A] 

l/"(OI < M, 

where Jf is a constant; for if this condition holds, then whatever 
value 6 may have, in [0, 1], the positive value of the Li^ange 

remundw — ./"(r+flA) is less than M , and -> 0 since the 
nl nl 7i\ 

series l+|A|-+-i;rj--l-... is convergent (with limit e*')' 

2! 

13.43. Generalization of the limit concept 

H we can determine Np, depending only upon p, so that, for 
any x in (o, 6), /„(*)—/«(*) = 0(f>) provid^ m,n^Np, then we 
say that the sequence fjx) is interval- (or uniformly) convergent 
in {a, b). 

13A4. If we can determine f{x) and Np such that for any x in 
(a, b), and » > Jfp, ^ /(«)+0(p) 

then/(z) is said to be the interval-limit in (a, b) of the sequence 
fffpt) and we write fj*)-*f(x) in (o, b), or lim/„(z) =*/(*) or, 

•rtljri lim/,(a;) »*/(»). 


1 \" 

-| -► 1/e, and so how- 
' near to l/e|by taking 


ries of a fun<^on f{X) 
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13.45. Ufjps) is intenral-oonvergent in (a, 6) then we can deter- 
mine a function /(») such that/(a;) is the interval-limit in (a, 6) of 
the sequent^ fni^)’ ^or to any fixed x in (a, 6) corresponds a 
definite convergent sequence /„(a;) with a unique limit 1; define /(«) 
by the condition /(») = I, so that for each x in (a, b),f{x) is deter- 
mined. It remains to show that/(a;) is the interval-limit in (a, 6) 

For a chosen x, f„{x) has the limit /(a;), i.e. for a chosen x, 

/n(*) ==/(*)+0(j») for n'^M, 

where M depends not only upon p but also upon the chosen value 
of X, and so M may be written M(p, x). 

But for any x in {a, b), fn(x)—fn{x) = 0[p), m,n'^Np, and so, 
taking Np and n not less than Np or M(p, x), we have 

/m(*) = /n(®)+0(P) = f(x)+0(p)+0(p), 
i.e. fjx) =f(x)+0(p-l), 

for any x in (a, b) and m ^ Np, Np depending only upon p, which 
proves that/(x) is the interval-limit in (a, b) of/„(x). 

13.46.* The proof of 13.45 brings to light an important distinc- 
tion. Even if for any chosen x in (a, b), f(x) is the limit of /n(x), 
it does not follow that/(x) is the interval-limit in (a, b) of/„(x). 
For the condition that, for a chosen x, /„(x) -*-f(x), involves only 
that f„(x) —f(x)-i-0(p) for n^f M, where M depends upon the 

chosen value of x, as cll as upon p, whereas to prove lim/,j(x) =/(x) 

( 0 , 6 ) 

it is necessary that/„(x) = /(x)-l-O(p) for n':^ N, where N depends 
on p alone and not upon x. 

Thus, for instance, if/„(x) is a convergent sequence for my fixed x 
in (o, 6), the sequence /„(x), for this value of x, has a limit which 
depends upon x and is therefore a function, /(x). But it is only for 
an assigned x that/(x) is the limit of /„(x) and/(x) is not necessarily 
the interval-limit in (o, b) of /„(x). 

For example, iffjx) = x»*e~’**, tl»en/„(0) == 0 and so 

end if X has some fixed value c > 0, thmi 

/,(c) « cn*e-^ < c»»/(«*c*/30 = 3!/c*», 
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and so lim/,(e} = 0. But it is not trae that ]im/„(a;) bs o for 

and so however great n may be we can make/^(a;) > 1 by choosing 
X = 1/n, and therefore zero cannot be the interval-limit in (0, k) 
of 

13.47. If for any nJJjxi) is continuous in (a, h) and if lim/„(a:) = f{x) 

(a, 6) 

then/(a;) is continuous in (a, 6). 

For, given any we can determine Up so that /(a:) = 
for any a: in (a, 6), and so f(X)-f{x) =/„,(X)-/„,(a:)+0(b-l). 
Butf^^{x) is continuous, and so/„^(Z)— /„^(a;) = 0(jp— 1) prided 
Z— 5C == 0(g), whence /(X)-~/(a;) = 0(p— 2), for Z—a? =\0(g), 
proving that /(a:) is continuous. 

13.471. In the nomenclature of 13.43, Theorem 1.92 may 
be expressed by saying that if a power series ^ UnX** is 
convergent at x = X, then 2] is interval-convergent in 
the Interval (0, X). 

13.5. If for any p, and any a;, Z in (a, b) such that Z— a; = 0(g), 
where g depends only upon p, 

13.501. /(Z, x)-~<f>(x) = 0(p), 

then we say that ^(a;) is the interval-Umit in {a, b) of /(Z, a?) as Z 

tends to a;, and write: 

/(Z, x) <^{x) as Z X in (a, 6), or lim /(Z, a;) = <f>{x)j 

X-*x{a,b) 

or shortly lim /(Z, x) = ^(a;). 

13.51. lf/(X) does not depend upon z but only upon X and if, 
for any JT in (a, 6) such that X—z = 0(g), 

/(X)-^x) = 0(p) 

then /(a;) and ^(z) are eoniinvoua and eguoi; for if X^, X, are any 
two points in (a, b) such that X, = Oiq) and if 5 is the 
mid-point of X,, X, then both Xi— * = Q(q), X,— * = 0(g) and so 
/(Xi)-^(f) = 0(p), f{X,)-4{x) = 0(p), 

ulwiloe /(X,)— /(X,) = 0(p— 1), which proves that /(X) is con- 
^raaoBS. Take any x, X such that X~x — 0(g), then 

f(X)-f(x) ^ Oip-l) and /(X)-^(®) = 0(p) 
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80 thftt, for Bay p, f{x)—<^{z) = -1), which proves that 

^(a?) =/(«). 


13.52. If for some definite number I (as opposed to aJl the points 
<rf»meintorvd) = 0(j,) 


for any Z # I such that X—l = 0(g), q depending onp alone, then 
^({) is called the poitU-litnit oif{X) as X tends to I, and we write 

im/(Z) = m 

x~<i 

but it does not follow that/(i) = ^(i), for the condition 


/(Z)-^(i) = 0(p) 


imposes no restriction on the value of f(X) at the point X—l. 

It is important to observe in 13.6 that q depends only upon p 
and not upon x and X. 


13.521. Theorem 13.34 may now be written in the form 

f{x+h) = f{x)+hf'ix) +|!/»(a;)+ ...+^ {/"(»)+«*}, 
where hma^ = 0. 

For if 

then, by 13.34, = 0(p) provided h — 0(g), and so lima;^ = 0. 

ft-H) 


13.53. If for any p and any unequal x, Xi, X, in (a, b) such that 
Xj— * = 0(g), Xj X — 0(g), 
where g depends only upon p, 

/(Xi.*)-/(X„*) = 0(p) 

then/(X, x) is said to be interval-cmvergent in (a, 6). 


13.531. If/(X, x) is intorval-convei^^mit in (o, 6) then there is a 
function ^(as) such that lim /(X, a:) = 4{x). 

Proof. We have, for any g»,/(Xi, a?)— /(X„ x) — 0(p), provided 
Xj— * «s 0(g), Xj—a! SB 0(g), and so for any fixed x in (o, 6), 


aj— B» 0{p), provided », m > 10*, 
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whioh proves that the seqa6noe/|«+^, a;| is oonvetgent; let ^x) 

be the limit of the seqnenoe, and therefore forn > N{p, x), 

x^-4>{x) = 0(p). 

Take an X such that X—x — 0(g) and an n greater than both 
10> and JV(p, x), then 

/(x+^,xj-m = o(p) 

and *) = 0(p), 

whence 

/(X, x)—^(x) = 0(p— 1) for X—x = 0(g), 
g depending only upon p, not on x, which proves 

lim /(X, x) — ^(x). 

X-Mia.b) 

13.54. If /(X) is interval-convergent in (a, 6) but does not contain 
X explicitly then lim /(X) = f{x) andf(x) is continuous. 

X~Kr(a, b) 

For if Xi—x — 0(g), X^—x = 0(g) then /(Xj)— /(X,) = 0(p), 
g depending only upon p, so that f(x) is continuous and since 
f(X)—f(x) = 0(p), provided only X—x = 0(g), therefore 

lim f(X)=f{x). 

X*^x(a,6) 

13.55. If for some definite number I 

/(Xi)-/(X,) = 0(p) 

for any Xj, X, ^ 1 such that X^—l = 0(g), X,— Z = 0(g), g 
dependmg only upon p,f(x) is said to be point-convergent at 1. 

13.551. If/(a;) is point-convergent at Z, then there is a number Z 
sndi that lim/(X) » L. 

For /(Z-f l/»)— /(Z-f l/tn) « 0(p) provided »,m > 10», and so 
*(l’^\fn) is oonveigent; let i/ be its limit. Thai 

/(z-f = 0(p) for » > N{p). 
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Hence for any X auch that X—l 0(j|r) and for an n greater than 

both 10> and N(p) we have 

/('+i)-/m - w, 

and therefore f{X)—L — 0(p) for any X such that X~l = 0(g), 

which proves Um/(Z) = L. 
x-»i 


EXAJm.B!S: 

The condition that/(x) be continuous in (a, 6) is 
(i) lim fiX)=nx), 

h) 

and the relation between a difiperentiable function f{x) and its 
derivative f'{x) is 

b) -A 

(iii) If lim P{X) = p(x) and lim Q(X) = q{x) then 

b) X-~*x(a, b) 


(iv) 


lim {P(Jr)+ Q(X)} = p(x)+q(x), 

X-*>x(a,b) 

Um P(X)Q(X) ^ p(x)q(x), 

X-**ar(tf,d) 


and if q(x) > A > 0 in (o, 6), 

lim P{X)/Q(X) = p(x)lq{x), etc. 

X-*aia,b) 

(the proofs are trivial and are left as an exercise to the reader). 


13.56. If, for X > 0, 

Um/fi) == A we write lim/(X) = 2/, 

X-<M) \A/ X-MO 

and if lim/f — 4=^ == L, we write lim f(X) — L. 

X-*b \ A/ X-*-<t> 

The sign ‘lim/(X)* is read as ‘the limit of f{X) as X tends to 

X~*oo 

infinity’, and the sign ‘ lim /(X)’ as ‘the limit of/(X) as X tends 
to minus infinity’. 

13Ji7. Extension of the interval concept 
If /(X)~/(*) ata 0(p) provided X—x = 0(g), where g depend!^ 
only upon p, for any x, X such that ar > o, X > o we say that 
/(*) is ocmtinuous in the interval (o, oo]. 
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li f{X)—f(z) == 0(p) provided X—x =* 0(g) for any x, X enoh 
that a; < 6, X < 6 then/(a;) is said to be oontiauous in the interval 
[-> 00 , 6), and if a;, X may have any value whatsoever, provided 
only X—x 3= 0(g), then we say that f(x) is continuous in the 
interval [— oo, ooj. 

Similarly, if 

{/(■2f)-/(«)}/(-2f-*) = ^(!>!)+0(p), provided X-x = 0(g), 
whme g depends only upon p, for any x, X, such that « > a, 
X ^ a, then f(x) is said to be differentiable in (a, oo], with 
analogous formulations for differentiability in [— oo, fl) or in 
[- 00 , oo]. \ 

If = 0(P)> X > n > n,, and any as > o, where n, 
depend only upon p, then fj^(x) is said to be intervabcon'wrgent 
in (o, oo]. \ 

If the range of a; is a; ^ 6 then f„(x) is interval-convergent in 
[— 00 , 6), and if x is totally unrestricted then /„(x) is said to be 
intervjd-conveigent in [— oo, oo]. 

Interval-convergence in (0, X) for any X is not equivalent to 
interval-convergence in (0, oo]; for instance, if /„(x) = x/(x-f »), 
N >n and X > 0, then in (0, X) 

0 </n(«)--/jv(*) = x{N-n)l{x+n)(x+N) 

< x{N—n)lnN < x/n < Xjn = 0(p), 

provided n > 10*’X, and so/„(x) is interval-conveigent in (0, X), 
for any X. But if x may have any positive value whatever, taking 
x^n,N — 3n,/„(x)— /jv(x) = 2»*/8»* = i, however great n may 
be, and so/„(x) is not interval-convergent in (0, oo]. 

13.6. L’Hospital’s theorems 

13.61. If f(l) = g(l) = 0 and for any r < n, ^(1) = gr{l) — 0 but 
g»(Z)#0.then 

»-^g(x) g^(iy 

Write X— Z = h\ then by Taylor’s theorem we can determine 9i 
and 6, in [0, 1] such that 

/(*)=/(Z-f.h)»g/«(Z-f-dih) 

g(x) sa g(Z+^) = 


and 



I 
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iig itinw a deriyattve is oontinuous 

and == 8f"(I), 


and hence since g^(l) ^ 0, 






13.62. If/(i) = g<f) = 0 and g'{x) does not vanish in some interval 
containing the point I, except perhaps at I, and iff'(x)lg'(x) tends 
to a limit as x tends to I, then 


ta« 


j^g (x) 


For by the Cauchy formula, 12.6, we can determine a point e 
between I and x such that 


gjx)—g(l) g'(c)’ 

and so, since /(I) = g(l) — 0, we have 

g(x) g'(c)’ 

but c lies between x and i and so e -*■ I as x -I, which proves that 


j^g(x) c-*{g(c) 


Theorem 13.62 is not just a special case of 13.61, as it may 
appear on the surface, for 13.62 may be deduced from 13.61 only 
if y'(l) ^ 0, whereas the proof we have given holds even if g'(l} = 0, 
though it requires instead that g'(x) 0 for all values of x near 1. 

Another point of interest is that the use of the Cauchy formula is 
essential, a double application of the mean-value theorem bemg 
insuflioient; for if c, and c, tend to I indepraidently wo cannot 
prove that/'(Ci)/g'(Cg) tends to a limit even iSf{c)lg'(c) tends to a 
limit when c tend^ to 1. 


13.63. If lim!^~ exists and lim/(*) = limsr{a:) = 0, then 
<,g (X) 


lim 


M 

g(x) 
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L, say, 


THE TAYLOR SERIES 

aH>cg’(l/x) »^g(x) 
and so, by 12.51, for X < c < x < 

g(llX)-g{llx) g'il/c) 
let X -»■ 0, then 

' filM = L+0(p-l), i.e. lim^^ = 

flr(l/x) ^ Hs7(x) ^sr'(x) 

In order that the application of 12.51 may be valid, we require 

that g’iljx) ^ 0 when x is near zero, i.e. that g'{x) # 0 for all 

sufficiently great values of x. > 

m /fv 1? sinflj - « 


(ii) 


Axua — J.VX 

X 

.. sino: 
lim 

cosrr 
= um— — 

X 

aMK) 1 

,. 1— cosx 

hm 5 — 

COSX 
= lim— jr- 

aj-H) X^ 



1 . 

1 

2’ 


By repeated application of 13.63 we find 


(ui) 


x" ,. n* 
lun — = lim 


-0, 


sinoe e"* > nx, if x is positive. 

The conditions 13.61-3 for the existence of the limit of f(x)fg(x 

sm X 

are sufficient, but are not necessary, eg, lim = 0, sine 

»-+« X 

jsinxl < 1, but we cannot apply 13.63 since lim does not exist 

x-*to 1 

oosx varying from —1 to 1 as x increases firom (2»— l)Tr to 2»ir 

13 . 64 . If/(x) and g{x) are positive and differentiable near a, an( 
if, as X -> a,f(x) -> oo (i.e. l//(x) -*■ 0), g{x) -*■ oo, and f'(x)lg'{x) -> i 
***»*! lim/(x)/flr(x) = I 


provided g'{x) does not vanish arbitrarily near to a. 

Proof. Let x lie between a and X, then by Cauchy’s formula 


wherefore 


/(x)— /(X) / (i) £ > between x X 

for a f between x,X, 

f(x) m{l -giX)lg{x)} 

{l-/(X)//(x)}' 
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Chooae X so near a that 

and keeping X fixed take x so near a that 

|/(Z)//(»)| < Ijk. \g(XMx)\ < l}k. 
k- 


Then 

and therefore 


•1 l—g{X)jg(x) ft-M 
i+l ^ l-f(X)lf(x) ^ k-1 


sinGe both 




^-1 ^f{x) 

k+l g{x) 




]iiaf{x)lg(x) 

a>-Ki 


exists, and equals 1. 

13.65. If /(a;) and g{x) are differentiable for all sufSciently great 
values of x, and if, as a; -> oo, 

/{»)-»- 00 , p(a:)->oo, and f{x){g'{x)-^l, 
then Vmf{x)lg(x) = { 


provided g'{x) does not vanish for arbitrarily great values of x. 
Proof. Let x> X, then by Cauchy’s formula 

f{x)-f(X) m xc^^x 
g{x)-g(X) gW ^<^< * 

Choose X so great that I— Ijk <f'{^)lg’ii) < l+ljk, and keeping 
X fixed choose x so great that \g{X)lg(x)\ < l/k, \f{X)lf{x)\ <: Ifk, 


whence 


(i-l/i) 




and therefore lim/(a:)/ 9 (a;) exists, and equals 1. 


13.7. If = 0, then the functions f{X) and g{X) are 

jc-KB (A— a:)* 

siud to have contact of the n~th order at the point x. 

13,71. If f{X) and g(X) have contact of the nth order then they 
have contact of the rth order, for any r less than n. 

For 

x-«B <X— a:)»- x-*» \ (JC— a:)* / 
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13.72. If/(X) and g{X) are diSereaiiiable n tines, the neoeseaiy 
and sttffioient condition for/(X) and g{X) to have contact of the 
»th order at the point x is that/(3!) = g{x) and/*‘(®,' «*= g^ix), r < ». 
For iff^(x) s= g'(x), we have by Taylor’s theorem 

as 0 

= 0; 

and so writing X = x-^-h, we have lim'^^ — = 0, which 

X-*x (A— «)» 

proves that the condition is sufficient. 

Conversely, if 0, it follows that to any p 

corresponds a q such that, for h = 0{q), 

m«^)-9{x)}+h\f\x)-g\x)}^'^^{m^ 


J%n 

+^{/"(*+^h)— fif"(a!+0h)} = A*‘0(p) 
and so, since /’*(a:+^A)—g"(«+^A) = f^(x)~g”{x)+0{p), we have 

r-O^’ 

Exactly as in 13.341 we can now prove that the coefficient of 
each power of h on the left-hand side is zero, and bo f'ix) = g'ix), 
for all r &om 0 to n, which proves that the condition is necessary. 

13.73. The terminating Taylor series 

is the only polynomial of the nth degree which has contact of the 
nth ordm with the differentiable function /(Z) at the point x. 

For if ^(Z) — Oo(a:)-f (Z— x)ai(«)-}-...-f-(Z— a;)"a,j(a!) has con- 
teot of the nth order with/(Z) at the point x, then 

4^{x) *=/’’(x) for all r < n; 
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but 

*r {X-x)^^a^(x) 

and BO = o,(®), which prores that o,(a:) = and so ^(Z) 
t\ t\ 

is the terminating Taylor series associated with/(Z). 

13.8. Maxima and minima 

By means of Theorem 13.35 we can give an alternative proof of 
the criteria for maximum and mininmiTn values of a function 
which we gave in § 7.76. 

If f'{a) =f''{a) = ... =/»-i(o) = 0 and /“(o) 0, then if » is 

even, /(a) is a maximum or minimum value of f{x) according as 
/*'(a) is negative or positive, and if n is odd /(a) is neither a maxi* 
mum nor minimum value of f{x); in other words /(a) is a maximum 
or minimum value of f(x) if and only if the first non-vanishing 
derivative /"(a) is of even order. 

Proof. Let <f>{h) =/(«+*)—/(«)» then 

^(0) = f(0) r=^«-i{0) = 0, but ^»(0)=/»‘(o) #0. 

Hence by 13.36, for sufficiently small values of h, {fia+h)—f(a))fh* 
has the same sign as /"(a); suppose that /"(o) is positive. Then 
f{a+h)—f{a) has the same sign as and A" is positive for any A, 
if n is even, and changes sign with A if » is odd. Similarly, if /^(a) 
is negative, f{a+h)—f{a) has the sign opposite to h”- and is there- 
fore negative if n is even, and changes sign with A if » is odd. 
Thus if n is even, f{a+h) >f(a) for all sufficiently small values 
of |A|, when /"(a) is positive, so that /(a) is a minimum value of 
fix), and when /“(o) is negative, f(a+h) <f(a) and so f{a) is a 
maximum value. If n is odd f(a+h)—f{a) changes sign with A 
and so /(a) is neither a maximum nor a minimum value. 

Exampijs. Examine the behaviour of the function 


(*— o)"*(*~6)". 
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ftt tile points 6, where a > 6. Denote (x—a)"(x—b)^ by ^(*). 
Thm by Leibnitz’s theorem 

^(a?) ns (a:— o)**D*'(a!— ft)*-}- !)*’“*(*— 6)"-l-*»+ 

-f 1^1 lX(z-a)”* . J)p-r(x-b)’'+ . .. + (a:-i>)»D»’(a!-o)« 

Since iy(x~a)^ — »»{»»— l)...(TO—r-fl)(a:—a)”*~^, it follows that 
if r < OT, I>'{x—a)”* vanishes when x — a, and similarly if « < », 
D*{x—b)”' vanishes when x = b; thus if p < m we may write 

4^(x) = (x—b)'^DP(x—a)^-i-(x—a)X(x), 

and if p < n, 

<^(x) = (x—a)”^D^(x—b)’^+(x—b)/j,(x), 

where A(a;) and /i(a;} are polynomials in x. 

In particular 

=s n!(b—a)”* and t^(b) = 0 if p <n, 

= m!(o— 6)* and ^(o) = 0 if p <m. 

Thus if m is odd the point a is a point of inflexion, and if n is odd 
the point 6 is a point of inflexion. If m is even then <f>{a) is a 
tnininniTn value, and if » is even, since b—a is n^ative, tf>{b) is 
a maximum if m is odd and a minimum if m is even. 

13.9. Approximation to the root of an equation. Newton’s 
method 

If a is a root of the equation f{x) — 0 and if oj, is a 

convergent sequence with limit a, then the decimals aq, a„ a,,... 
ate called moumve, approximationa to the root a. If/(a;) is a 
continuous function, and og, a,,... are successive approxima* 
tions to a root a of the equation f{x) = 0, th^ the sequence 
/(®i)»/(»8)»/(“8)i- “ convergent and its limit is /(a) = 0; mother 
words, if oi, at,, 03 ,... ace successive approximations to a root, 
/W), /(«»), /(«8)«- tend to zero. 

Any term in a sequence of successive approximations is callecf 
an approximation. If a is an approximation to a root a of an 
equation f{x) = 0 and if a'*' is closer to a than a, i.e. if 

lo— 01*1 < lo— al. 
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then a* is said to be a closer approximation to the root than a. 
The difference [o— a| is called the error in the approximation a. 
The object of the present section is the determination of a sequence 
of successive appr^dmations to a root of an equation /(*) = 0, 
when/(x) is a differentiable function. 

13.91. If X is a root of an equation /(x) = 0, and X an approxi- 
mation to the root, then since is nearly equal tof'{X) 

it follows that X—x is nearly equal to f{X)lf'{X), provided 
f'(X) ^ 0, and so x is nearly equal to X—f(X)lf'(Xy, this suggests 
that X—f(X)/f{X) is a closer approximation to the root x than 
is X, but to show that this is actually the case we must be able 
to compare the errors in the two approximations, and this com- 
parison is effected by means of Taylor’s theorem. 

Changing the notation, let a be an approximation, and a-|-A the 
actual root, of an equation /(x) = 0, so that |ii| is the error in the 
approximation a. By Taylor’s theorem 

0 =/(a+A) =fia)Hm+p''ia+0h). 

We suppose that /'(a) 0. Then the error in the approximation 
a—f(a)lf'{a), viz. the positive value of a+h—{a—f{a)lf'{a)}, is 

J.2 

equal to ■^Af''(a+0h)lf'{a)\. Iffia+Bk) = 0, the error is zero; 

if not it is less than |A| provided |A1 < 2|/'(a)//"(a-f-0h)|. Since 
f'{a) ^ 0, and /'(x) being continuous, is bounded, this condition 
is possible. Hence if a is a sufficiently close approximation to the 
root of an equation /(x) = 0, then a—f{a)lf'{a) is a closer approxi- 
mation. This theorem is due to Newton. 

13.92. It does not however follow, without farther consideration, 

that, if Oj = a—f{a)lf'(a) and, for any », a„+i = /(a„)//'(aj, 

the sequence a, eq, Oj,... is a sequence of successive approxima- 
tions to the root a-fh. For though Newrton’s theorem assures us 
that each a^ 4 .i is a closer approximation to the root than is a^ 
provided that the error in is less than 21/'(o„)//'(a„+0»A)|, we 
have (as yet) no means of telling in advance whether this condition 
is satisfied for all values of n or not. It is, however, true that witii 
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9, Boffioieotly’ oIoew initial approziination, the repeated application 
of Netfrton’s {ffoceas determines successive approximations to tibie 
root of an equation, but before we prove this we shall examine the 
general question of approximating to the root of an equation by 
a repetitive process. 

13.93. The sequence c, f(c), f{f(c)), /{/(/(c) determines a root of 
the equation f{x) = x, provided Ute sequence converges. 

For if Co = c and Cn+i=/(c„), for all n, so that Ci—f(e), 
Cf =f{f{c)), and so on, and if converges to a limit a, then 

/(ff) = lim/(c„) = limc„+i = v 
and o is a root of the equation /(x) = x. 

We shall consider a variety of conditions upon the function /{a;} 
which ensure the convergence of the sequence c„. 

« 

13.931. If there is an interval (a, j3), containing the point c, and 
such th&tf{x) lies in (a, )3) when x lies in {«, jS), and if 

|/'(»)Kiif <1 

at all points of (a, jS), then the sequence 

C. /(C), /(/(C)), ... 

converges. 

For by the mean-value theorem 

|c«+i-cj = |/(cj-/(c„-i)| = lc„-C„_J|/'(c*)|, 

where c* lies in (c„, c„_i), 

whence |c„+i-c„| < Jf"|ci-Co|; 

but 2 converges, and so 2 (c«+i— c„) is absolutely convergent, 

n-l 

, to that Co-j- 2 (Cf+x— c,) = c„ tends to a limit. 

r«0 

13.932. Writing ^(*) = *—/(*), so that c„+i =*/(c„) = c„-^(c„), 
then, if ^'(c) lies betwemi | and | and if 

\f{x)\ < mm 

in tiie interval ig with mid-points C:j;^(c)>t sequence e„ con- 
verges to a root of the equation ^x) — 0. 

t Mote general oonditions are: liea between l±h, and 

mx)\ < 

for$U » between ei;^(c)/(l— 1;), where 0 < $ < h < !• 
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Proof. We observe first that if a; lies in »*, then 1 1 — 
for 

and so |l-f (»)| < i+|*-c|/8|^(c)| < i+i = f 

“ » 

Next we prove that for all n, c„ lies in and j^(cj| < |^(e)|/2**. 
This is true for n = 0, and if it is true for n = 0, 1, 2 ,..., p then 

V 

= I f < f |^(c,)| < l^(c)l i lJ2r < 2I^(c)|. 

lr««0 I r««0 r**© 

so that Cp+i lies in ig, and, furthermore, 


so that 

^(®p+x) = 

and therefore 

l^(c,+i)l < lK+i-Cp\ — h\<l>(Cp)\ < \i>(c)\/2P+\ by hypothesis, 
which proves our theorem for n — p+1, and so, by induction, it 
is true for all n. It follows that 

icjv- 6 j <Y\m\ < 

f^n ' r=*n rs*n 

< 

and so the sequence c„ converges. 

If o is the limit of c„, then 

\^{a)\ = lim|^(cj| < lim|^(c)l/2’» = 0, 

so that cr is a root of the equation ^(x) = 0. 

The error in the approximation c„ is 

\a-e„ lim |c^-c,»| < l^(c)|/2’*-». 

iV- 

We can readily obtain other bounds for the error. 

Since 

C«+l-C» == —^K) * ^(ff)-^(Cn) 
ip lying between and a, therefore 

1 *^ — ®n! *“ l®n+l ^ 2|e„4.1— C„l, 

showing that the mor in is less than 0^1* 


^(^p+i) — J ^*(0 ^ 

<v 

J 1} ®*“®® ^(®d) = ®p~®j 


r 

Cp 


'p+l> 
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It follows that 

I or 6^1 as! I or C,| < 3|C„ — ®n-ll 

and so the error in is less than 3|c„— c„_i|. 

13 . 933 . In the foregoing theorem, if we take tf>{x) = Ag{x), where 
A is constant, we see that the sequence c„, given by 

Co = c, = e„-Ag(c„), 

converges to a root of the equation g{x) = 0, provided that 
i<Ag'{c)<\ and Ijr^)! < l/8^*|fl'(c)|, 
throughout the interval with end-points c±2Agr(c). 

The arbitrary constant A enables us to satisfy the condition 
J < Ag'(c) < J for any function g{x), so long as g'{c) # 0. In 
particular we may take A = l/g’{c). 

The successive approximation formula, 

Co == c, c„ 4 .i = c^-Ag(cJ, 

where A is near ljg'{c), was first introduced by E. H. NeviUe, as 
a simplification of Newton’s formula. 

13 . 934 . TAking ^{x) = /(«)//'(*) we obtain Newton’s original suc- 
cessive approximation formula 

Co = c, c„+i = c„-g{ejlg'{ej. 

From 13.932 sufficient conditions for the convergence of are 

OAATI llA 

\mm \ ^ i i^/Ml <i/M 

{/'(c)}* ^4’ \da^\r(x)] ^8|/(c)| 

in the interval bounded by the points c±2/(c)//'(c). 

These conditions are, however, unnecessarily complicated and 
a simpler convergence condition is given in the following theorem. 

13 . 935 . If Cq c, c^+i = Cj,— /(c„)/f'(c„) and if 

ir(*)i < \mmm\ 

tiirouj^out the interval ig bounded by the points e±2/(c)//'(c) then 
conveiges to a root of the equation /(«) = 0. 

We prove first that all c,, lie in ig and that 

fM - 1 12/M 
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For this is true when n » 0, and if it is true for » ==< 1, 2 f, 

f.'hAn 

|c«4.i — c\ =S I ^ — C,.) ^ \f{^r)/f'i^r)\ 

racll 

I7=iei l'+2+^+2’+-/ < 

BO that Cp^i lies in ig. 

By Taylor’s theorem, 

/(®p+i)~/(®i>) {®p+i ^p)fiPi>) — 




cj between c, and 6,+i, 


i/(c,«)i = i(c,«-c,)*ir(c*)i <1.1 Iffli! . 4. 


2 3 |/(c)| 

= gii-li/WI* 


/(c) I* _1_ 

/(c] *2*’^’ 


(i) 


Fnrthermore, for any t in i„ 

= I //»^-» < u-c|.ji/'(c)i*/i/(c)i <ji/'(c)i 

and so il/'(c)l</'(0<l/'(c). 

Hence, by (i) and (ii). 


(ii) 


/(Cp+l I 


/(c 


1 /'(C ,+1 : ' 2*^ /(c 

which proves the theorem for n = p-\- 1, and so, by induction, for 
all values of n. 

It follows that 


flj. 1 4 . 

2*"7^ 


showing that c„ is convergent. If o is the limit of e„ then 
l/(a)| = Urn |/(cj| < 

<lim^|^!|.||/'{c)I = 0, 
by (ii), so that <r is a root of ^e equation /(s;) » € 
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The error in the approximation is 

Ih terms of the difference of two successive approximations, Sr 
botmd for the error in is 

iWl/'(c)l}(Cn«-C„)*. 

where if is a boimd of/'(«) in ig (so that M < il/'(c)//(c)|). 

For |/(c„+i)l = i(c«+i-cj*|/'(c*)| < i(c„+i-c„)*if 

and 

l/(C«+i)| = l/(Cn+l)-/WI = l(C„+l-‘^)/'(f»-«)l ^ilCn+l-alTOI 

SO that |c«+i-ffl < i{^/lf(c)\}(Cn+i-Cn)‘- 

Contrasting these expressions for the error in c„ with the corre- 
sponding expressions in § 13.932, it is evident that Newton’s 
sequence converges more rapidly to the root than, for instance, the 
sequence of § 13.933, but in practical computation this advantage 
is sometimes outweighed by the simplicity of 13 933, where a 
comiaia factor A takes the place of the <^nging denominator 
f(c^ in Newton’s formula. 

Exahflbs. I. To approximate to the positive root of the 
equation a;*— 2 == 0 by Newton’s formula. 

We have/(a!) = **—2, /'(a:) = 2x,f*{x) = 2. 

Takec = l|,then/(c) = 1/4, /'(c) — 3,andso J{/'(c)}*//(c) = 12, 
ehowing that the convergence condition !/''(«) [ < j{/'(c)}®/|/(c)| is 
amply satisfied. 

The successive approximations are given by 
c * Co == li. Cl = 4-{(li)*-2}/2. 1 J = 17/12 = 1-417..., 

«, * 17/12-{(17/12)»-2}/2(17/12) = 677/408 = 1-414216..., etc. 

Since ||/*(«)/jr(c)| = 1, and Ci— c* = 1/408, therefore the error in 
the approximation c, is less than 1/(408)^, which is less than 10-*, 
so that V2 3= 1-4142 to four places. 

H. To approximate to the root of the equation x— logo; as 2 by 
Neville’s formula. 

Tale e as 3, di as |. Since /(a;) as loge— 2, therefore 
f(»)sal~l/ir, r(*) = l/**. 
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I* 

and the interval is (2'7062..., 3*2958...), which is contained 
between 2*7 and 3*3; furthermore Af'{e) — 1, 8.4®|/(c)i = 2*3748 
and so, in ig, |/''(ar)j < l/{2*7)* < l/8.4*|/(c)|, and the convmgenoe 
conditions are amply satisfied. 

The successive approximations are 

Cj = 3-3/(3)/2 = 3*1479..., Cj = 3*1479-3/(Ci)/2 = 3*1463..., 
Cg = 3*1463-3/{cj)/2 = 3*1460.... 

The error in the approximation Cg is less than SjCg— Cgl, i.e. less 
than *0009. 

III. To approximate to the root of the equation cos a: = x. 

In the interval (0. 11 cosx itself lies in (0, 1). and 

I^COSi I ^ 1 1 

I I 

Hence the conditions of 13.931 are satisfied and 

Cj Cj, " cos Cj Cg ~~ cos c^j Cg cos Cg^ ••• 

are successive approximations to the root of the equation cos x^x. 
for any c in (0, 1). Taking c — in — *7864..., we have in turn 
Cj = cos Jtt = *7071..., Og = co8*7071 = *7603, Cg = *7246, 
.... *7393, CiK —— *7390. 



XIV 

CONSTRUCTIVE DEFINITION OF THE INTEGRAL 

THE INTEGRAL AS LIMIT OF A CONVERGENT SEQUENCE. 
APPROXIMATION TO AN INTEGRAL. THE INTEGRAL AND 
DERIVATIVE OF A SEQUENCE OF FUNCTIONS 

14. If a = % «i, Up+i = 6 and o = % »i, %.••» Vi ~ ^ 
are two chains of points from a to 6 such that 

for any two points a;, X in the same sub-interval (u^, Uf+i), and 

|/(a:)-/(X)| <N 

for any two points x, X in the same sub-interval (v„ and if 

and 

then |U-F|<(6-a)(Jf-fX). 

Let a — Wq, = 6 be the chain formed by all the 

points (Uy) and (v,), and suppose that and are what the 
points Uy and Uy^.^ become in the new enumeration. Then, if 

tassQ 

we have 

r «®0 

r»o •- $»% •» ' bM ' 

the outer sums extending over all the intervals 

{Uy, = (w* w^). 

= 2 
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But to,, for f(r) < « < j{r), are ail points of the interval ffy+i), 
so that 

and therefore 

I < 2 (if 

rs*0 


Similarly, | F— TTj < N{b—a), and therefore 
\U-V\ 

= |(17-1F)+(TF-F)| < |t7_Tr|+|F-]F| < (6-o)(Jf+iF). 


14.1. The fanctioif/(a;) is continuous in (a, 6). 

If a = «g, tif, = 6 

is a chain of points from a to 6 such that 

f(X)-f{x) = 0(i) 

for any two «, Z in the same sub-interval (m*, ttJ+j), and if 

4 =/(«o)(«i-«o)+/(«i)(«a-tti)4- -H-ZKOKt+i-^Vk) 
then the sequence 8^, S^, is convergent. 

For by Theorem 14, if »w > », 

S^-8, = (6-o)[0(m)-f 0(n)] = (6-o)0(n-l), 
which proves that the sequence Si, 8^, 8^,... is convergent. 


14.11. A chain of points a — Oo, Oi, a,,..., = 6, such that 

f{X)—f{x) = 0(») for any two a;, X in the same sub-interval 
(a,., is called an ‘n-chain’ of the function /(«). 

14.12. If both ct ^ and a v'q, 

= 6 are u-chains of the furiction/(®), and if 

K = 2/(«?)(«?+i-«?). 2 ; = 

then the sequences 8^, 8^,... and Ti, T^, are both convergent 
and have the same limit. 

The convergence of the sequences is given by 14.1; let 8 and T 
be the limits of (<9„) and (T„). 

By theorem 14, 

8^-T^ « (6-a)[0(»)+0(»)] « (A--o)0(»-l). 
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But, if m > », 

4-5f„=(6-o)0(«-l) and 2’„-!r„ = (6-o)0(n-l). 
and for a sufficiently great m, 

= (6-o)0(»-l) and T-T^= {b-a)0{n-l). 

so that 

S~8„ = (6-a)0(n-2), T-T^ = (6-o)0(n-2) 
and therefore 

S-T == {8-8J-(T-TJ+8^-T, 

= (6— o){0(n--2)+0(n— 2)+0(n— 1)} = (6— a)0(»— 3), 
and this is true for any n, so that 8 = T. 

14.2. If a = Og, a^, a,,..., = 6 is an n-chain of a continuous 

function /(*) and/Sf„ = ^ if /Sf, then 8 is 

r **0 

called the definite integral of f{x) from a to b, and —8 the definite 
integral from 6 to a. 

By 14.1, the sequence (/9„) is convergent, and so the limit 8 
exists, and by 14.12, if the sum is formed on any other n-ch^, 
Uien 8, and so the limit 8 is unique, and independent of the 
particular sequence of chains by which it is determined. 

In the following sections we prove the equivalence of this 
definition of a definite integral with that given in Chapter IX. 
Anticipating the proof of this equivalence we denote the definite 

h 

integral, as defined in 14.2, by the sign J f{x) dx. 

a 

14.21. If/(a!} has the constant value k in (a, b) then 

b 

j kdx — k(b—a), 

a 

For /(a;) is continuous, and if a = Og, Oi, a,,..., » 6 is an 

»-ohajn oif{x), then 

V' 8^ *'/(®o)(®» ®o)+/(®l)(®» — ® i)+*"4’/(®j»)(® 3,+1 — Up) 

ss Oo)+(«*— Oi)+...+(®p+i— ®p) == Hb—a) 

\ ^ 

iatad to 8^-* k(b-^a), proving 14.21. 
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14.22. If/(s) is oontdnuoiis in (a, 6), a s= a^, Op^.^ = 6 is an 

n-ohain oif(x), and is any point in (a^ Of+i), and 

b 

then / /(*) 

a 

For if 8^= /(ao)(®i-®o)+-+/(®,)(Op+i-®p) 
then 

Sn-St = i {/(®r)-/(a(®r-H-®r) 

f«0 

= 0(n) 2 (a,+i-o,) = 0{»)(6-a), 

r*=0 

since both c, and a, lie in (a,, and (a^) is an n-chain. 

b 

But J f{x) da —8^ = 0(»— 2)(6— o) 

a 

b 

and so J /(x) dx — = 0(n— 3)(&— o), 

a 

b 

which proves that <S* -> J /(x) dx. 

a 

14.23. If/(x) is continuous in {a, b) and if c lies in {a, b), then 

ebb 

j f{x) dx + j /(x) dx = j f{x) da. 

a e a 

Lot u = Uq, Ap+i = 0 ftnd c = (^p+i9 ~ ^ 

n-chains of /(a;) so that a == Aq, =: 6 is an n-ohain, and 

lat 

p+(r 

= 2 /(®r)(^+l""®r)» 

rawO 

51 = ]f /(a,)(o,+i— Oy), 5* = /(®r)(®t+l—«r). 

r—0 f-'P+l 

so that 

be b 

^-*>J/(x)dx, 51-»- J/(x)dx, and 51 -► J/(x)dx; 

a a 0 

6 c 

but aa fiJi+SS wad therefore J/(a?) db: dos + J /(a?) cte 
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14.24. Jif{x) and g(z) ate continuous in (a, b) then 

b b b 

• J {/(»)±8'(»)} dx= jf(x)^± j g{x) dx. 

a a a 

Since /(*) and g{x) are continuous, therefore f(x)±:g{x) is con- 
tinuous and so we can determine a chain a = ao> <^2 S+i ^ 

which is an n-chain for all four functions f{x), g(x), f(x)±.g(x)\ fox 
instance, by combining an (n-|- I)-chain of/(a;) with an (n-|- l)-ohain 
of g{x) we obtain an n-chain of the four functions. 

Hence if 

^ = |/(a,)(a,+i-o,). ^ = 1 17(ar)(«r+i-«,; 

*nd = i {/(ar)±9(ar)}(»f+i-ar). 

then 

b b b 

^ / /(*) Si-* j g(x) dx, and | {f{x) ±g(a:)} dx] 

a a a 

but = <8J±'Si|, whence 14.24 follows. 

14.25. If f{x) is continuous in (a, b) and /(a;) > 0, then 

b 

jf(x)th; > 0. 

For 

Sn — /(ao)(®i~®o)+/(®i)(®2~ai)+—+/(Oj,)(aj,+i— 0 ,) ^ 0 

and so lim/Sf^ > 0. 

14.251. H f{x) is continuous, so that f(x) is bounded and lies 
between m and M say, then 

V 

m < g-i- J/(a:)d* M. 

For M—f{x) > 0, so that by 14.26 

b 

and hence, by 14.24, 

» b 

J/(x) d* < J if d* « if(6~o). 
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6 

Similarly, J f{x) dx > m(b—a). 

a 

14.252. If/(») is continuous in (a, b), a <b, then 
jfix)dx < J \f(x)\dx. 

a a 

Since \f(z)—f(X)\ > |l/(a:)l— |/(X)I1, therefore \f{x)\ is con- 
tinuous and therefore integrable. Moreover 

/(«f)K+l-«r)| < t l/(«r)l(«r+l-«r). 

whence 


jf{x)dx =lim ;/(o,)(o,+i-o,)| 



14.3. If f(x) is continuous in (a, b), and if t lies in (a, b), then 

t 

J f(x) dx is a differentiable function of t, in (a, b), and its 
derivative is f(t). 

t 

The value of the integral J f{x) dx is, by definition, dependent 

a 

on the value of t, and may therefore be denoted by F(t). Observe 
that for any t, T 

T i T 

F{T)~F{t) = j fix) dx-j fix) d* = J m d®. 

a a t 

Since fix) is continuous in (o, 6) we can determine so that 

f(T)-m = o(») 

fw any t,Tm (o, 6) such that T—t = 0(fc„); in particular if z lies 
between t and T, fix)— fit) = 0(n). 

Now/(®)— /(i) is a continuous function of x, and so if 
0 < T~t = 0(fc*), 

|[f {/(*)-/(<)} < ( f \m-m\ dzyiT-t), 

^ by 14.253, 


= 0(n). by 14.261, 
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and similarly, if 0 < t—T — 0(ikj, 

|[ J’{/(*)-/W}‘^]/(2’-0| » I j[ {/(*)-/«)} 

< / \m-m\ dxi{t-T) 

= 0 («); 

T 

but j {/(*)— /(«)} d* = I f(x) dx —(T—t)f(t), 

T 

and therefore J f(x) dx — /(<) = 0(»), 

i.e. /(<) = 0(n), provided T-i = 0(hj, 

which proves that /(f) is the derivative of Fit) in (o, 6). 

14.31. If OH) is any function whose derivative in (a, b) is fit) then 

i 

jfix)dx==Oit)-Gia). 

t “ 

Let J fix) dx = Fit), so that, by 14.3, Fit) and (?(f) have the 

a 

Btnne derivative, and therefore OH) — Fit)+C, i.e. 

t 

Oit)—C = jfix) dx. 

a 

Sinoe \fix)\ is continuous in (a, 6) it is bounded, by M say, and 
therefore 

I J fix) dx < |f-ollf = 0(»4-l) if |«~o| < l/Jf .10»+». 

Furthermore, OH) is differentiable and therefore continuous, and 
so we can determine so that 

OH)—Qia) — 0(n+l) provided |f~o| < !//*„. 

Hence if is the greater of and and |f— a| < 

ihmi 

lOCa)-©! * \OH)-C+Oia)-OH)\ 

< \QH)-C\+\Oia)^OH)\ = 0(»+l)+0(»+l) - 0(n). 
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Sinoe this is true for any n, 0(a)— C ^ 0 and so 
» 

,y(x)dx = 0(t)-0(a), 

i.e. J 0'(x) dx == 0(t)—0(a). 

This completes the proof of the equivalence of the definite 
integral as limit of a sum and the definite integral as the 
operation inverse to differentiation. 

The difference between the two definitions is, however, 
as important as the equivalence theorem we have just estab- 
lished. For the integral which is but the inverse of a deriva- 
tive is known to exist only after we have found it — and this 
requires a previous knowledge of the integral function — 
whereas the integral which is a limit of a sum is con- 
strucHble, and therein lies the novelty and importance of the 
definition of this chapter. Previously we could only say that 
a derivative is integrable, in the sense that if one function is 
known to be the derivative of another then the latter is the 
integral of the first, whereas, by 14.2, we can now say that 
any continuous function is integrable, and we can con- 
struct its integral. 

14.4. The origin of the definitions of area and length which we 
gave in §§ 10.34 and 10.41 is to be found in the constructive 
definition of an integral. 

If/(a;) is continuous in (a, b) and if a — Oq, a^, 03,..., = 6 is 

an n-chain of f(x), we define a function (^Jx) by the condition: 

for each r from 0 to p, <^Jx) » /(a,) for any x such that 
o, < a; < o,+i. 

Thus since any x in (a, 6) must lie in one of the sub-intervals 
(cv, a,+i), the function ^^(x) is defined for any x in (a, b). is 
called a Hep-function. 

Since ^ Jx) is constant in each of the intervals (a^., tha< 
broken line y » the a;-axis, uid the ordinates at eadi of the 
points x^ Of determine a set of rectangles; the rectangle bounded 
byp as the x-axis, and the ordinates of and <^4.1 is of hd^t 
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/(a,) and bxeadth and so the area bounded by ^ 

I^e as-axis, and the ordinates at a and 6 is 

8 ^ *s= /(ao)(^ — ®o)“hf(®i)(®* — ®i)+”‘+/(®j»)(®jj+i ®p) 
and /SJj ->//(»)(&. 

a 

But = 0(n), for each x in {a, b) lies in some sub- 

interval {o„ a,+i) and bo f(x)—<f>^(x) =/(*)— /(a,), o, < a; < o,+i. 
Hence <f>^{x)-^f(x). It is therefore natural to define the area 
bounded by the curve y = f(x) to be the limit of the area bounded 

b 

hyy — ^^(x), i.e. jf(x) dx, which gives 10.34. 

a 

In a similar way we can establish the formula 10.41 for the 
length of an arc. Let f{x) be a difierentiable function and 
a = Uo, Op+i = 6 an n-chain of the continuous function 

The distance between the points (o„ /(o,)), (o,+i, /(o,+i)) is 
{(®r+i~®r)*+(/(®f+i)~/(®i-))®}*> length of the open 

polygon firom {a, f{a)) to (6, f(b)) with vertices at the points 
(<*»., /(«r)). »■ = 1. 2, 3,..., p, is 

= i {(«r+l-®r)*+(/(«r+l)-/(«r))®}*- 
r=0 

By the mean-value theorem, we can determine in (a„ such 

/(®r+l)-/(®,) = («r+l-®r)/'(Cr), 

and so if ^{x) — V{l+(/'(^))*}> length of the polygon takes the 
form o' 

— ®f) 

r«*0 

b b 

and Xr„ J ^(x) d® = J ^/[l+{/'(*)}*] <**• 

a a 

i« 

The equation of the line joining the points (a„ /(o,)), (»,+!. /(«V«)) 

^ 6f-/K)}/(*-®,) = {/(‘Wi)-/(»r)}/(®.+i-‘V) = /'(Cr). 

ie. y ««/(ar)+{^'~'®r)/'(®r)> between and 

tihe difference between the value of y on this line and on the 
eurve y =» /{«) is /(»,)—/(»)+(«— ar)/'(<v)‘ Let if be a bound of 
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the oontinaoiui function {/'(») | and let the subdivision (a^) be 
chosen so that (Ort-i~®r) < Then 

/(«r)-yt»)+(»-ar)/'(<5r) = 0(n)+0(»), 

since |/'(c,)|<Jf and *— a, < o^, 

which proves that the polygon approaches the curve y — f{x) as 
closely as we please. Accordingly we take the length of the arc of 

y — /(*) to toe limit of the length of the polygon, which is 

» 

J V[1 +{/'(*)}*] as in 10.41. 

a 

14.5. Approximations to the value of a definite integral 
We have seen that if a = Oq, a^,..., 0 ^^.^ = 6 is an n-chain of the 

funotion/(a:)then/(ao)(ai— Oo)+/(ai)(« 2 — 

b 

difiars from J/(a:) dx by (6— o)0(»— 2), and so: 

a 

14.51. If we divide the interval (a, b) into sufficiently small 
sub-intervals by the points ag, a^, a,..., ap^i, the sum 

if(a,)(a,+i-ar) 

r-O 

b 

is an approximation to the value of | f(x) dx. 

a 

14.52. If/(x) and (f>{x) are continuous in (a, 6) and 

f{x)-4>{x) = 0(n) 

b b 

then J ^(x) dxis an approximation to J/(x) dx, with error (6— a)0(»). 

a a 

For 

b b b 

j f{x) dx — j ^(x) dx = J {/(x)— i^(x)}dx = (6— o)0(»). 

a a a 

14.53. lf/(x) is differentiable fomr tunes then 

lM/(-A)+*/(0)+/W} 

h 

is an approximalaon to the integral J /(x) dx with error A‘/‘^(a)/90, 
fi>r a oertain « in (— li, h). 
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We observe first that if ^(x) is a poljmomial of the third degree 
then 

I ^(x) dx = A)+4^(0)H-^S(A)} exacUy. 

For if ^(x) = oH-6x+cx*+dx* 

then ^(— A)-(-4^(0)-|-^(A) — 40“f'2(o-|-cA*) = 6o-j-2cA* 

and so 

h 

j ^(x) dx = 2oA+fcA* = tA(6a+2cA*) = JA{^(-A)+4^(0)+^(A)}. 

*“A 

Let B{h) denote the difference between 

It 

J/(x)dx and mf{-h)-j-if(0)+f{h)}, 

then 


B\h) = /(&)+/(_A)_i{/(A)4./(-A)+4/(0)}-JA{/'(A)-/'(-A)} 

and Br(h) = i{/'(A)_/'(_A)}_JA{/'(A)+/'(_A)}. 

and ir{h) = -}A{/»'(A)_/-(-A)} = -W^Wk), 

where —h <Pf^<h, by the mean-value theorem, and is a 
function of h. Thus jB(0) = JS'(O) = iJ*(0) = J1'"(0) = 0, and so, 
by 12.62, there is a point c in [0, 4] such that 


m jr(c) 

A* 6.4.3c® ^9(r 


Thus i?(A) = W«). 

whffle ocs= Pg,a, point in (— c, c), and therefore in (—A, A), which 
completes the proof. 

14.54. Writing y = x+?^ and A = so that y = b, 

2 2 2 

and a when x » A, 0, and —A respectively, we have 
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and therefore if ^(a?) = bo that /(*) = 

« m,m /(^) = m. a«d 

say, where p = a-i-2^ so that p lies between a and b, then’ 


J 4(x) dx = 5^j^(a)+4^|?^j+^(6)j _^(6_o)»^v(p). 

a 

Thus is an approximation to the 

f 1 

integral J ^{x) dx with error 

(a 

This approximation is known as Simpson’s nde. 

Since the error in the approximation given by Simpson’s rule 
has a bound which is proportional to (6— a)^ (for is bounded) 

the orror of the approximation may be reduced to any asmgned 
amount by subdividing the range of mtegration and applying 
Simpson’s rule to the integral over each subdivision. 


Examples, (i) Since 


1 


rlO 


if X lies in (0, |) then 
14.62, 


I+x* l+x*+x“ (1+X*)(1+X*+X»«)' 

^ jL , and thercforo* bv 

i+x* i+x*+®^® 2«’ »y 


Y V 

f dx = f — — dx — tan”* i, 

J l+x»+*“ J 1 +** * 

0 

with an error less than 


W 


(ii) By Taylor’s theorem, with the Cauchy remainder, there is 
a 6 in [0, 1] such that (i— x)”* l+Jx4-ix*(l— 6)/(l— 6x)*. 

uv. ^ < 1 ««i (j^)' < » 

. (l—x)”* * 1+ Jx with error less than X*J(l—X)*. 
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Heaoe 

i* 


r ?_ 

J ^(1— •19sin*&) 
Trith an error less than ^ 


= J (l+-0968in*e)eW* 1-0476. Jir 
“ = 1-6464..., 


-19* , -19* . V 


< -rr < *08 in defect, 
-9® 40 


(1— 19)» 

so that the value of the integral lies between 1-646 and 1-726. 
(iii) To approximate to log 2. 

By Simpson’s rule 

/iii'^=5|‘+5+m)=re 


with an error, by excess, of amount 


i — < — , .OOSS, 

120{l+a)® 120 


2880|da:‘\l+a;/j,. 

sinoe a lies in [0, 1]. 

1 

But I -p— da: = [log( 14 -*)]J = log 2, and so log 2 lies between 
J 1 +® 

0 

•686 and -694, so that log 2 = -69 correct to two decimal places. 
Dividing the range (0, 1) into two equal parts, we have 


_1 1/1 . x_L\ 4.J V_i 

~6'2\T'^l+i’^lH-ij*’'6‘2\14 


1747 

2620 


i+i^i+i/ 

•69328..., 


i+i^i+i^i+ 


l) 


with an error, by excess, less than 


1 1 

iao’S* 


4 


1 1 1 _J_ 

120 * 2 »‘( 14 i)‘“l 20 



_L i 
120' 2* 


•00082..., 

1 


IH(mI 60 log 2 lies between •6927j6 and -69328, giving lqg2 » -693 
ootmot to three placee. 

(iv) lliiride the interval {0, 1) into n equal parts by the point! 
2,..^, 1; if n is great enough, these points oooilltnte 
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an m-^aaia (rf the eonttouous ftmotioh ajfj p > 0, and therefore, 
V 14.2, if ’ , 



But — {l*’+2*’+S*’+*“+(»i— and so for large values 

of n, l*’-f-2**-f-*"+(U' — 1)^ is nearly equal to — ■ ;■ . ITotioe, however, 

j>H-l 

that we are here .using the expression ‘nearly equal’ in a different 
sense from before. In the former sense is nearly equal to 
means 6„ -► 0 , but in the present instanoe ‘o„ is nearly equal 
to means o«/6„ -► 1 . In this latter case it is customary to say 
that a„ and are aaymptoticaUy equal. Of course ajb,^ -* 1 does 
not entail o„ — -► 0. In fact it may happen that ->• 1 and 
yet a„ — 6^ increases with n. For instance, log n is arbitrarily great, 
for great enough n, sinoe log» > if n > e^, and {log»)/w -► 0, 
because (logn)/n = M/e^ < 2fM, where n = e“, and therefore 
(»— logn)/» -► 1 but »— (»— log») = log«. 

14.6. If, for any n, /„(«) is continuous in (o, 6) and if 

4{z) = lim/„(a!), 

(a,b) 

r * 

«ien lim j fjje) j^z) das. 

. For, by 13.47, ^(x) is continuouB in (a, 6) and so, for ai^ 
w continuous in (a, 6) and equals 0(p]| if n mEoeeds 

It^oe / = (6-o).0(p) if » > which 

-14i0,;'* ' , 

' 14y61. If, for each n, f^{z) is diff<»eatiable uid /Jx) tends to’a- 
liaiit/(x) in (a, b), and if^(x) is interval-oonveigent in (a, bf, theB'- 
difibrentiable 8nd)^(x) 
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Let ^(») be the limit in (a, 6) of the oonvetgent sequence 
theuy by 14<d} f j 

j fjx)dx-*’j<f>{x)dx. 

f a a 

/ /»(*) ~/n(0~/n(®)» therefore 

a 

< 

f{t)-f(a) = J ^(!») (iaj, 

a 

which proves that/(0 “ differentiable andf («) = ^(«). 



PARTIAL DIPFERENTIATION 


FDNCfnONB OF SEVEBAL VARIABLES. DOUBLE AND BE. 
PEATED LIMITS. CONnNUlTY AND DEBIVABILITY. THE 
TATLOB SERIES. EULER’S THEOREM. INVERSION OF A 
FUNCTIONAL RELATION. PARTIAL DERIVATIVE OP AN 

INTEGRAL 


15. In oonddering the properties of Amotions of two variables we 
shall have fi»quent occasion to specify the range in which the 
variable lie; instead of saying of a pair of variables x, y that x lies 
in a certain interval (a, b) and y lies in (e, d) we shall say, briefly, 
that the point («, y) lies in the rectangle (a, b^e, d), or when it is 
unnecessary to be mote explicit, just that (x, lies in a rectangle B. 
The points (a, e), (a, d), (b, c), (6, d) are called the vertices of the 

rectangle {a, 6Xc, d) and ^ centre. Observe, however, 

that nothing more is implied by the terminology than we have 
stated; to say that the point («, y) lies in the rectangle (a, b'jUfi, d) 
means only that a<a;<6, c<y<d, and we shall also extend 
the use of the term interval to cover the notion of a pair of numbers 
lying in a certain pair of intervate. We have introduced the new 
term ‘rectangle’ here, however, to accentuate certain important 
diffmences between the theory of Amotions of one variable and 
Amotions of two variables. 


15.1. Jff(X, y)—i>{x, y) — 0(p) for any points (*, y), (X, y) in a 
rectangle B, such that X—x » 0(g), where q depends only upcm j> 
(and not upon x, X, mr y), and X # », th«i we say that y) is 
the interval-limit of/(X, y) as X tends to x, and we write 

lim /(X,y) = ^(*,y). 

15.11. Similarly, y) » 0(p) for any points (a, y), 

(x, 7) in a reotan^e B, such that 7—y « 0(g), g depending on p 
al(me, and 7 y, then we say that ^(x, y) is the interral>)iini^ of 
/(c, 7) as 7 tends to y, and we write 



= 0(p) for any (a?, y), (X, 7) inM mob. 
;! X-® and T-y ate Ofe) (not botti aero), q depwiding tmly 

oa p, then 8(x, y) is called the (interval) double Umit of /(X, T) as 
, X tends to » and 7 tends to y, and we write 

lim f(X,7) = e{x,y). 

if,,/. X,F-Mf,y(J2) 

: , ; 15.13. If lim f{X. 7) = <f>{x, 7), in B, and if 

X-»«(2?) 

lim <l>(x,7) = X(x,y), 

V T-iKS) 

kiB, then A(®, y) is called the (interval) repeated limit off{X, 7), 

; ad X tends to x and 7 tends to y, and we write 
' • lim lim /(X, 7) = A(®, y). 

r-tv x-ttiB) 

If lim f(X. 7) = 0(X, y), in B, and if 

F-nr(J?) 

lim ^(X,y)==fi(x,y), 

X-^R) 

in B, then fi{x^ y) is called the (interval) repeated limit of/(X, r)i 
as T tends to y and X tends to x, and we write 

lim lim f(X, Y) = fi{x, y). 

15.14. The Interval double limit, and the two interval 
repeated limits of f(X, Y), all exist and are equal provided 
.. unly the two single interval-limits lim f(X,y)and lim f(x,Y) 

^ V-.jr(W 

; . ttdst. 

y':Ylhroof. Let ^(®, y), <i>(x,y) be the values of the limits 
; > ‘ lina /(X, y), lim /(*, 7) in a rectangle B, so that 

F-i^a) 

jf ; . f{X, y)-#e, y) = 0(p), f{x, 7)-^(*, y) = 0(i)) 

fi-$U.my (x, y), (X, y), and (x, 7), in B, such that X— », 7— y «= p(q). 
Hence 

/(X,7)-r0(X,y)=O(p), /(X,7)-^®.7) = 0(p) 

and so ^(X, y)-^(x, 7) = 0(p-l), 

'^Rlunoe ^(X, y}—^X*, y) ss 0(p—2) 

any X, X* sueh that 

X--«f,X*— * ©(g). 
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' '' It': ' , . 4 ' 

Smoe if a;„ k a4seq[tMnoe uliioh ocmtageiB to a;, tiino fist given 
asd y, tto eeqtieofie y) k oonvngeat, £ix 
#»m.y)~<^(»n. y>*=0(p-2) provided 0(g), 

i.e. provided m and n are greater than some JV, which depends upon 
p, y and the sequence (x J. Let A be the limit of ^(x„, y), and let 
be another sequence which conv^ges to x; then for n greater 
than or equal to a certain K, 

y) == 0(p) and ^x„, y)-^{ y) = 0(p), 
and therefore A— y) = 0(p— 1), 

whidi proves that A is the limit of the sequence ^(X,,, y). Thus A 
does not depend upon the particular sequence (x,,) but only upmi 
X and y, and so A = A(x, y), a function of x and y alone. 

Siaoe for each value of x and y, A(x, y) is the limit of ^(X„, y) 
as X^ tends to x, it follows that 

^(X„, y)-A(x, y) = 0{p) provided »> X{p, x, y). 

Choose an n so great that x— X,, = 0(g) and n > K{p, x, y), tbm 
for any X, such that X— x = 0(g), we have 

^(X, y)-A(x, y) = ^X, y)-^(X„, y)+^(X„, y)-A(x, y) 


= 0(p— 2)+0(p) = 0(p—S), 

which proves that 

lim ^(X,y) = A(x,y), 

Le. Km lim /(X, 7) *= A(x, y). 

x-^x r-nKH) 

Liatimilarway we can move that lim d(x, F) exists and haa 

r-nrtW 

the value /((x, y) say; but ^(X, y)— ^(x, F) ss 0(p— 1) and ther^iue . 
A(x, y)— ft(x, y) = 0(p— 4), for any p, which proves that 


^(*» y) =® y) 

Moreover, if X~x, F—y s= 0(g), 

/(X, F)~^^(x. F) » 0(p), #r, F)~ia(x, y) = 0(j»-.S): : 

and therefore ^X, F)— ft(x, y) *= 0(p— 4), 


proves that 

lim /(X, F) *= ft(x, y). 

3^ua (he two int^al repeated Km^ and the intervd donhift;^ 
afl eodst and are equal. 
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i&2. M 1 ^) iB said to be (or 

; f(*. ff) is imifonnly (or interval) y-conUnWHU in 5 if 

lim /(x,r) = /(*,y) 

F-nr(«) 

If ^(a,, y) is both nniformly »-continuous and y-oontinnous in S 
then/(±, y) is said to be uniformly conlinuow in B. 

For brevity we shall contract the expression ‘uniformly con- 
tinuous in JS’ to ‘continuous in B\ 

A neeeeaary and sufficient eondUionfor eontinu/Uy is 

lim f{X,7)==f(x,y), 

for if lim f(X, T) — f{x, T) and lim /(*, Y) = fix, y) then 
x-nt(m r-nrtw 

lim lim /(X, Y) =f(x, y), and so, by 16.14, 

lim fiX, Y) = /(*, y); 
x,r-*<tMin 


conversely, if lim f(X, Y) — fix, y) then, taking Y 
have lim /(X, y) =/(«, y), and taking X = *, 
lim fix, Y) — fix, y), 

so that fix, y) is continuous. 


y, we 


15J101. If X, = o-4-r(6— o)/n, y, = c+sid—e)lm, then the set of 
intervals (rectangles) 


(®r> ®r+iXy*» y$+i)> 


r — 0 , 1 , 2,..., n— 1, 
a s= 0, 1, 2 TO— 1, 


is called a subdivision of the interval (a, b)ic, d) into tnn equal 
sub-intervals. 


15,202. If fix, y) is continuous in the interval (a, h)ic, d) then we 
can divide (a, b^c, d) into a finite number of sub-intervals such 

/(*,»)-/(x,r)-o(,) 

fiar aiqr two points (x, y), (X, Y) in the same sub-interval. 

^Bvtfix, if)—fiX, Y ) « Oip) if X— X, Y—y^ 0(g). Cihoose n so 
^ that ib—a)jn, id-^c)ln » 0(g) and diviite (a, 6Xo, d) into ft* equal 
'fuh'ltttervals. If (s^ ar-t-tXy** y»fi) " any one of tbe snb-intan^« 
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tbim »,+i~av* y«+i“*y# “ 0(j)» *» <*» P). «>» “7 

points in (av, sv+iXPo PiH-i)* X— «, r~y =» 0(g) Spud therefore 

15Jil. If /(a;, p) is continuous in B then it is bounded in JB. 

IKYide B into n* equal intwvals such that/(a;, y)—f{X, Y) = 0(1) 
for any two points (x, y), {X, Y) of the same sub-interval. 

Let (x, y) be any point of B; then (x, y) falls into one of the 
sub-intervals (x„ x,^iXy«> !/i+ih say ((x, y) may in foot be a vertex 
of four of the sub-intervals, in which case we may choose any one 
of the four as the sub-interval in which (x, y) lies). Then 

/(«. y) = {/(*, y)-fixr. y,)}+{/(a!„ y,)-/(*,-i, y,)}+...+ 

+{/(»!. y.)-/(»o. y.)}+{/(*o. y.)-/(»o. y.-i)}+ 

+{/(*o. y.-i)-/(*o. y.-8)}+-+{/(*o. yi)-/{*o. yo)}+/(»o. y*) 
and so 

l/(«.y)-/(»o.yo)l = (r-i-s-Fl)O(l) < (2«-|-l)/10, 
which proves that/(x, y) is bounded in B. 

15.22. If/(x, y) is continuous, and <j>{t), ^{t) are contiinuous, thmi 
/(^(0> ^(0) is continuous. 

For ^(2*)— ^(/) = 0(p), ~ 0(p) when T—t = 0(g) and 

/(J, Y)—f{x, y) = 0(r) when Z— -x, F— y = 0(p), so that 

/(^(T), m) = o(r). 

which proves that/(^(0, ^(1)) is continuous. 

15.23. If/(x, y) is continuous th6n/(x, y) takes any value between 
any two of its values. 

Let Vx and be the values of/(x, y) at the points (Xj, y^) and 
(X|, y,), and let ^(i), 0(t) be two linear functions which take the 
values Xj, y^ and Xg, yg for < » and f = Ig respectively. Then 
/(^i), ^(0) is e continuous function which takes the values 
at the points fg, fg and so takes any value between Vi and ^ at 
some point ^(<), ^t) for a < between ^ and <g. 

15.24. If /(x, y) is continuous in JB and |/(x, y)| ^ a > 0 in £* 

y) is of constant sign in B. 

For if (a^, y^), (a^ yg) are any two ptdnts in B, 1>bm/(x, y) takes 
any vahie between /(Xg, yg) and/(Xg, yg). But since |/(x, y)] > a, 
aero is neb a value o£ /(x, y) and so aero does not lie betnjfeen 
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/(*^* Vi) ®®d/(**» tft), whidi |ffo'reB.'tlw>t/(«|, yj) and /(a^, yj «re 
of the same sign. 

’ ,'^$.25. Tte fimotioiiB /(x, y), g{x, y) aie oontinuoi^s in B and at 
■Mtk po^t of B at least one of tilie numbers |/(x, y)|, |y(x, y)j 
^ooeds 8. Them we can divide B into a finite number of sub'‘ 

. iraieiTals such that in each sub-interval, p, et<Acr |/(x, y)| > |8 at 
all points of p, or |y(x, y)l > p at all points of p. 

Broof. By 16.202, we can divide B into a finite number of 
; suVintervals such that in each sub-interval p, 

' l/(*. y)-f(X, 7)1 < p, Iy(®. y)-g{X, 7)I< *8, 

V any («. y). (X, 7) in p. Let X, 7 be the centre of p. Either 
,,{/'(X, 7)1 or |y(X, 7)| exceeds 8; suppose the former, then 

l/(*. y)\ = l{/(*, y)-/(X, T)}+f(X. 7)1 > 8-*8 = i8, 
f<ar all points (x, y) in p. Similarly, if |y(Z, 7)1 > 8, then 

• at all pomts of p. 

15.3. A function /(x, y) is said to be unifomly x~differentiable in B . 

w ^-continuous in jB and if we can determine a function 
^x, y) and a function q(p) such that (for different x, X) 

y)—f% y)}/(X— x) = ^(x, y)-f-0(p) 

fiwr any (x, y), (X, y) satisfying X— x = 0(y), q depending only 
; .Upon p. The function ^x, y) is called the uwijom, x-derivtaive of 
^ yh / (®. y) is said to be vniformly y-differmtiabk in B if /(x, y) is 
VyiOontinuouB in B, and if we can determine a function ^(x, y) 
a fhnction q{p) such that {/(x, 7)-/(x, y)}/(7-y) = ^(*, y)-f 0(p) 
fe any different (x, y), (x, 7) in J? satisfying 7-y = 0(g). ^x, y) 

' |i called tire miform y-derivaUve of/(x, y). 

Observe that for any oonstmrt value of y, the x-derivative of 
:f{t, y) is just the derivative of /(x, y) as a fimctibn of ^e single 
vipatialite X, and for a oouBtant value of x, the y-derivaldve is jus^ 
vfto derivative of /(x, y) as a function in the smgle variable^ 
^ fiMcming the x- or y*derivative of a fhnotion/(x, y) wna 
employ the teohn^pie already established fear diffeieiriktlil^.; 
yh treating x as a mere constant or y as a mere eonstaht aa 
^^|fiie.;eaae may be. 

gsoMally denote the x- and y-derivativea of y> 
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P) and/y(z, y) lespectiTely; anoiiher cammon notation is 
B B 

^/(>’> y) As we hsTe already obsenred, the and 

yndeiivatiyes are ordinary derivatiyes formed by regarding y as 
a constant and a; as a constant respeotiyely, and could therefore 
d d 

be denoted by ^/(*» y) “id ^/(*> y)'> “ customary, boweyer, 

to reserye the notation ^/(^> V) i'be deriyatiye of/(x, y) when 
y is regarded, not as a constant, but as a function of x, and the 

" ‘ * 1 /(*> y) for the deriyatiye off(x, y) when x is regarded 

ay . - - 

as a function of y. It is for this reason that the curly ‘d’ is used, 
mstead of the straight ‘d’ to denote the x- and y-deriyatiyes of a 
function of two independent variables, and not because thme is 
something new in the kind of differentiation introduced in this 
section. 


15.301. It is useful to maintain a distinction between the signs 

^ and /. and between the signs ^ and/„ in the case when the 
ox oy ” 

0 

argumentplaces of/are filled by functions. Thus— y{g(a;, y), h{x, y)} 


is the a;-deriyatiye of <l>(x, y), where ^{x, y) — f{g{x, y), h{x, y)}, but 
fJiSl{x, y), h(x, y)} is the reatdt of substituting g{x, y) for x and 
h(x, y) for y in the function /,e(a;, y). Thus for instance 

fatfjy, x) is the result of differentiating/(ii;, y) with respect to x 
and ^en interchanging x and y, whidi amounts to difitonntiaiing 
/(y, x) with respect to y. 

o 

In forming y), Mx, y)} the vaxiabke x and y in/(a;, y) 

Bx 

are rej^bced 1^ gix, y) and h(«, y) b^on differentiation, and 
differentiation in forming /s{ii|f(x, y), &(«, y)}. 

The dififerance between^ and/, is analogous to that between 
Bx 

^ aiMl/(a) for fonetions of a ^ngle variable. 
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1'S4302» J£f(x, If) is both tmifonoly x-diSBrontisble and mufonoly 

I^^JiffeceoMable in B, then/(c, y) is said to be uniformly differen- 

tiabteiin 

For brevity we shall generally write ‘difierentiable in B’ for 
'uniformly differentiable in B*. 

15.31. If f{x, y) is uniformly differentiable in B then both the 
9 -derivative and the y-derivative are continuous in B. 

Proof. Since /(», y) is both »- and y-differentiable, therefore 
/{», y) is both ®- and y-continuous, i.e. /(*, y) is continuous. 

Now =/*(*, y)+0(|>) 

for any (», y), {X, y)va. B such that X—x = 0(gf); mterchanging 
9 , X we find 

/(9.y)-y,y) ^ 

and so /,(X, y)-/.(*, y) = 0(p- 1), 

which proves thst^(9, y) is 9-oontinuous in B. 

Let X—x = since /{9, y) is continuous, in F, we can 

choose r so that f(x, T)—f(x, y) = O(p-fy-t-l), for any (x, y), 
(9, Y) such that T—y — 0(r). Hence 

/.(9,r)-/,(9,y) 

^ /(X. j)-./(x, y)-a(9. r)-/(9. 

= io»+HO(p+2+i)~o{p-i-g-f-i)}-|-o(p)+o{|)) 

= O0p)-f-O(p)-|-O(p)-)-O(p) «= O(p-l), 

provided only Y—y » 0(r), r depending on p alone, which proves 
tibat/«(9, y) is y-contmuouB in B. TbuB/,(9, y) is omithmons in B. 
Shnilarfy, fy{x, y) is continuous in B. 

15.33. if/(9, y) is diffineutisble in B then 

f{X, Y)-f(x» y) « (X-x)f,{x, y)-f (y-y)^(x, y)-f. 

+(X-x)0(p).KY~yXKp) 
&r spy (9, y), (X, Y) such that X- 9 , Y-y «= 0(g). 
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/(X, r)-/(af, y)-{X^x)Ux, y)~(r-y)/„(aj, y) 

«/(X. r)-/(*, F)+ 

+/(*, F)-/(®, y)-(X-a;)/,(a;, y)-(r-y)/,(aj, y) 

= (X-*){/.(*. y)+0(p)}+ 

+(F-y){4{», y)-/y(*, y)+0(3»)} 

= (X-»){0(i»)+0(j))}+(r-y)0(i)), 

8iiioe/2(«, y) is y-continuoas, 
= {X-*)0(i»-l)+(r-y)0(i»-l). 

15.33. Hf(x, y) is continuous in B and if 
f{X,Y)-f{x,y) 

— {X-x)4>(x, y)+{Y-y)t(f{x, y)+(X-a:)0(|))+(r-y)0(j») 

I 

for any («, y), (X, Y) such that X—x, Y—y = 0(g), then/(a;, y) is 
differentiable in B and ^{x, y), y) are the x- and y-derivatiTes 

y)- 

For taking 7 s y we have 
and taking X = x, 

* Jr 

proving that /(x, y) is both x- and y-derivable with derivativei 
jl(®, y) and ^(x, y). 

15.4. Observe that, unlike the case for a sin^e variable, a differan 
liable fbnetion /(x, y) is continuous by definition; in the case < 
function of a single variable the continuity of a diffescentialA 
function is a oonsequmoe of the provable continuity of tiu 
uaifonn derivative. 

two-variable function can be put on the same level aa tlv 
cne-vaxiahle function, if we formulate the ddhiition of differen 
tiabiUty in the following way: 

f{«,y) is uniformly sNUfforentiable in X if (for difforent x, X) 

« ^x, y)+0(p) 
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fystmy (*, T), (X, 7) in JB such that X—x, 7— y » ©(j), whew 
q dc^wnds on p aUmt. 

f{x, y) is unifoxmly y-diffisrentiable in JR if (for different y, 7) 
f(X,7^^,y) ^(a,,y)+o(y) 

for any (X, y), (X, 7) in X such that X—x, Y—y == ©(j), q 
depmding on p alone. 

Denoting the derivatives by/a,(a;, y),fy(x, y) as before, it follows 
tiiat 

/(X, Y)-f{x, y)~(X-x)Ux, y)-(Y-y)fy{x, y) 
=/(X,7)-/(*,7)+ 

+f{x, T)—f{x, y)—{X—x)fg.{x, y)—{Y—y)fy{x, y) 

= y)+o{i>)}+ 

+(y-y){/»(*. y)+o(f>)} 

== (X-a!)©(p)+(7— y)©(p). 

15 . 401 . Note that, in § 16 3, the condition which defines the 
X'derivative contains three variables, x, y, and 7, whereas the 
oondition in § 16.4 contains four variables x, y, X, and 7. Thus 
the second condition on f{x, y) is far more stringent than the first, 
and it is to be expected that we can learn more from it about the 
bdhaviour of/(a;, y). 

15 . 41 . The derivatives fjps, y) and/„(a;, y), as defined in 16.4, are 
continuous functions. 

The |HX>of that y) is x-oontinuous proceeds exactly as in 
15.31. Taking y — 7 in the dining equation 16.4 and subtracting 
from the resulting equation, 16.4 itself, we have 

/*(*. y) = 0(p-l), 

ifrMe the lefirhand side of 16.4 is unchanged by replacing y by 7, 
and bo/b(x, y) is y-oontinuons. Thus/c(x, y) is oontinuous, and 
idmilarfy/yCx, y) is continuous. 

15 . 42 . If/(x, y) is differentiiable in R, then/(x, y) is coniinnoos 
JnX. 

Ibeplaoe 7 y in 16.4 and we have 

y)““/(®> y) y)"j"(-2r““x)o(p) 

as ©(f) 
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if Z—x is small enoiagh, 0006 fg(x, y) is oontinuofui and thetefote 
bounded. 

Thtis/(a;, y) is a;*o(^^uou8. 

Similarly, since /(*, y) = {7—y)fy{x, y)+(r-y)0(j») 

and/y(a;, y) is bounded, therefore /(x, y) is j^-oontinnous. Hence 
/(«, y) is continuous. 

15.43. The deflnitioiu 15.3 and 15.4 are equivalent 

16.4 implies 15.3 because 16.4 implies f{x, y) is continuous (by 
16.42) and we may take T — yia 15.4. ihirtheimore 15.3 impUes 
15.4; for if/(a;, y) is continuous and 

then by 16.31 fjps, y) is continuous, and therefore 

=/*(». y)+o(p)+o(p) 

=/*(«. y)+o(p-i) 

provided only Y —y = 0(r) for an r depending on p alone. 

Similarly. = 4(*, y)+0(p-l). 

x—y 

which proves that 15.4 follows from 15.3. 

15.44. Repeated differentiation 

If the X- and ^-derivatives of /(x, y) are themselves differentiable 
functions, /(x, y) is said to be differentiable twice. The x-deriva- 
tives of/*(x, y) and/,(x, y) are denoted hyfj^x, y) and/^(x, y) 
respectively, and the y-derivatives by/^(x, y) aad/yy(x, y) respec- 
tively. In the ‘5’ notation the x-derivatives of and ^ axe 

QX oy 

written ^ and ^ ^ respectively, and the y-derivatives are written 

(M 0tf 

H all the second derivatives are differentiable we obtain the 
third derivatives 

M>d m>0, n>0, 

and KiMm tiuwe tiie fourth derivatives axe formed, and so oau ^ 
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Hie foiidaaxiental theoiem of this section is that the ordet of 

diffenntiation is immaterial, i.e. for any m, n, 

and this is an immediate consequence of 

15.45. If fx(Xt y) and l^(x, y) are differentiable, then U, ^ f,s. 

Let ^(a?) denote /(x, y+h)—f{x, y) and ^(y) denote 
f(x+h, y)-f(x, y). 

Thmi Bmoe/(x, y) is a-differentiable twice, ^'(x) and ^"(x) exist and 
since /(a, y) is y-differentiable twice, ^'(y) and ^"(y) exist. Hence 
ifA<=0(9) 

^(x+A)-^(x) = (*)+|j{^»+0(y)} 


and ^(y+A)-^(y) = A^'(y)+|-Jr(y)+0(y)}. 

But f(x) =/,(«, y+A)—/Jx, y) = *{/*„(«, y)+0(p)}, since/, is 
y-diffnentiable, and ^'(at) = /„(x, y+A)— /*»(*, y) — 0(p), since 
/„ is continuous, provided |A| is small enough. 

Hus 4(*+A)“^(*) = A*{/,„+0(p-l)}. 

Similarly i^(y+A)-^(y) = A*{4,+0(p-l)}. 

But 


^(z-i-A)-^(x) 

= {/(x+h. y+A)-/(x+A, y)}-{f(x, y+A)-/(x, y)} 

= {/(x+A, y+A)-/(x, y+A)}-{/(x+A, y)-/(x, y)} 

= ^(y+A)-0(y), 

and tiier^ore /,y — /ys+0(p— 2); since this is true for any p it 
follows tiiat/,y —fyat’ 

The equality of and /y, may also be established by the 
mean-value theorem. 

D«K)tang/(x, y+i)-/(*, y) by ^(*) and/(x+A, y)-f(x, y) hy 
ip(p) we have 

^x+A)^m 

« A{Ux+0A, y+i)-./,(*+yA, y)} 

AJi{fgg{x+8A, y)H-0(p)}, since/, is y<difi^»ntiable, 

M M(/,y(x, y}+0(p)}, . since /,y is continuous. 
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Similady ^(y+*)-^(y) =» Mc{f^ix, y)4-0(i»)}; 

but ^ 

4(x+h)—4{z) «/(*+*• y+^)—fix+h, y)-f{x, y+k)+f{x, y) 

= iA(y+*)-0(y) 

aud therefore /*„(*, y) =fyjix, y). 

15.46. The definitions and theorems in §§ 1&-15.45 readily extend 
to functions of three or more variables. For instance a function 
f(x, y, z) is x-continuous in an interval I if 

/(X, y, z)—f{x, y, z) == 0{p) 

for any (x, y, z) and (X, y, z) in J such that X— x ss 0 ( 9 ), and 
f{x, y, z) is x-differentiable in 7 if it is x-continuous in 7 and if 
there is a function ^(x, y, z) such that (for different X, x) 

-^(x. y, z) = 0 ( 3 )) 

for any (x, y, z), (X, y, z) in 7 such that X—x — 0 ( 9 ). Of course 
f(x, y, z) has ^ee doivatives/^, Uf, and exactly as in 16.46 we 
can show that *= /y* and f„ = f„, etc. 

15.5. If/(x, y) is differentiable and if x(t) and y{t) are differentiable 
functions of t then 

df(x,y) _ W dx 0 f dy 
dt “dx dt'^dy dt* 

where the variables in and ^ are supposed replaced by the 
• 0 X oy 

functicms x(f) and y(f) after differentiation, and in df{x, y)/dt before 
diffmentiation. 

Proqf. Denote x{t), y{t) by x, y and x{T), y{T) by X, Y reqieo* 
tircdy. Then 

mn y{T))^mt), y(*)) «/(X, r)-/(x, y) 

« (X-xK/,(*. y)+ 0 (f>)}+(r-y){ 4 (x. y)+ 0 ( 3 ))}. by 16.85. 

provided X—x, T—y 0 (g). 

But x(f) and y{t) are differentiable and so 

T— I r— « 
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aad 


Izy _ _ ^4. Of®) 

T-t~ T-t ~ 


provided T~t = 0(r). Since dxjdi and dyjdJt are continuous, they 
are bounded, and so we may choose r so that when T—t =s 0(f), 
then X—x, Y—y — 0(g). Hence when T—t = 0(r), we have 


S{«!{T),y{T))-f{x(t),y{t)) (dx. dy-\ 

= (/.+A+|+|)ow+o(2p-i). 


But /j, fy, dxjdt, dy/dt being continuous, are bounded, and so 


>(„. MO) = = p,+p,. 


which proves 16.6. 


15.51. By means of 16.6 we can readily form the second, third, and 
so on, derivatives of /(», y) with respect to t, provided that/(a!, y), 
x(t), and y(t) are differentiable sufficiently often. For instance 


d®/ _ d ldf \ _ d fdf ^ 8f 

(ft* ~ (ft \(i</ dt \dx dt dy dl) 

— ^ I I dxd(df\ dy diBf). 

~ dxdfi~^dy dfi dt dt\dxj dt dt\dyj 


Since formula 16.6 is true for any differentiable function f(x, y] 
we may take for f{x, y) the differentiable function dfjdx, whence 


— ^ da; g*/ dy 

dt\8xj 6x* dt 8x8y dt * 


and similarly 
Thus 


^ {^s\ _ 

<ft\%j dxdy dl ^ dy^lA' 


dt“ ”” dx*\dt/ "^'^dxdy dt dt"^0y*\dt/ "^0x dt*'^0y dt*' 


This formula may be abbreviated by writing 

the Kt of term „ ^.t i„ 

expanding the binomial j— treat the operators 
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djdx, Bjdy like variables. The formula becomes 

(ft* ~ \<ft 0aj~^(ft dyj^'^dx (ft* "^By (ft*’ 
Differentiating again we find 

dPf _ d _5 % ^Udz _0 dy d \*, 

(ii* ~ dt\dt^j ~ \dt dx dt dy)\di dx"^ dt By]^'^ 

dhildx B ■ (iy 0\0/ . d^ldx B dy SW , 
'^(ft*\(ft 0* (ft ^/0»'^(i<*\(ft 0a:~^(ft ByjBy' 

Bf d^ Bfd^y 
■^0* (ft* (ft* ’ 

whence 

d*f /dx a dy d\*- a*f d*xdx 0*f /d®xdy d*ydx\ 
dt* \dt ax'^dt dy} ■^0x*dt* dt ‘’‘axay^dt* dt "^dt* dtj'^ 

■•■ay* dt* dt "^ax dt* ■^ay dt*’ 

and so on. 


15.52. The formulae of 15.51 readily extend to functions of three 
or more variables. For instance 


15.521. 
and 

15.522. 


If(xvz) 

Bxdt^Bydt^Bzdt 

d^f _ /^_£_ I ^ ^ I ^ — \*f4- 

(ft* ” \(ft 0a; dt By dt Bz) ^ 


^ d^y Bfdh 
"^Bx (ft* "^By dt^ *^0* (ft** 


If x,y,z axe functions, not of a single variable t but of, say, two 
variables u, v, then instead of 15.521 we have the pair of equations 


Bu Bx Bu^ By Bu^ Bz Bu' 
Bv Bx 8v~^By Bv~' Bz Bv' 


15.53. In particular, if tt = x, v = y, then 

\dx)y dx^dzdx* \0y/, dy'^dzdy' 
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where we have written (df/dx), to denote the x-deiivative of 
f(x, y, %) when y is constant W z varies with x, and df/dx 
denotes as usual the x-derivative of f(x, y, z) when both y 
and z*are constant, etc. The distinotion is made in this way 
beosuse if we sought to make it by writing dfjdx for (dfldx)^ we 
should be liable to confuse the ^-derivative off(x, y, z), when y 
is constant and z varies with x, with the x-derivative of f(x, y, z), 
when both y and z vary with x. To make quite clear which of the 
variables are constant under differentiation it is sometimes neces- 
sary to place all such variables explicitly beside the sign of 
differentiation, e.g. we may denote the x-derivative of/(x, y, z, u, v), 
when y, z are constant but u, v vary with x, by (dfldx)yj,. There 
are also other contexts in which it is desirable to make explicit 
what variables are constant during a differentiation. Consider, 
fat instance, the relation between cartesian and polar coordinates 

x = rcoa$, y = rsin9. 

3x 

If we regard x as a function of r and 0 then ^ = — rsin^, but if 
we regard x as a function of y and 0, i.e. x = y cot 0, then 

^ = — ycosec*^ = — r/sind. 


These derivatives are adequately distinguished by writing (dxjdd), 
for the ^-derivative of x formed by keeping r constant, and (8x/80)y 

= — rsintf, 

ss — r/sin 0. Of course the subscript notation is unnecessary 

all the variables of the function differentiated are made apparuut. 
The distinotion we made between {0fldx)y and dfjdx could be made 

by writiiig y, *(«, y)} for the former and ^f{x, y, z) for the 
OX ox 

latter, and similarly the distinction between and is 

equally well made by writing ■^x{0, r) and -^xiO, y) for the d-d&A- 

00 do 

vatives formed keeping r constant and y constant respeotivdly. 


for the ^-derivative of x keeping y constant; thus 
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15.54. If u and v am differentiable functions of x and y, tiien 


to — 1 

Sxdu"^ dy du~’ ’ 

to to to^ _ . 
to dv~^dy to ~ ’ 


to to to^ _ ^ 
to du~'dy to ^ 

to to to^ _ Q 
to dv"* dy to ~ 


Let « «/(», y), V s= g(x, y), and consider these equations as 
expressing x and y as functions of u and v; then differentiating 
-with respect to tt we hare 


to to'^^to 


and 0 


and differentiating with respect to v, 

^to and 1 

dxBv^dydv 


^ to 

to du'^dy 8u* 
to to”^^ to’ 


writing u forfix, y) and v for g{x, y) we obtain the formulae stated. 
Of course to/to, to/to here stand for the u- and v-derivatiTes of x 
r^arded as a function of u and v whereas dujdx, to/to stand for 
the ^-derivatives of u and v regarded as functions of x and y. 

The technique by which these formulae were obtained is even more 
important than the formulae themsdves. 


15.55. When x and y are linear functions of t the formulae of 
§ 15.51 take on a specially simple form. Forifx = a+ht,y = b+H 

then —-zsh,-f 2 — h and all higher derivatives of x and y are zero,* 
05 at 

so that 



and so on, where, on the right-hand side of each equation, x and 
y are replaced by a-fht and 5-fibt respectively, after differentiarion. 

(d 5\« 

/(», y) ym 

replace x and y by a+Ai and 6-f Ai after differentiation and Aen 
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take < = 0, the result is just that of replacing x and ^ by a and b 
respectively c^er differentiation; but if for some r and s 


thmi 


y) 

dsfdy* 
y+ */(g. b) 
darW 


■■ y) 
i>{a, b). 


( d 

A— j /(*, y) by a 

( d 0 \“ 

A— +i^j /(«, 6). Hence 

15.56. [^f(a+ht. 6+A<)] = |Ai +A^)V(a. 6), 

where [d’y/d/“l=o denotes the value of d^/df^ when t is replacec 
1^ zero after differentiation. 

Formula 16.66 is in fact a particular case of the more g^era 
result, that if * = a+ht, y = b+kt then 


15.57 
For 

da 
and 

and therefore 


since — — — 

dxda'^dyda dx da'"^- 

dxdb^dudb dh 




and if for some p. 



then 





] 
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a.ir%#9 ark 

for any n, which prorte 16.S7. 


19.6. Taylor’s theorem 

y) is differentiable n times in the rectangle 

{a, 0+AX6. b+k) 

then there is a 0 in [0, 1] such that 
fiU+h, b+k) ^fia, 6)+(Al+fcij/(o. 6)+ 

Let <^{t) = /(a+ht, b-\-kt), then ^{t) is differentiable n times (md 
so by Maclaurin’s theorem there is a 0 in [0, 1] such that 


^(1) = ^(0)+f (0)+^^'(0)+...- 




whence by 15.56 and 15.57 (taking t = 6) the result follows. 

Exactly the same proof applies to a function of any number of 
variables. 


15.7. A function of any number of variables /(«, y, z,...) is said to 
be homogeneous of order m if for any x, y, z,..., and any f, 

y^t ri*.".) — y» r....). 

15.71. Euler’s theorem 

If/( 2 !, y, z,...) is a homogeneous differentiable function of order 
m, then 

= »»(»»— l)(m--2)...(m—n+l)/(a:, y, s,...). 
Let V <=s xf, V as yt, to a,... so that «, v, to,... are linear funo- 

faoos of t with ^ ^ y» ^ »>•••• 
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8SaMf{», y, is homogeneous, 

y(®» ®» t®,...) y, 2,...), 
and so differentiating n times inth respect to t, 

= TO{m— n+l)<’"-"/(®. y> *»•••)• 
This is true for any t', taking f = 1 it follows from 16.66 (since 
«, V, w,... take the values x, y, z,... when < = 1) that 

In particular, taking » — 1, 

and, if m is a positive int^er, taking n — m+l, 

( 0 0 \”»+l 

/(*> *-•) = <>• 

15.8. If u(x, y) and v(x, y) are differentiable functions then the 
determinant ^ ^ 

dx dy 

Bv dv 
8x By , 

is called the Jacobian of the functions u, v. We denote the Jacobian 

y) 

The definition readily extends to any numbw of functions, e.g. 
tiie Jacobian of u{z, y, z), v{x, y, z), to{x, y, z) is 

Bv, ^ du 
Bx ^ Bz 

Bv Bv Bv 
Bx By ^ 

Bw Bw 8w 
Bx By 8z , 

Ab our notation has anticipated the Jacobian plays a role for sets 


8{u, V, w)(B{x, y, z) 
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of Amctioiu Tory similar to that played by tbe derivatiye for a 
dngle fiinotion. The following theorems show how close this 
analogy is. 

15.81. If fi{x, y), /,(«, y), u{x, y), and v(«, y) are differentiable 
functions then 

0(a?, y) ~ Biu. ^ Blx. y\ 


g(/l./«) V g(». *>) 
d(u,v) B{x,y) 


DIUUO 


du dv dx By 

% ^ :??’£» 
i 

• I V I 

BUt Bv Bf-^ BtL Bfi^ Bv 

Bu Bx Bv Bx Bu By Bv By 

Bu Bx Bv Bx Bu Bu Bv Btt 

Ml Mx I _ 

Bx By I Bix. V 

Ml ^ 

Bi 


Mi = Mi^+MiM. Mi^Mz^^MtM. f = i2. 

Bx BuBx'BvBx' By BuBy'BvBy’ ’ 

The same argument establishes the analogous formula for any 
number of functions. 


m.kl. InvAralnti nf n fiinrHnnal ratatinn 

Tf •# 9S9 9£ an [ 

interval J as (a;,, Xi'Hth> ^ 

* =* i(3f, «» w) such that/{^(y, «, «), a, »} =* y for all a, v, y. 

BylS.24./^,,,.,)i.ot«.nrtsrtrignta/. Saspo»th.t| >0 

in I ; then/(«, «, o) is steadily increasing with x and so if x, < x < x^, 
/(x, «, v) Ues between /(X 0 , «, v) and/(xj, «, v). But/(x, «, e) is 
contiuttous and therefore /(x, «, v) takes each value between 
/(*•> Wi v) and/(%, «, v) once and once only; time to any given 


I- -I > a > 0 for all {x, u, v) in som 
Icxj 

Kva, V,) then we can determine a function 
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«, V in («o, *'i) y between /(«o, «, v) mdf(Xi, u, v) iJiere 

oonesponds a unique x, which we denote by *tt, e). By 
definiticai «, v) satisfies/[^(y, u, e), u,v}s=y for all u, v, and y. 
Furthermore, if f{x, it, ») ie differenUe^le then f>{y, u, v) is differen- 
tiaUe. 

For if y = f{x, u, v) and f{x-\-h, u-\-p, v+q) = y+&, then by 
Taylor’s theorem, 

Denoting/jj(«4-®A. v-\-6q) for brevity hyfj,{6), and similarly 

for the It- and v-deiivatiTes, we have 

h = {k-pm-qfMim. (i) 

Since /«, /«, f„ are bounded this shows that h is small when p, q, 
and k are small, and so a; is a continuous function of y, it, v. 

Taking = g = 0 in (i) we have h/k = l/fjfi) -*■ llfx(x, it, v) as 
k-rO, since when k~rO, h-rO and so x+Bh -> x. (Observe that 
the condition 1/^1 > a > 0 is required to justify this step; see 
13.651, example iv). Similarly, taking k = p = 0, 

hiq = -mim-^-fju 

and taking k — q — 0, 

hiP==^-mim-^-fjfz. 

BO that « is a differentiable function of y, it, v with y-, it-, and 
u-derivatives 1//*, — /J/*, and — /J/* respectively. 

Obsm'6 that once we know that ar is a differentiable function 
of y, It, V then the values of the derivatives can be obtained from 
the fimnulae 15.63. 

Votf(x, ft, v)— y is constarUty zero for all it, v, y and x — ^(it, v, y) 
and so 

», e)-y) = ». »)-»} -= ^{/(*, », Kj-y} = 0, 


15+1 = 0 . 11+1 = 0 , 

^ Bas Bf) Bf) 


Bx Btj 


* 0 , 
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whence 

&a duj dx* dv dvj dx* dy / dx 
as above. 


15.83. Ifx — f{u, V, t) and y = g{u, v, t) are differentiable functions 
in some interval B and if 


S(f,9) 


> a > 0 in J2, 


d(u , ») 

then we can determine differentiable functions u = F{x, y, t), 
V = 0{x, y, t) such that 

f{F{x, y, t), G(x, y, t), t} = x and g{F{x, y, t), Q{x, y, t), t} = y 

for all X, y, t, such that (u, v, t) lies in B. 

Suppose that, at a given point u, v, t. 


<f>{u, V, t) is the greatest of the four numbers 
and let a = 8)3*, /3 > 0, then 

\df dg df dg ^ 


df 


du 




dudv dv du 


and so ^ ^ 2)8. Thus at each point of B one at least of the functions 
|0//3tt|, \df/dv\, \dgldu\, \dgfdv\ exceeds 2)5, and therefore by 16.25 
we can divide B into a finite number of sub-intervals in each of 
which one of the functions (at least) exceeds )3 throughout the 
sub-interval. Let p be one of the sub-intervals and suppose that 
|0//du| is the function which exceeds )3 throughout p. Thmi by 
16.82 we can determine, in p, a, differentiable function u « ^(v, x, t) 
such that X = x, t), v, for all v, t, x. We prove next that 
the equation y = g{^(v, x, t), v, t) can be solved for v, determining 
V as a function of x, y, t, and hence from it ^(v, x, t), u is deter- 
mined as a function of x, y, t. Let g{^{v, x, t), v, t} = ^(v, x, t), 

^ = m 

dv dudv'^dv' 


but /(it, v, t)—x is constantly zero for all v, x and it 
and so, differentiating with respect to v, 


Sf 






^(», a?, 0» 


tis\ 
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MultiidjiDg (i) by pfjBu and (ii) by dgjdu, and sabtraoting, we bare 


dU dv ' 


a(«, v) 


and so 


12 


I8t 


But dfjdu is oontinaoiis, and so |d//du| is bounded, by M say, and 
therefore \d^/dv\ > a/Jf, whence, by 16.82, v is determined as a 
lunotion of x, y, (. 

Sinoe « and v are functions of a;, y, I in each sub-interval p, 
therefore u and v are functions of x, y, t throughout B. Denote 
these functions by » = F{x, y, t), v — Q(x, y, t)\ F and 0 satisfy 

f{F(x, y, t), 0{x, y, f), f} == x, 
g{F{x, y, t), G(x, y, t), <} = y 


for aU X, y, t, by definition. 

It remains to show that u = F{x, y, t) and v — 0{x, y, t) are 
differentiable. 

Sinoe /(«, v, t) and g{u, v, t) are differentiable, if 
x-\~h=f{u+p,v+q,t-\-T) and y+k — g{u+p,v-{-q,t-\-r), 


then by Taylor’s theorem 

/ 8 8 8 \ 

Hultiplying the first equation by and the second by 

dv dv 

and subtraetmg, it follows that 

MOt) *.W) 

i Jm)W) aM)gy(M 

^ I a* 8v dv 8f )* ' ' 

Since 


du dv dv dv. dudv dvdu 


aa p, ?, T-^-O 
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therefore when ram saffioientily small, 


w) w : ^ 

I St* dv dv du I ' ~ ' 
furthermore 9f/du, Sfldv, dgjdu, dgjBv being oontmuous, are 
bounded, and so equation (iii) shows that when ib, r ->• 0 then 
neoessaiily p-*-0, which proves that t* is a eontinmtia function 
of X, y, t. Similarly v is a continuous function of x, y, 

Taking in turn A: = t = 0, A — r = 0, and A = ik = 0 in equa* 
tion (iii) we have 


= M //ffi) ^ ^ mg) 

^ 8v I \ du dv dv du f dvj d{v, o) 


dv du 


I dv/d(v,' 


as h- 


(since h -*■ Oentailsp -> Oandg -> Osothatu+^ij} -► -► »i 

etc.), and 

r>lk = /f W)ag(g,) 8f(e,)8g(d,) \ dffd{f,g) 

^ dv I \ du dv dv du I dvf d{u, v) 

as k~*-0, 


dv du 


m9x)^mimh)dg{e^) sm)w\ 


du dv 


dv du 


which proves that t* is a differentiable function of x, y, t. 
Similarly t> is a differentiable function of x, y, t. 

Once we have established that u and v are differentiable func- 
tions the derivatives are given by 15.63. 

For instance, since /(it, v, t)—x and p(it, v, t)—y are constantly 
zero for all x, t and it =» F(x, y, t), v = 0(x, y, t), therefore 

£U. SLm I SU* * Aa# Aw * Aat Aw * 


whmioe 


Av fkil A/*/ 


as above, and so on. 

15.84. If x *=/(», V, w, <), y = g{u, v, to, t), * =* A(it, v, to, t) are 

differentiiililA liinotions in infAFVA.1 R atiH if 

> « > 0 in B, 
d(u,v,io)l'^ 
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we ean determine differentiable fonotions « = F(x, jr, <)> 
e«=0(a!, y, t), to — H(x, y, t) satisfying x=f(F, O, H, t), 
y 5=3 g{F, 0, H, t), z = h(F, 0, H, t) for all values of x, y, t such 
that (v, V, w, t) lies in B. 

Let J„, be the co-factors of the determinant 

cu dv ow 

:j 80 that 

S(«, V, w) 


j r I j 


Let if be a bound of all the derivatives 


«/ 0/ 


bh, ,, 

, then smce 

&w 


V/J. MTU WUV/ VaVJ. Jk T «U WX V V/O • — ••••• « 1/**W** 

du dv dw 

{if I > at > 0, at each point of B one of the numbers jJul, ji^j. |<i^| 
exceeds aJM, and so by 16.25 we can divide B into a finite number 
of sub-intervals in each of which at least one of | J„|, |i7„[, |J^| 
exceeds a/2if throughout the sub-interval. Lot p be one of the 
sub-intervals, and suppose that | > a(/2if in p. Then by 15.83 

we can determine v and w as functions ^{u, y, t), 0(u, z, {); inserting 
these values of v and w in a; =f(u, v, w, t) we obtain an equation 
of the form x — X(u, y, z, t). We show next that this equation 
can be solved for a, whence u, v, w ate determined as fonotions 
of X, y, z, t. 


We have 


Itt 8u~^ 8v du"^ dw du* 
0 = 

du dv du dw du* 

Q dh dh d^ , dh difi 

du"* dv du' dw du* 


whence 


d(f,g,h) ^ dX d{g,h) ^ d^j 
d{u, V, w) du d{v, w) du 


But a}2M < |7h| < 2if’ and so jdX/duj > al2M*, firom which it 
fc^WB iliat the equation x — X{u, y, z, t) can be solved for u, and 
therefore u,v,toaxe determined as fonotions of x, y, z, t‘, the proof 
that tihesefonctdons are differentiable proceeds exactly as in 16.83. 
Furthermore, Theorem 15.84 can be extended step by st^ to any 
nnmbtt of fonotions, the proof in each case following that of 15.84 
emetiy. 



PABTIAL DlFFSREiKTtATION 283 

15.85. The solution of an equation in the neighbourhood of 
a given point 

If f{z, u, v) is a differentiable function in B, f{fl, I, m) » 0, 
where the point (a, m) lies in B and \fg(a, I, m)\> 0, then we 
can determine a differentiable function x = v) satisfying 
/{^(u, v), «, v) = 0 at all points {u, v) near (I, m) and such that 
m) s a. 

Let/j,(a, I, m) = 2S, and suppose that S > 0. Since u, v) is 
continuous we can determine an interval p such that at all points 
of p, !/»(*, u, »)— /»(o, I, m)\ < S, and therefore u, v) > S. 
Accordingly /(a;, u, v) is increasing in x and so, if x < a <X, then 

/(X, I, m) <f(a, I, m) <f(X, I, m); 
but /(a, l,m) = 0 and so 

/(x, I, m) <0 <f(X, I, m). 

Since /(x, «, v) is continuous and/(x, I, m) < 0,f{X, I, m) > 0, 
then, for any u, v sufficiently dote to {I, m), f{x, u, v) < 0 uxd 
f(X, u, v) > 0. Let <r be an interval in which these inequalities 
hold. Then for each given pair {u, v) in a, the continuous steadily 
increasing fimotion/(x, u, v) vanishes for one and only one value 
of x; denote this value of x by ^{u, v). Then v), «, «} « 0 

for any «, v in v, and, moreover, since there is only one value of x 
for which /(x, I, m) = 0, and /{a, I, m) = 0, therefore ^(1, m) = a. 

Since /(x, «, v) is differentiable, if f{a+h, l+p, m+q) — 0 then 
by Taylor’s theorem 

0 =f(a+h, l+p, m+q)—f(a, I, m) 

= m+0q) 

\ (/•& Wf 

x.e. A/»(®)+p/uW+g/*(«) = u, 

whenoe the &ot that x is a differentiable function follows as in 

16 . 82 . 

15.86. If any number of functions 

/(*> y. w.-). g(». y. w.-). 

6(x,y,*,...,«,v,w,...), ... 
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am all difierentiable in B, and if at tke point 
in B 

/(». c,..., I, m, n,...) ** g{a, b, c I, m, »,.••) 

= h{a,b,e,...,l,m,n) = ... = 0 


and 


d(x,y,z,~.) 


^ 0 , 


th«i we can determine differentiable functions 


X ~ jP («, y = 0{u,v,w,...), 
sudi that 

a = F(l,m,n,..,), b = 0{l,m,n,...), 

and 


z — ... 

c — ... 


f{F,0,H,...,u,v,w,...) = g{F,Q,H,...,v,v,w,...) 

= h(F,0,H,...,u,v,w,...) = ... = 0 

at all points u, v, vo,... near I, m, n 

The theorem is proved if we can show that its truth for n+1 
junctions follows from that for n functions. For simplicity in 
notation we shall illustrate this step by proving the extension 
from two to three functions. 


l^t 


the co-factors determinant 

dz oy dz 


'xf 


— J, Then J =f~ Jx+fu *4: s™®® 1® non-zero at 

B{x,y,z) » if. » 

(a, b, e, I, m , »), it follow that at this point at least one of the oo- 

&otor8 is non-zero. Suppose that this cofactor is Then|^^ ^ 0 

and so (assuming the truth of 16.86 for the case of two functions) 
we can determine functions y = ^(x, u, v, to), z = ^{x, u, v, to) which 
take the values b and c at the point (a, I, m, n) and which satisfy 
g{x,^,^,u,v,tD) = h{x,^,t^,u,v,w) ss Oat all points near (a, 2, m,n). 
It remains to determine x as a function of u, v, to which will satisfy 


/(x, tt, v,tD) = 0 at all points u, v, to near (2, m, n). 
Write /(x, u, v, to) = X(x, u, v, to). 

Then X{a, I, m, n) = f{a, b, c, I, m, »} « 0 
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but 0 = — 4-— 

dx~ by bx~ bzbx 

and 

' bur bybx^ bzbx 
■ bX b{3,h) ^ b(S,g,\) 

bat b{y,z) d{x,y,z)’ 

Since neither nor vanishes at {a, b, c, I, m, n), there- 

%,*) S{x,y,z) 

fore bXIbx is non-zero at this point, and so by 16.86 we can deter* 
mine a function x — F{u, v, w) which takes the value a at the 
point (I, m, n) and which satisfies 

X{F, u, v,w)t=0 at all points {u, v, w) near (1, tn, n). 

Thus we have determined x, y, z as functions of «, v, ic in the 
neighbourhood of {I, tn, n) and if we denote these functions by 
F, O, H respectively, then by definition 

f{F, O, H, u, V, w) — g{F, 0, H, u, v, w) = h{F, O, H, u, v, tp) = 0 

for all u, V, w near I, tn, n and F, 0, H take the values a, h, e at 
the point {I, m, n). 

The proof that F, 0, and H are differentiable proceeds exactly 
as in Theorem 16.83. 


15.87. If « = «(*, y, z), V — v{x, y, z), w = w{x, y, z) are differen- 

fiinof.irtnB in on iniAmrol J? onri if 


Fihi f) fj?) 


— . i 


«{*. y, */ 

for all points of R, then there is a fimctional relation between «, 
V, and w which does not contain x, y, or z. 

(This theorem is true for any number of functions.) 

Proof. The following possibilities must be distinguished; 

(a) all the Jacobians vanish at dl 

%.*) «(*.*) 

points of i2; 

(p) at least one of these Jacobians is non-zero somewhere in B. 
(«} may be further divided into two oases: 

(oti) allthederivativeB^,^ ^vanish throQ|^oat£i 

(oti) atleastoneofthesederivativesisnon-zerosomewheieini;. 
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Consider (fi) first. Suppose , — 28 > 0 at a point 


(a, 6, c) in JB; then beoattse ^ oontinnous there is some 

inteiral p oontainmg (a, b, c) throughout which >■ 8. 


Hence by 16.83 we can determine y and z as fimctions ^(x, v, to) 
and 0(x, V, io) satisfying v(x, 0) = v and w(x, = for all 
X, V, w corresponding to points in p. We shall show that the 
functional relation u = u{x, is independent of x and is 


therefore a relation between u, v, w alone; this is ensured if the 
x-derivative of u{x, is zero, i.e. if A = 0, where 


Now 


^ du 8u 8<^ du d>l> 
~ Sx*^ dy dx"^ dz fix’ 
8v 8v8<l> 8v^ _ Q 

dx'^dy dx~^ dz dx ~ 


\ 


and 


dw dw ^ ^ _ 0 
dx'dydx~'dzdx~ ’ 


and therefore 


d(u, V, w) _ y d{v, w ) 

2(*. y, *) ~ %.*) 


Since ffi’— ^ = 0 throughout p and ^ > 8 throughout p, 
^{x,y,z) ® |0(jr,z) 

therefore A = 0 throughout p and there is a functional relation 

between », v, w for all values of u, v, tv corresponding to points in p. 

In case (%), u, v, and w are mere constants and so we can 
establish innumerable functional relations between them. 

Tha(e remains to consider case («(). 

Let dujdx be the derivative which has a non-zm^ value some* 
where in S; then since dujdx is continuous there is some intervd a 
throughout which |6u/dx| > « > 0. Hence by 15.82 we can deter* 
mine x as a function x(y> u) satisfying u — u(x« y, z). 

We shall show next that the relations v — v{x, y, z) ^ F(y» z, «), 
say, and to — io(x, y, z) = W(y, z, u) are both independent of y 
and z so that u, v, and to ace connected by the relations 
V = r(«), 10 — W{u). 
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A*1 A«!H A/i>k» Ai\ * 


^ ' dV 

— ! > .a> we have ^ s 0 throughout e. Similarly 


0F air air 


dxdx 
whiok completes the proof. 


= 0 and so V and If are independent of y and z. 


Example. Let a function t{») be defined by the int^pral 

X 

i(x) = j Y~ du, so that <(0) = 0, t'(x) = 


then 


<(«)+%) = ^(«+y)/{i-*y)], ay < 1. 


Foriftt = t(x)+i(y),v = <[(*+!/)/( l—*y)] then vis dififerentiabk 

in f.liA rAcrinn .ri/ 1 nr t.fiA rAinnn fw/ ^ 1 a-tiH 




m 


1 

1 _L./v 


1 [_l ■ (a;+y)yl 

a* i+[(®+yj*/(i— »y)*3li— (1— *yn 

- <1 - ixs’ ■ 

and 

1 1 

1+** 1+ I 

j j 1 for all X and f/,xy=^ 

l+«* l+4f I 

so that by 15.86 there is a fiinotional relation between v, v, say 
tt » ^(v), in either of the regions *y < 1, »y > 1, and so 

^t{(!»-t~y)/(l—xy)}] =s !(»)+%) for all *, y provided # 1. 

Tdke y «» 0, which lies in the region xy < 1, then <(«) = ^(<{a;)) far 
all X, and therefore 

#({*+y)/(i-“a)y)}] = t{(^+y)/(i-^)h *y < i# 
whenee <(*)+%) » i{(*+y)/(i— *y)}i ay < l. 


du 

du 


dx 

% 


dv 

av 


dx 

«y 
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15.88. Singular points 

By Taylor's tiieorem a repeatedly difiorentiable funotion/(«, j 
mAy be expanded in the form 

/(X, 7 ) *=/(», y)+{(X-*)/.+(r-sr)/,}+ 

+^{(^-»)y«+2{X-»)(7-y)/^+(7-y)y^}+...+B 

tdiere 




-*)|:+(r- 


■y) 


ey\ 


,)■/«.- 


■e)+x«, s(i-»)+r< 


!£/(«, y) — 0 then the curve /(X, 7 ) = 0 passes through the poii^ 
(as, y), and (X— *)/g 4 -( 7 — y)/„ = 0 is the equation of the tangouv 
At (*, y), provided /„ /„ are not both zero, since on the curve 


/(X. 7 ) 
dY 


dY 


0 we havefx+fr^ — 0 , so that at the point (x, y) we 

wJL 

have ^ = -/*//y when/„ ^ 0, and = -/,//, when/* 56 0. 

If /(x, y), /*, /y are all zero, then (x, y) is said to be a singvlar 
point on the curve, the type of singularity depending upon the 
terms of second degree in X— x, 7 — y. 

If jbi(X, 7 ) has a pair of factors (X— x)p,+( 7 — y)g,, r = 1, 2, 
the curve is said to have two branches at the singular point (x, y) 
and both the lines (X—x)p^+{T—y)q^ = 0 are tangents to 
/(X, 7 ) = 0 at the point (x, y). For differentiating with respect 
to X the identity == 0 we have 

(dl 


/xr+ 2/xr ^ +/rr ( 




0 , 


and taking X ^x,T — y this gives the equation 
. 2f '"’"-i.f 


'twi 


0 , 


^whieh by hypothesis has the solutions 

Pr+9r^^0, 


1 0 . 


t ring that both the lines 

{X-x)p,+{Y-y)q, = 0, r =* 1, 2 , 
tangents at (x, y). 
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If Zf, ss 0 has no linear factors then no point near (x, y), save 
(*, y) itself, lies on the curve. For writing X—x — h, Y—y = k 
we have 

/(X, Y) —f{x+h, y+k) 

At points near (*, y), but different from {x, y), one of h, k at least 
is not zero; suppose k ^0, and write r, at for the polar coordinates 
of the point (A, k). Then 


/(XF) 



r^f/ 


f 0 



( dx 

and so 


’ d 

cosa— • 


r-M) ^ ' 

^ dx 


( d 0 \® 

cosa — -{-sinct— ) / is not zero for 
ox oyf 

any value of at, and therefore f{X, Y) is not zero for aU sufficiently 
small values of r. Accordingly {x, y) is an isolated point on the 
curve. 


If Z, is a perfect square then the curve may have two branches 
at (x, y), with coincident tangents, or (x, y) may be an isolated 
point on the curve. A point where two tangents coincide is called 
a cusp. The two cases are illustrated in Examples (i) and (iv) below. 

If all the second derivatives and/,^ are also zero the type 
of singularity is determined by the terms of the third degree. In 
this case we may have one or three tangents (of which two or more 
may coincide) but {x, y) cannot now be an isolated point, unless 
all the third degree terms are absent, since a cubic polynomial 
has necessarily one linear factor. 


Examples, (i) The semi-cubical parabola y*— x* = 0 has a 
singular point at the origin; the siagularity is a cusp, the y-axis 
touching the curve at the origin. 

(ii) The folium of Descartes, x*-(-y*->3xy — 0, has a sing u l ar 
p(ffiit at the origin, the curve having two branches at the origin, 
the axes of coordinates both bdi^ tangents. 

(iii) The curve » o has an isolated singularity at 

the origin. 


V 
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(iv) The curve y*4-**— = 0 has an isolated singularity at 
the origin; for writing y = to* we have — 0, and so, 

either « = 0, or * = 1+lfi* > 1, which shows that x can take no 
value < 1, except 0. Moreover, if y = 0 then x = 0, and therefore 
the origin is an isolated point. 

15.9. Jff(x, y) is x-continuous in (a, 6), then for any given value 
of y, f{x, y) is a continuous function of a single variable x and 
therefore integrable in (a, 6); the vrdue of the integral, of course, 
depends upon y. 

15.91. If f(x, y) is differentiable in (a, b^c, d) then the fi|nc> 
tion ^ 

F(x, y) = J f(t, y) dt 

a 

is differentiable in (a, bXc, d) and 

X 

F*(x, y) = f(x, y), Fy(x, y) = J fy(t, y) dt. 

a 

Since /(x, y) is differentiable it is x-continuous and so F{x, y) is 
determined for any (x, y) in (a, b\c, d). 

Let Jlf be a bound of /(x, y) in (a, bXc, d)\ then 

X X 

F{X, Y)-F{x, y) = J /(t, 7) (ft - J y) dt 

a 

= / {/ft, D-Zft, y)} dt -f J/ft, Y) dt. 

a X 

Since/(x, y) is oontinuous/(t, Y)—f{t, y) — 0(p) for any ft, y), ft, Y) 
in (o, 6X®» Y—y — 0(y); hence if X—x = 0(p), 

Y—y — 0(y) then 

F(X, Y)-F(x, y) = (x-a)0(p)-j-if 0(p) = {(6-o)-f Jlf}0{p) 
so that F{x, y) is continuous. 

Furthermore 

X 

=f(c,y) 

by the mem-value theorem for integrals, where c lies betwemi x and 
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X (and here depends also upon y). Since f{x, y) is continuous, 
/(C. y)— /(«. y) — 0(3>) for any (x, y), (Z, y) in (a, 6Xc, d) such that 
X—x = 0(j), and therefore 

^^^J^-S(x. y) = 0(p), 

which proves that F(x, y) is x-differentiable with x-derivative 

/{*. y)' 

KnaJly, 

Y)—F{x, y) — j f{t, Y)dt — j fit, y) dt 

a 

= j{m Y)-fit,y)}dt 

a 

and so yJ = 

Y-y J r-y 


But/(x, y) is differentiable, and so 
•* y 

for all {t, y), (t, Y) in (o, 6Xc, d) such that Y~y — 0(}). 
Hence, if Y —y — 0(q), 


~ J y) * = J 0(P) * = (x-a)O(p) 

* = (6— o)0(p) 

2 

and so F(x, y) is also y-differentiable with derivative J /„(<, y) dt. 

a 

b 

In particular if Fiy) = J f{t, y) dt 


V 

then F(y) = J /„(<, y) dt. 

15.92. If fix, y) is differentiable in (a, 6X«. <*). yi. y» differen- 
tiable functions of y whose values lie in (a, b) when y lies in (c, d), 
and if v, 

^(y) = J/(<.y)*. 
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then ' 

9'(y) = jV*. y) dt H-^'^yr y)-^«y« y)- 

X 

Let F(z, y) - Jf(t, y) dt, then <^{y) = Fiy^, y)-F(yi, y). But 

a 

X 

y) =/(*» yh y) = J f»(f> y) therefore 


f (y) = K(yi> y)^+Pviyi> y)~^*(y\> yi^-^v^v y) 

=/(ya. y)^-fiyt> y)^+ J fy(t, y)dt-j fy{t, y) dt 



XVI 

MAXIMA AND MINIMA 

FREE AND RESTRICTED MAXIMUM AND MINIMUM VALUES 
OF FUNCTIONS OF SEVERAL VARIABLES. MAXIMIN AND 
MINIMAX VALUES. ENVELOPES OF FAMILIES OF PLANE 

CURVES 

16. The definition of a maximum or minimum value of a function 
of several variables is the same as that for a function of a single 
variable. The function /(x, y, z,...) is said to have a maximum at 
the point (a, b, c,...), or /(a, b, c,...) is said to be a maximum value 
off(x, y, z,...), if 

/(*, y, z,...) </(o, b, c,...) 

for all points (x, y, sufficiently near to (a, 6, c,...). 

Similarly, /(x, y, z,...) has a minimum value at (a, b, c,...) if 

/(x, y, z,...) >/(o, 6, c,...) 

for all points (x, y, z,...) sufficiently near to (a, b, c,...). 

Since the analysis is the same whatever the number of variables, 
we sliall confine our attention to functions of not more than three 
variables. 

16.1. If /(x, y, z) has a maximum at (a, b, c) and if x{t), y{t), z{t) 
is any continuous curve passing through (a, 6, c), so that x(f) = a, 
y(t) b, and z{t) = c when t — to, then the function 

= f{x{t), y{t), z(0} 

has a maximum at the point fg* Conversely, if ^{t) has a maximum 
at to for every continuous curve x{t), y{t), z(t) which passes through 
(a, b, c) then /(x, y, z) has a maximum at (a, 6, c). 

For if f is near to fg ^(0> ^(0 

respectively and therefore 

^(t) =/{x(<), y(t), z(t)} </{x(<g), y(to), z(to)} = ^(<g). 

16.11. Throughout 16.1 we may replace ’maximum’ by ‘mini- 
mum*, making the appropriate change in the inequality. 

16.2. The funotion/(x, y, z) has a maximum at (a, b, e) if 

/«(«. ft. c) = /d(«. ft. c) = />. ft, c) = 0 
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for any A, k, I (not all simultaneously zero). 

Let xif), y{t), z(f) be smy curve passing through (a, 6, c), the 
functions x{t), y{t), z(t) taking the values a, b, c at the point 
We suppose that/(a;, y, z) and x{t), y{t), z{t) are differentiable twice. 
Write /{«(<), y(t), z{f,)} = ^(t), then 4>{i) luis a maximum at if, at 
this point, dfjdi = 0 and d^jdfi < 0; but 

df da . dy . dz 
dt^^^dt^^^ dt^^‘dt 

and 


dt*~\ 


di dx 


^dtdy^dtdz) dfi (ft* (ft*’ 


\ 


and when t — x, y, and z take the values a, b, c. Therefore the 
condition dfjdt = 0 at <0 is equivalent to 
. dx . dy .dz 
•'“(if (ft (ft 


0 . 


This equation must be true for any curve x{t), y(t), z(t) passing 
through a, b, c, and so for any values of dxfdt, dyjdt, dzjdt (for if 
(fte/(ft, dyjdt, dzjdt have the values h, k, I at fg then we may take 
x(t) = o+A(f— <o), y(f) = 6+i:(f— <0),and3(f) = c+i(<—f0)); taking 
first dxjdt — 1, dyjdt = 0, dzjdt = 0 we find -- 0, and similarly 
/j = /^ = 0. Hence at the point fo 


(ft* 


{dx d , dy d dz 9\*.. . 

" \dt da'^ dt db"^ dt 8c) 


and since d^jdfi < 0 for all curves through (a, b, c) we have, 
writing h, k, I for dxjdt, dyjdt, dzjdt. 




for any h, k, I (not all simultaneously zero). 


16.21. In the same way we can show that/(a;, y, z) is a minimum 
rt(a,6.c)if t,=U=h = <> 

for aiSLh,k,l (not all sunultaneously zero). 
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E x am p l w . To find the maximum and miniwnm values of the 
fimotion 


We have 


so that 


y) — ax*-\-^hiXy+by*-\-2gx-\-2fy-\-e. 
~ 2(o®+^y"f'y) = 0| 

= 2(A«+6y+/) = 0 
X y 'I 


M-bg gh-af ~ ab-h^’ 

Furthermore, — 2a, <f>^=i 2h, = 26, and so, writing *' for 

dxjdt, etc., „ , 

|| = 2(a*'*+2W+%'*)- 


If o = 6 = 0, then there is neither a maximum nor minimum 
value since x'y' is positive when x\ y' have the same sign, and 
negative otherwise. 

If o 0, then 

^ = ?{{a*'+%')*+(a6- W*}. 


If ab—h^ < 0 then d^dt^ has opposite signs when y' — 0 and 
when aa'+hy' = 0; if ab—h^ = 0 then d^fdfi vanishes when 
ax'+hy' = 0. Hence <f> has neither a maximum nor minimum 
value when ab—K^ < 0. 

If ab—h^ > 0 then d^<f»ldt* has the same sign as a, vanishing 
only when x', y' vanish together, and so, when a > 0, tf>{x, y) has 
a minimum value, and when a < 0, ^(x, y) has a maximum value, 
at the point (x, y) given by equations (i). 

Observe that when ab—h* > 0 then a and 6 have the same sign ‘ 
(and neither is zero). 


16.3. The maximum and minimum values of a function when some 
of the variables are subject to certain restridions. 

It will sufiBce to consider a function /(x, y, u, v), where u and v 
are given in terms of x, y by the functional relations 

^ 1 % y , «, ») == 0 . y > «. ») = 0 - 

If the equations = 0, ^ — 0 were solved for u and v in terms 
of X and y we could replace u and v by their values in terms of x 
and y in the function f(x, y, u, v), and if ^(x, y) is the function so 
determined then the problem of determining the maximum and 
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minimam values o£f(x, y, u, v) is reduced to that, considered in 
16.2, of 4etennining the maxinaam and miniimim values of y) 
where z and y are independent. It may however be impossible or 
highly impracticable to solve the equations — 0, <= 0, in 

which case the maximum and minimum values of/(a;, y, u, v) are 
determined as follows. 


16.31. The function /(a;, y, u, v) has a maximum at a; = a, y = 6 
if for any curve z(t), y(t) passing through (a, 6} 


%~(i and 
dt 


dt> 


< 0 . 


Now 


df _ 8f dx Sf dy df du dfdv 
dt~ dx dt"^ dy dt^ du dt' dv dt* 


where dxjdt, dy/dt are arbitrary, but du/dt, dvjdt satisfy 

0 — ^ dx dFidy dF^ du dF^ dv 
dA ~ dx dt"^ By di 8u dt dt 

, A _ dx 8F^ dy dF^ du dF^ dv 

~ dt ~ dx di' dy dt^ du dt"^ dv dU’ 




(ii) 


(iii) 


The elimination of dujdt, dvjdt from equations (ii), (iii) and 
dfjd/t — 0 is most simply effected by introducing two new variables 
Ai, A( and adding the equation dfjdt = 0 to the sum of Aj times 
equation (ii) and A, times equation (iii), giving 

( dx d , dy d , du d , dv d\, . ... 

Let the variables Aj, A^ satisfy the two linear conditions 




dv 




dv 


0 , 


0 . 


•From (iv) and (y), (8) it follows that 


(r) 

( 8 ) 

(v) 
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Since dxfdi, d/yjdi may take any values we please, let -j- = 1, 

at 

^ = 0 and ^ = 0, ^ = 1 in turn and we find 
dt dt dt 




0 , 


(«) 




0 ) 


The four equations (a), ()3), (y), (8) express the condition ^ s=0. 

(U 


Observe that y, u, v) = Z+Aj Ji4-A2i^8 then the same equations 

(a), (/3), (y), (8) excess the condition ^ = 0 when x, y, u, and v are 

dt 

aU independent variahUa. 

Consider next the second derivative of/(x, y, u, v). We have 


dy _ fdx 8 dy 8 du 8 dv 0\* - , 
di^ ~\di8x lU 8y'^ dt 80^ dt dv) ^ 


and, for r = 1, 2, 


8fd^x 8fd^ 8fd*u 8f d*v 
'^8x dfi ' 8y dfi ^ 8u di^ 8v dt* 


d*Fr _ I 

eft* ” \di 8x'di 8y ' (ft 80^ dt 8v] ’’ 


8F,d*x 8Ffd^ 8Ffd*u 8FrCPv 
d? '^~8y m au dfi* 


whence adding the first equation to A^ times the second and A^ 
times the third equation, and utilizing equations (a), (/3), (y), 
and (8), 


(ft* 


^dx 8 dy 8 du 8 dv a\* 
\dt 8x‘^dt ay ' (ft au'^eft 8vj 


(/+ Aj J3^+ A* ^g). 


Thus if ^ denotes the function f+X^ Fj+XgF, then the condi- 
tions that f(x, y, u, v) has a maximum at (a, b), subject to 
the restrictions Fi(x, y, u, v) — F8(x, y, u, v) — 0, are just 
that the function 4^(x, y, u, v) has a maximum at x « a, 
y s b, without restriction on the variables. 

The values of A^ and Ag in the function O are determined by the 
equations (a) and (fi). To determine whether or not ^fdfi is of 
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constant sign it is generally necessary to eliminate dujdt and dvfdt 
by means of equations (ii) and (iii) above. 

ExaHFLBS. 1 ■ Tn dfttftrminft the Tn ayinnini anfl minimum values 
of a5*+y* subject to the condition 

Aa?-\-2Bxy-{-Cy^—H = 0 , AH > 0 . 

Write 0(ar, y) t= x*-\-y^+X{Aa^+2Bxy-\-Cy^—H) 
and /(«, y) = »*+y*. 


0® SO „ 

Then _ == _ = 0 if 
dx dy 

x-\-X{Ax-{-By) = 0, 
y-\-X{Bx+Cy) — 0. 

Multiplying the first equation by x, the second by y, and adding, \ 

/(*,y)+A£r = 0. (iii) 

Since H 0, x and y cannot be zero simultaneously, and so 
A # 0, and equating the value of xjy from (i) and (ii) we have 

= (1+A.4)(1+A0). (iv) 


Furthermore, along the curve x{t), y{t), 

f = 2{(l+A4)(|)‘+2Ais||+(I+AC)(|)’) 

= 2(l+A4)(§+j^|)’ lutagav). 

But x{t), y{t) satisfy Av^-^2Bxy-\-Cy* — H, and so, denoting 
(2x/(2t, dyjdt by x\ y' respectively we have 

x\Ax-\-By)+y'{Bx+Cy) — 0, 
whence from (i), (ii) xx'-\-yy' = 0. 

Hence by (i) again, (l+A^)^' — XBx' 

(ainoe a;, y are not both zero) and so 

x^+{\BI{l+XA)}y’ = *'{1-|-A*B>/(1+A4)*}. 

Therefore ^ 

Hence is of constant sign, the sign depending upon that of 

1+A4. 
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Write l+XA = ft then A = {fi—l)IA and so by (iv) /* satisfies 
1)* = A(i{A+C{fi—l)}, 

i.e. Q(ji) s (AC-B*)ii*+fi{A*-AC+2B‘)-B» = 0. 

* 

The discriminant of the quadratic equation is 

{A»-AC+2B»)*+^B»{AC~B») = A*{A-C)^+iA*B* 

and so the roots are real. The product of the roots is B*I{B*—AC) 
(provided JJ* # AC), and so if JS* < AC the roots are of opposite 
sign, and less than unity since Q{0) < 0, Q(l) > 0, and if > AC 
both the roots are positive but only one makes Ad < 0, and so 
AH < 0. K JS* = AC then the equation for n is linear and /li has 
the positive value 

Thus if jB* < AC (so that Ax^-^-2Bxy+Cy*—H = 0 is the 
equation of an ellipse) then has one maximum and one 

minimum value; if > riC (so that the equation represents a 
hyperbola) then x*+y^ has one minimum value; and if jB* = AC 
(when the equation represents a pair of lines) then a^+y'^ has one 
minimum value. These values o£f{x, y) — x*-\-y^ are given by 


B*p=(H-Af){H-Cf), 


obtained by eliminating A between (iii) and (iv). 

2. To find the maximum and minimum values of x*-\-y^-{-z* 
subject to the conditions *+y4-* = 1. aryz+l == 0- 
Write <!>(», y, z) — **+y®+g* 4 -Ai(*+y 4 - 2 — 1)+Ag(a^+1). 


Then|5 = 

8x 


8y 



2*+Ai+A,y2 = 0, (i) 

= Of (2) 

2*+AiH-A,ay = 0. (iii) 

Hence 2(x— y)— A,s(»--y) = 0 and so, either a: = y or Aj* = 2. 

If A, = 2/2 then Aj = — 2(a:+y) and so, from the third equation, 

2z— 2(a5+y)4-2a^/is =? 0. 


But x+y =* 1— ■* and xy = — 1 / 2 , and therefore 2z— 1— l/s* = 0, 
whence 22 *— s*— I = 0, i.e. s*( 2 — 1 )+ 2 *— 1 = 0, and so 


(2-1){2sH*+I} = 0. 
2s*+s+l = |(22+J)»+i > 0. 


Since 
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therefore 2=1, £rom which it follows that x-{-y =:■ 0 anda^ = — 1, 
whence x = ±1, y = Tli and Aj = 0, A, = 2. 

On the other hand, if « =• y, then z = 1—2*, and z — — I/**, 
whichgive8 2**— **— 1 = Oandso* = l;henoey = 1 and 2 = — 1 
and therefore from (i) and (iii), 2+Ai— Aj = Oand — 2+Ai+Aa = 0, 
wh^oe Ai = 0, Ag = 2. Thus the only solutions are 

Aj = 0, Ag = 2; * = 1, y = 1, z= — 1; 

aj:=l, y=— 1, 2=1; *=— 1, y = 1, 2 = 1 . 




, dzdx , f,. dxdy , 

+SA.yg_+2A.,^J. , 


H^oe when » = 1, y = 1, 2 = —1 

^ I l^yY I I gdyd2 ndzdx adxdy\ 

(ft* “ [\dtl ■*'\(ft/ '*'\dtj dt dt'^ dt dt dt dtj 
idxV ^ 

=n$) >"• 


for we have 


dx ,dy ,dz „ 


dx dv dz 


and so at * = 1. y = 1, 2 = — 1 


whoioe 


dx dy dz 
5^*^* “ dt' 

0, 


Similarly, when* = 1, y = —1, 2=1 and * = —1, y = l, « = 1, 

> 0 . 

(ft* 

Thus **+y*+ 2 * has three minimum values, all equal. 

16.4. The conditions for a maximum or minimum value of a 
funotkm/(*, y) at the point (o, 6) are that/,(a, 6) =/6(o, 6) = 0 

be of constant si|{n for all values of h, k (not both zero). 
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Sinoe 

= {(/«.A+/a6*)*+(/a«/»-/J»)**}//aa 
this expiession is of constant sign only if /j*— /Jj > 0; for if 

faafbb~~fh < ^ values corresponding to I; = 0 and 

/oa*+/fl6* = 0 are of opposite sign, and if faafbb—fSb — 0 *11®“ 
faa^^+^fab^^'^fbb^^ “ zero for all values of h and k satisfying 

Thus the conditions for a maximum or minimiun value of/(a;, y) 
at the point (a, 6) may be expressed in the form 

fa ~ fb ~ ®> faafbb i/oi> ^ 

when these conditions are satisfied then/(a;, y) has a Tninimnm at 
(a, 6) if faa is positive, and a maximum if is n^ative. (Note 
that/o„ axidfi,,, necessarily have the same sign when faafbb >fab‘) 

If /a = /& = 0 and faafbb— fib < 0, then /(*, y) is said to have 
a maximin value at (a, 6) if either fg^ > 0 orff^ > 0 and a minimax 
value at (a, b) if either faa < ^ fbb < ^- Since faa and /jj may 
have opposite signs it may happen that f{x, y) is both maximin 
and minimax at the one point (a, 6). 

16.41. A maximin value of a function is a maximum of restricted 
minimum values of the function, and a minimax is a minimum of 
restricted maximum values. 

Let /(a, 6) be a maximin value of/(a;, y); then either or/^j 
exceeds zero, and we shall suppose it is the former. 

Since /,(*, y) = 0 when x = a, y = b and fxjx, y) > 0 at this 
point then, in the neighbourhood of (a, 6) there is a differentiable 
function ^(y) such that ^(6) = a and/,{^{y), y} = 0 for all y near 6. 

Since f„{4>(b), 6} > 0 it follows that the function /(«, y), regarded 
as a function of x, has a minimiun value for x = ^(y), for aU values 
of y, sufficiently near 6. We show next that these minimum values 
li®ve a maximum value at y = 6. 

ffince /(a, 6) is a maximin value of f{x, y) therefore 
/»(*. y) = /»(*. y) = 0. i*^*i®n X = a, y = b. 

Hence I^f{i>{y), y) =“ fx4>'+fv — ^ y = »nd since 

/*{^(y). y) = 0 for all y near 6, therefore = 0, and so 

lyim). y) +/«f 

= {/»y/**-Ar}//** < 0, when y = 6, 
which proves that/{^(y), y} is maximum whm y^b. 
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Similarly, if /(a, 6) is a minimaz value of/(x, y), with/o* < 0, 
then we can fbd a function ^(y) so that f(x, y), regarded as a 
function of z, is maximum for « — ^(y), for all values of y near b, 
and y) is minimum when y = b. 

Examfle. The function x ^+^— y * has both a mazimin and 
a minimaz value at the origin; for if f{x, y) = a;*+4a!y— y* then 
= 2a;-)-4y, fy = 4*— 2y, both of which vanish at the origin, and 
fxx = 2, /w = 4, /w = -2, so that f^fyy-fh < 0. Thus 
a:*4-4ry— y* is both mazimin and minimaz at the origin. | 
Observe that, as a function of x, x*-\-^—y^, is minimum ror 
X = — 2y, for aU values of y and (— 2y)*+4y(— 2y)— y* is man- 
mum at the origin. Similarly, as a function of y, x*+ixy—y* ip 
wiaTiniiini for y = 2z and x*-|-4a;(2a;)— (2a;)‘ is minimum at the 
origin. 


16.5. Envelopes 

For each value of a the equation/(iK, y,a) = 0 determines a plane 
curve Ca", accordingly f(x, y, a) = 0 is called the equation of a 
family of curves, or, speci&oaS.y, a, one-parameter family of curves. 

If for each value of a there is a point x{a), y(a) on the curve such 
fftat the curve F whose parametric equations are x = x{a), y — y(a) 
toudies Ca at ^ point »(o), y(o), then ike family of curves f(x, y,a) — 0 
is said to admit an envelope, and Oie curve F is catted an envelope 
of the family. 


16.51. To find whether a family of curves f{x, y, a) = 0 admits 
an envelope, and to determine the envelope when it ezists. 

Keeping a constant, the slope of the tangent at a point (x, y) 
on the curve of parameter a is dy/dx, given by 


8x~dydx ’ 


(i) 


let ^(a), ^(a) be the point of the curve where it is touched by the 
mvelope, then as a varies the equation of the envelope is x — ^a), 
y 3s ^a) and the tangent to the envelope at the point a is of slope 


dx dafi 


dy 

da 


f(o)/^'(o). 


(fi) 
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But foir each value of a the point ^(a), 0(a) Ues on the curve 
/(*, y, a) — Q and therefore /{0(a), 0(a), a) = 0, whence 

|f(a)+|«a)+| = 0. (Hi) 

Since the curve and the envelope have the same tangent at their 
point of contact, we have from (i) and (ii) 

|f (a)+|««) = 0 

and therefore from (iii) ^ = 0. 


Thus any point (x, y) on the envelope satisfies the pair of 
equations 


f (x, y, a) = 0, 




Os 


if these equations can be solved for x and y, determining x and y 
as functions of a, 0*(a) and 0*(a), say, then the curve x = 0*(a), 
y = 0*(a) may be the envelope. The point x = 0*(a), y = 0*(o) 
is called a characteristic point of the curve f{x, y, o) = 0. There 
may also be other curves whose points lie on /(», y, a) = 0, 


£ 

da 


/(», y, a) = 0; for if, corresponding to any a, there is a point 


X — A(a), y = onf{x, y, a) — 0 such that 


y> o) = y, o) = 0 


then at such a point (by (iii)) Bfjda = 0, whatever values A'(a), 
/t'(a) may have. A point off{x, y, o) == 0 where dfjdx — dfjdy = 0 
is called a singular point of the curve; thus we have shown that 

noi evdy points of the envelope, hut also singular points of curves of 
Ae family, satisfy the equations 

g 

/(», y. o) =* 0, — /(», y, a) = 0. 


At a aingiilar point the tangent is not determinate. For if 

df _df 
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then the equation for dy/dx, viz. « 

dx~^dydx 

is satisfied by any value of dy/dx. 

16.52. A point of intersection, (*', y'), if any, of the curves 
/(«, y, a) = 0 and/(x, y, a') = 0 is given by the pair of equations 
/(«', y', a) = 0,f{x\ y', o') = 0. But, for a certain c between o and 

«'»/(*'. y\ «') = /(*'. y\ «)+ («'— o)^/{x', y\ c), and so x', y' satisfy 

/(x', y', o) = 0, y'y c) = 0- Hence as a'-*- a, x' and ^ 

tend to X and v. satisfvinsr 

a \ 

/(», y, o) = 0, — /(X, y, o) = r 

(for c ->• o when o' -»■ o), i.e. as a' a a point of intersection of 
f{x, y,a) = 0 and f(x, y, o') = 0, when these curves meet, tends to 
that point on f{x, y, o) = 0 where it has contact with the envelope. 
The intersection of /(x, y, o') = 0 with /{x, y, o) = 0 as o' tends 
to o, cannot be used to d^ne the characteristic points since the 
curves may not meet however small |a'— o| may be. 

Examples. 1. The envelope of the family of lines 
o*x— oy-f-c =0, o 7 ^ 0 
(where c is constant), is given by the equations 
a*x—ay+c = 0, 2ax—y — 0; 

eliminating o between these equations, we have y‘ = 4cx, which 
is a true envelope, for its slope at the point c/a*, 2cja is 

^ ^ _ 

dx ~ ic/a ~ 

which is also the slope of a*x— oy+c — 0. The condition for a 
singular point is o* = o = 0 and so the family has no sing ular 
point. 

Regarding a*x—ay-{-c = 0 as a quadratic in a, we see that in 
general two lines (or none) pass through any given point (x, y), 
but if X and y satisfy y* — 4ex, the two lines coincide, and there* 
fore just off the miv^pe y* ss 4cx, the two lines are dose together. 
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Thai point of intersection of two linos of the &milya%t;—a^4-e » o, 
h*x—by-\-c s= 0 is *' = cfab, y' =* (a4-6)c/a6, and as 6 ->■ a then 
as' -*> c/a*, y' -»• 2c/o, a point on the enveloiie. 

2. The fam% (y— o)* = *• has no envelope. For if there were 
an envelope it wonld satisfy 

(y— a)* = **, 2(y— o) = 0; 

but these equations are satisfied only by points on the line a; — 0. 
The derivatives of (y— o)*— ** with respect to x and y are —Sx* 
and 2(y— a), and these are zero for x = 0, y = a. Thus the point 
a’ = 0,y = aon (y— a)* = x* is a singular point and the line x = 0 
contains only singular points and is not an envelope. 

3. The envelope of the family of parabolas y = a(x— a)* is given 
bv 

y = a(x— o)*, (x— a)*— 2o(x— o) = 0, 

i.e. by X = o, y = 0 or X = 3a, y = 4a*. None of the curves has 
a singular point since the derivative with respect to y has the 
constant value unity. Thus both y = 0 and x = 3a, y = 4a*, i.e. 
y = ^fX*, are envelopes, so the envelope is made up of the cubic 
y ss j^x* and the line y = 0 which also belongs to the family itself. 
The enveloping cubic touches y = a(x— a)* at the point x sx 3a, 
y 4a* and meets it again at the point x = fa, y = -j^a*, showing 
that an envelope may intersect the members of a family not only 
at the points of contact but at further points as well. 

Through a general point (x, y) pass three parabolas (or one) of 
the family, their parameters given by the cubic 

a’—2a*x-t-ax*—y — 0, 

but through points on the envelope y » ^x* two of the parabolas 
coincide, showing that near the envdope two of the parabolas are 
close together; for when y — j^x* the cubic for the parameters 
becomes a*— 2a^4-asc*— — 0 which has the solutions a at 
twice, uxd a a |x, so that through a point (x', y') near the envelope 
pass two parabolas both with parameters near ^x', if |y'| < 

The parabolas y = a(x— a)*, y = 6(x—6)*, when a and b have 
the same ngn, meet at the points 

x' = a-j-b-i-Vah, y' s® a6(o+6+2M(ii6) 
and xf a-\-b—‘Jab, y* a6(a+6— 2>4i6), 

and when b-^a, x‘-*3a, y'-*-4a* and x'-*-a, y*--»-0 (or vine 
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vena according as a is positive .or negative) and both of tbe^e 
points lie on the envelope. If we impose the restriction a ^0 then 
the origin is no longer part of the envelope since this point on the 
line y — 0 is not then a point of contact with the family. 

4. Show that the envelope of the line ®sini— yoos<4/'(0 — 0 
is the evolnte of the envelope of the line ®cos^+yBin^— /(i) = 0, 
and that the arc length of the latter envelope is !/'(<) + J fif) 
provided is of constant sign. 

Proof. The envelope of the line 

L(t) = ® cos sin <—/(<) = 0 
is the locus of points which lie both on L{t) = 0 and on 
L'{t) — — *sinf+ycos<— /'(O = 0. 

The lines L{t) = 0, L'{t) = 0 are perpendicular, and so, since tl^e 
envelope of L(t) = 0 is tang^tial to L{t) = 0, therefore L'{t) = 0 
is normal to the envelope of L{i) = 0, and so the envelope of 
L'{f) s=: 0 is the locus of the centres of curvature of the envelope 
of L(«) = 0 (see §10.96). 

Hence, since the envelope of L'{f) = 0 is the locus of the point 
of intersection of the lines L'(t) = 0, U^) — 0, it follows that the 
radius of curvature of the envelope of L{t) = 0 is the distance 
between the point of intersection of L(l) — 0, L'(t) — 0 and the 
point of intersection of jb'(t) = 0,L''(t) = 0. Denoting these points 
(**.y*) i^a^e 

(®i -®,)008 <+ (yj-y,)sin i = 
and {«!— »,)sin«— (yi— y 2 )oos< = 0, 

whence, adding the squares of the two equations, the radios of 
curvature p is given by 

p* = {/(0+m*. 

Since L{t) s 0 is a tangent to ite envelope, it follows that if ^ is 
Hie indination of the tangent, then tan;^ = — oot< = tan(t— §fr}, 
and therefore ^ differs from t by (n+|)v for some n, whence, on 
the envelope, ^ ^ 


and therefore 


|=i/(o+r(oi. 
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^/(04/'(0 is non-negative, then 

j{/it)+rmdt^f'{t)+ jmm. 

and it f{t)+f{t) is negative thaa 

« = - J im+rm ^ = -m- J m 

so that, provided/(<)+/'’(0 is of constant sign, a =|/'(<)4- j f{t) (ft|, 
since a is necessarily positive. 

5. If a = a{t), b — b{t), and B = B{t), and if « is the lengtii 
of the arc of the curve x — a(t), y s= b(t), show that the family 
ofdrde. («_o).+(y-6)> = JP 

admits an envelope if and only if (dB/da)* < 1. 

The envelope, if any, satisfies the equations 

C{i) = (*_a)H(y-6)*-i?> = 0, 
lC'(t) = (x-a)a'+(y-b)b'-lili' = 0. 

The distance of the line C'{t) = 0 from the centre of the circle 
C{t) =5 0 is 


BB^ _ 


since 

at 


Thus C\t) = 0 intersects C{t) = 0 if and only if \dBlda\ < 1. 

If \dBlda\ < 1, the line C'if) = 0 meets the circle C(f) = 0 at 
two distinct points, and so the envelope of the family of circles 
touches each circle at two distinct points. 

If IdB/daj = 1, the line C'(t) = 0 touches the circle C(t) = 0, 
and therefore also touches the envelope; the tangent to the loons 
of the centre of C(t) = 0 is parallel to xfa* = yjb' and therefore 
perpendicular to C'{f) = 0, so that the tangent to the locus of the 
centre of the circle (7(t) = 0 is normal to the envelope of the cirole. 
Accordingly the locus of the centre of C(t) o is the evolute of 
the envelope of C{t) — 0, and therefore C{f) == 0 is the circle of 
curvature of the envelope of the family of circles. 

6. Show that the family of circles (x— cos <)*-{- (y—sm<)* =» <• 
admits an envelope which is nof a locus of the limit of points of 
intersection of two circles of the family. 

The locus of the centres of the droles of the fiunily is x » oos4, 
y St tinf so that the arc length of this locus, measured from < cs 0, 
is i. The radius of the drde C{^) s (x— cosi)*-|-(y— ami)*— ^ so: 0 
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is Bast, so that dB/da => dtfdt as 1. Heaoe, by the previous 
example, the family of droles admits an envelope, whi^ has 
oontaot of the second order with each circle. The distance betwemi 
the centres of the circles 0(t) — 0 and C{T) = 0, T > <> 0, is 

{(oosT— cos/)*+(8in3’— sin<)*p = 2sin^^^ < T—t, 

Ji 


the difference between the radii, and so the circle C{t) =s 0 is com- 
pletely contained inside the circle C{T) — 0. 

This example iUustrates a particular case of Theorem 16.6|. 

16.6. In the neighbourhood of a non-singular point on a family 
of carves f(x, y,a) = 0 at least one of the derivatives dfjdx, dj^dy 
is differmit from zero. Suppose the latter, then by Theorem 16.B5, 
in this neighbourhood, the equation f(x, y, a) = 0 has a differm- 
tlable solution y = a). We shall show that, in this neighbour- 

hood, the necessary and sufficient condition for the envelope of the 
family /(«, y, o) = 0 to have contact of the nth order exactly with 
each curve of the family is that 


da da* 



and 


ea»+i 


# 0 . 


For if these conditions are satisfied in some neighbourhood then 
from == 0 and # 0 it follows from Theorem 

16.85 that we can determine a as a unique function of x, say 
a = a(x), satisfying d^^jda'^ — 0, and since this solution is unique, 
and since 9'^lda!' = 0, r = 1, 2,..., n, simultaneously, theref<ne 
a a(a;) satisfies all the equations dr^jdar = 0; in particular 
a s a{x) satisfies d^Jda — 0 and so the family y = a) admits 
an envelope given by the equation y — ^x, a(x)}. Provided this 
envelope does not coincide with a curve of the family, a(a;) is not 
constant in the neighbourhood under consideration, and hence 
thne is a r^on in which a’{x) 0. But, differentiating the 


equation ^^3;, a(x)} = 0 with respect to x, we find 
ai*8»^8a"+> ' ' ■ 

and since and a'{x) are bol^ different from zero, thero- 

foro fr i^ot zero, and so, again by Theorem 16.85, the 
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equation » 0 u solvable for » in terms of a, giving z as x(a). 

AMordinglytheequationoftheenvelopeisy = t^x{a),a},x 3 = a;(a). 
Transforming the independent Tariable a; to the new variable a, 
by the transformation x = x(a), the equations of the envelope, and 
the curve of the family which has the parameter a^, take the forms 

ff = ^x(a), a) and y = ^{*( 0 ), Oo}. 

These curves meet at the point a = a^,y — t^x{aQ), Og} and have 
contact of the nth order exactly in virtue of the conditions 
ir^jda!^ = 0, r = 1, 2 ,..., n, and ^ 0, at the point 

a 3 = Og, since by Taylor’s theorem we can find a in (Og, a), such 
that 

^{*( 0 ), Og}-^{a:(o), a) 

- 4>{x{a), a+(Og-a)}-^a:(a), 0 } 

= (Og— o)— ^a?(o), o}-{- — --j - *}+•’•+ 




(Og— a)»+i 


(n+1)! a*»+i 


^{x(o), a} 


whence 


(Og--o)»+^ a"+^ 

(n+1)! 00 "+^ 


4>{x{a), oc) 



^{g(o), Og}-^x(o), g} 

(0g-0)» 


= 0 . 


Conversely, if the family y — ^{x, a) admits an envelope, thmi 
the equations y = ^(x, a), d^/da = 0 have a solution x == x{a), 
y as ^x(a), a}. Transforming the variables from x, y to a, y the 
equation of the envelope becomes y = <f^x(a), a], and the curve 
with parameter Og, y —f(x, Og), becomes y — ^x(a), Og). Since 
tiie envelope has contact of the nth order exactly, with each 
member of the family, therefore 

(a-Og)*’ 

for all ttg in the region under consideration. 

B 

But ^x{a), a}— ^x(a), Og} =» (o— Og)— ^x(a), «}, for a certain a 

OCx 

g 

in («g, a), whence, taking r sb 1 , we find that ^^x(a}, 0 ae 
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d 

a 00, i.e. ^^a;(a0), Oq} — 0, sinoe a -»■ 0 as a -> 00. Since this 
m 

^ * 

holds for all Oo in some region we may write —i^x{a), a) a 0. 

OQf 

Furthermore, if we have proved, step by step, that 


^[^*(0), o}] = 0, for 0<r<l:<n, 

then 

^0(0), Oo}— ^*(0), 0} = ^{*(0), o+(Oo-o)}— ^»(o), 0} 


“ ^^ib+*iyr 

whence, taking r = h+l in (i), it follows that 

^^^a:(o),a}->.0 as o->O0, ' 

Since this holds at all points Og in our 

0*+l 

region^ we have == therefore 


— ^»(o), 0} = 0, 


0 < r ^ n. 


16.61. If the curve C, with equations x = x{a), y — y{a) is the 
envelope of the family of curves y — ^{x, a), and if C has contact 
of the nth order exactly with each curve of the family, then for 
all Oo the point x — a;(Oo), y = yia^), where C touches the curve 
of parameter Og, is the limit of the point of intersection of the 
curves of parameters a^, o^ as Oj -»> a^, if and only n is an odd 
number. 

Proof. Since 

^^0(0), 0} = 0, 1 < r < n, 
fhomfore we can find 0 in [0, 1] such that 
^af(o), o+O = •"+ 


+Si «?«*(“)• -l+o^ •+«o 

#• 1+1 , 

(.+ 1)1 •+««}. 
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whence 


^K®(a), Oi}-^{®(a), Oo} 


=; ^*(o), a+(^-o))--^*(o), a+(a,— o)} 


where oc lies in (a, Oi) and j3 in [a, a^). 
Suppose first that n is odd. Then ^»(a), oj— ^®(a), aj takes 

0n4l 

the value («!— “»} when a = Oj, and the value 

gn+i 

— (Oj— jSJ when a = Oj, where ocois the value of 

gn^fl 

at at a = ag, and /Sj is the value of J9 at o = Oi. Since 


is of constant sign in a neighbourhood of a = Og it follows that 
^x{a), a^}— ^{®(a), Og} changes sign as a varies firom Og to a^, and 
therefore this difference vanishes at a point a = Qg between Og 
and a^. Thus the two curves y — ^®(a), Og), y = ^®(a), aj inter* 
sect at the point x ~ ®(ao), and since Ug lies between Og and a^, 
therefore *(oi) -> *(og) when -> Og. 

The proof that the curves do not intersect when n is even is 
rather more difficult. 

We consider first values of a between Og and a^. 

For such values of o, ( 01 — 0 )**+* and (Ug— 0 )“+^ have opposite 
signs and therefore 




pn+1 

and -(Og-o)“+*g^^*(a), 


havS the same sign and do not vanish, so that 
i[x{fl), Oi}— ^{®(a), Og} 

is of constant sign for an o tietween Og and and does not vanish. 
When a lies (mtside the interval (Og, %), we use Theorem 12.S2. 
Let P(<) = ^{®(a), o-|-<}, Q{t) =* t*+^, and u = Oi— o, v — Og— -o. 
Since a lies outside (Og, Oj) therefore u and v have the same sign* 
and it is readily verified that the remaining conditions of 12.62 ah» 
satisfied. Hence 


#»<«). ««} = P(«)~P(w) 

“ (n+l)i &»»+» 


^»(o), 0+C.+J. 
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The diffeirenoes a, a^—a, have the eame siiioe 
(Oj_a)*+i_(ao--a)*+» « (Oj— <*0) 2 (Oi— 

and 2 {ai-aY(a^-a)*-^ = (ao-o)* ^ (~zs) ^ 

therefore (Oj— 0)**+^— (a^— 0)*+^ cannot vanish for an a outside 
(®o> ®i)- 

Accordingly ^x(a), aj}—^x(a), o^} does not vanish for any 
value of a, and so, when n is even, the curves p — ^x(a), jOj}, 
y sx ^x(a), Uo} do not intersect. 
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REDUCTION OF DOUBLE INTEGRALS TO REPEATED INTE- 
GRALS. GREEN’S THEOREM. TRANSFORMATION OP DOUBLE 

INTEGRALS 

17. A function/(x, y) is continuous in a (two-dimensional) interval 
(a, Since /(a;, y) is x-continuous in (a, A) then J f(x, y) dx 

a 

exists, and since /(x, y) is continuous, the integral is j^-continuous, 
and BO 1 1 / /(^> !/) exists. Similarly j | J f(x, y) dyj dx exists. 


17.1. We prove that 


B A . A . B . 

J j J f(x, y) dxj dy = J j J f(x, y) dyj dx, 


Corresponding to any k we can divide (a, A^b, B) into sub- 
intervals (o„ 6,+i), r = 0, 1, 2,..., m, a = 0, 1, 2,..., n, where 

m and n depend upon k, and a, — a, = A, hg = 6, = B, 
nichtbat = m 

for any two points (x, y), (Z, Y) in the same sub-interval. Then 

J /(*» y) dx = |/(a„ y)(aH.i-a,)-|-(A-a)0(l!) 

a 

and so 

B g A 


a i A 

/ j/My)d®Uy 

K ' M ‘ 


- 1 y+(«-wt))]+ 

+(fi-»)(il-a)0(i). 

vdieire denotes the area of the interval (o^, p the 

area oi (a, A\h, B) and the summation is taken over all paixs 
with r «s 0, 1,..., m and « « 0, 1, 2,..., n. 
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Similarly 


/ { J /(«. y) = 2 PrJK 6*)+2/). 0(*), 


and therefore 

JB / JL 


I [ J/(«. ^y- j y)%j 


and sinoe this is true for any k, 

JB / ji. \ jL f B 


/ {//(«. y) d*j # = J I y) dyj dx. 


The integrals 

B , A 


J [ J /(*» y) d^dy and J j j* /(», y) dyj dx 


are called repetUed integrals. We have seen that the order of 
repeated integration of a oontinuoas function is immaterial, so 
that the integral depends only upon the interval (a, Aih, B). If 
this interval is called R, it is oustomaiy to denote the commoi^ 
value of the repeated integrals by 


\ \f{«>y)dR. 

R 

The repeated integrals themselves are abbreviated to 

BA A B 

J J /(*» y) dxdy and J J /(*, y) dydx respectively. 

b a ah 


17.1 1 . Given any we can divide the interval R into sub-intervals 
sadi that, if {otf, p,) is any point in and is the area of 

then . _ 

J fix, y)dR = ^ Prjiacr, A)+0(p). 

For, by 17.1, 

J/(r, y) dR = IPrJK b,)+2p.m. 

and/(av, K) =“ 0(*)» ®o that 

f /(*» y)dR-'X PrAf{«r> A) “ /».0(i!)-f-2/>.0(i) 

* *3/).0(l!)«0(p) 

by a suitable choice of k. 
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17.2. Integrals along an elementary closed curve 

Giv^ the numbers a, J 3 , y, S, oi, a,, / 5 j, j8,, y^, y„ 8 ^ and 
satisfying 

a<j8, y<8, y<ai<ai,<S, y < ft < jB, < 8, 

a < Vi < y* < ft a < ft < S* < ft 
we define an dementary (or simple) closed curve as follows: 

C consists of the line segment x = cn from y = otj to y = an 
arc of a curve whose equation is y = A(*) (or x = A-^(y)) firom 
a; — oc to a; = 8i, where A(z) is a continuous steadily increasing 
function; the segment y = 8, 8^ < a; < 82; the arc y = /i(a;), 
82 < a; < ft where p{x) is continuous and steadily decreasiag; the 
s^ment x = ft ft < y < ft; the arc y = v{x), y, < x < ft where 
v(x) is continuous and steadily increasing; the segment y = y, 
yi < X < y2;thearcy = p(x),a < x < y^, where p(x) is continuoiu 
and steadily decreasing. (NotethatA(a) = 1x21 A(8j) = 8 = /((Sjl.etc.) 

It is readily verified that a circle, an ellipse, a rectangle, or a 
triangle is an elementary closed curve according to this definition. 

The rectangle (a, jBXy, 8) is called the bounding recUmgU of tiie 
curve C. 

If we define the functions x^fx), X2(x) by the conditions 

a:2(x) = p(x), a < a? < yi aijfx) = A(x), at < x ^ 8^ 

— y> vi ^ < y* = s, 82 < X < 82 

= v{x), ya<x<i8; = m(x), 82 < x < ft 

then Xjfx), Xafx) are continuous functions and any line x — x*, 
a < X* < ft meets C in exactly two points y = Xjfx*), y = x^{x*), 
where Xjfx*) < Xafx*). 

Similarly if we define 

yM — p’My). y < y < «i y»(y) = v-^), y < y < /J 
=»«. a<y^a* =ft ft<y<ft 

= A-%), oti<y<8; —/*"%). ft<y<ft 

then yjfy), y,(y) are continuous and any line y = y*, y < y* < 8 , 
meets C in exactly two points yi(y*), y»(y*)» where yi(y*) < ya(y*). 

If a < X < j8 and x^fx) < y < Xgfx) or y < y < 8 and 

yi(y) < X < y,(y) 

then the point (x, y) is said to lie inside the curve 0 . If (x, y) is 
not inside or on G, then it is said to lie outside C. 
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It follows that if we remove from the boimdmg rectangle 
(“. PXy, S) the four rectangles (a, 8,X«t. 8). (8a. PiP»> 8). (ya. ^Xy. Pih 
and (a, YiXVi <^) there remain only points which are inside or on 
the curve C. 

Furthermore, each of the rectangles (a, SjXcta. 8), etc., is divided 
into two parts by an arc of the curve C. For the equation of the 
arc in (a, 8iX<xa> 8) is y = X 2 {x) and all points {x, y) such that 
oj < y < x^ix) are insidt the curve, and all points (x, y) such that 
x^ipe) < y < S are outside the curve. I 

If P(«, y) is continuous on C, we define the anti-dochvnse integr^ 

nJ/widt (1. p \ 

J P{x, y) d* = J {P{x, Xi)—P{x , »,)} dx 
S 

J P(x, y) dy = J {P(y*, y)-P(yi, y)} dy, 

and the dockwiae integrals 

* fi 

j P{x, y) d® = J {P(«, * 2 )-P(®, ®i)} d®, 


m a 

J P(®, y) dy = J {P(y, yj)-P(y, y*)} dy 


17.21. If a bounded function /(®, y) is continuous inside and on a 
dosed curve C which is bounded by the rectangle (a, jSXy. 8), and is 
continuous inside the rectangle and outside C, then 

J/(®,y)d® 

a 

exists and is y-oontinuous in (y, 8). 

Observe fiirst that/(®, y) is not necessarily continuous throughout 
the rectangle (a, /3Xy, 8) since, for instance, a function which takes 
tlm value unity inside and on O, but is zero outside C, is continuous 
inside and on O, and continuous outside C, but is not continuous 
tihroughout the rectangle. 

Let {**, {**, points whore 

« < /5, meets the curve, and {yi(y*), y*}, {y*(y*), y*) be 

mints where y » y*, y < y* < 8, meets the curve. 
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Sinoe and y^iy) are oontinuous ve can choose so that 
yi{T^)-yM = 0(*). y»(y)-y 2 (y) = 0(*). provided r-y =» 0(»*) 
and both y and Y lie between y and 8. 

Furthermore, sinoe/(x, y) is continuous inside 0, and continuous 
outside C, we may supposes* chosen BO that (/(x, 7)— /{*,y) I < 1/i, 
provided Y — y = 0(nj,) and (x, y), (x, Y) both lie inside C, or both 
lie outside. Now /(x, y) is x-continuous in each of the intervals 
(®> yj) (yi’ y*)> [y*. fih for these intervals lie wholly inside 

or wholly outside C, y < y < 8, and /(x, y) is bounded in (a, j8), 

and therefore each of the integrals J/(x, y) dx, J/(x, y) dx, and 

1 ? « « 

J /(*» y) exists. 

Vi 

Hence if we define 

J/(x, y)dx = J/(x.y)dx+ J/(®,y)dx+ J/(x,y)dx, 

a a Vi Vi 

R 

then J /(x, y) dx exists. 

a 

Consider 

/ /(«, y) dx - J /(x, 7) dx = J {/(x, y)-/{x, 7)} dx 

a at a 

Vi-l/fc j9 Vi-llk l^+l/fc Vi+1/* 

==J + y)*~/(^> ^)} 

a Vi+l/* Vi+llk yi-l/fc Vt'^Hk 

If F— y = O(njfc), both ^^(y) and yiCF) lie between 
yi(y)~l/l: and yi(y)+l/fc, 

. forlyi(7)-yi(y)l < I/IO* < l/i, and similarly for y,(y) and y*(7), 
and therefore when x lies in (a, yj— l/t) both (x, y) and (x, 7) ate 
outside a so that |/(x, y)-f{x, 7)1 <l/i. The same reasoning 
chows that the inequality l/(x, y)— /(a:, 7)1 < Ijk holds also when 
X lies in either of the intervals (y,+l/i:, j8), (yi+lA yi— !/*')• 

^ (yi— 1/** yx+V*) (y»— 1/*. yj+i/*). 

l/(»i y)-/(». 5^)1 < 

where if is a bound of/(x, y) in («, fiiy, 8). 
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H«aoe 

I / M 9 )dx-jf{x,Y)dx < {(yi-a)+(i8-y,)+(y,-yi)}/t4-8M/i 

= {8if +/5-«}/*. 

S 

which proves that I f{x, y) (2a; is ^-continuous in (y, S). 

a 

17.22. If /(a;, y) is (M)ntinuous inside and on a closed curve C which 

is bounded by the rectangle {a, jSXy, 8) and is continuous outsidej C, 
then 3 

J f(x, y) dy 

Y 

exists and is continuous for x in (<x, /3). 

Proof the same as in 17.21. 

17.23. It follows from 17.21 and 17.22 that both the repeated 

int^rals j ^ p 

/ J /(«. y) dacdy, J J /{x, y) dydx 

y « o y 

exist. We prove next that these repeated integrals are equal. 

We observe first that if we divide a rectangle (a, )3Xy, 8) into four 
rectangles by the Imes x = A and ^ then a repeated integral 
over (a, /SXy. 8) is the sum of the repeated int^als over the 
rectangles (a, AXy, m), (a, AX/i, 8), (A, /SXy. y), and (A, ^X/*. 8), for 

jS X p 

jfdx — j + jfdx 


and 



and sc 


/ - / {/ + f/<b} «%- = // + ///*»%' 

y'otA y«yA 

«« »f 

“/J+// + //+/W- 

ya yA /i« uA 


Consequently, if a rectangle B is divided into any number of 
rectangles Bi,..., B^ then a repeated integral ovw JB is the 
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sum of the repeated integrals over each of the rectangles JRi, 

We have seen in 17.2 that if we remove from the bounding 
rectangle («, )3Xy. S) the four rectangles (a, 8iXa*, 8), (8„ jSXjSg, 8), 
(ys) ^Xy> 9od (ac, yiXy> 0‘i)> remainder of the bounding 
rectangle is entirely inside or on C; this remainder may be divided 
into rectangles (in several ways, in fact) in each of which /(x, y) 
is continuous, so that the repeated integrals over these rectangles 
are equal (by 17.1). It remains to show that the repeated integrals 
over such a rectangle as (a, 8iXa2, 8) are also equal. 

The arc of G contained in (a, 8iXaa> 8) is y = x^ix), where Xf{x) 
is a steadily increasing continuous function. 

Divide (a, 8^) into n equal parts by the points 

~ Po> Pit Pzf’t Pn ~ ^1» 

sothatp,+j— p, = (8i— a)/nandletx8(p*) == ?*forh = 0,1, 2,..., ». 

The lines x = p„ y = }„ r, « = 0, 1, 2 ,..., », divide the rectangle 
(a, 81X0*, 8) into n* rectangles; of these the n rectangles (Po»f>iX?o» ?i)» 
iPv Pztiv ?a). (Pit Pil^it ffs).-. PJ3n-it ?«) contain aU the 
points of the arc (for if p, < x < p,+i then y, < X8(x) < j,+i, since 
X2(x) is steadily increasing), and so each of the remaining rectangles 
is either completely inside C, or completely outside C. Thus the 
repeated int^rals over the rectangle (p„ Pr+iX?«. ?,+i) are equal 
provided r and s are unequal, and there remains to consider only 
the sum of the integrals over the rectangles (p,, ir+i)> 

r =s 0, 1, 2 ,..., n. 

Since /(x, y) is bounded by M 


QH-t P^i 

j J S(x,y)dxdy 

Or Dr 

and so 


(Tr+l 

< J Jf(p,.+2-p,) dy = Jf(Pr+i-p,)(?,+l~«r) 

ar 


»-i «-i 

? J J < - 3 f 2 (l>r+l-yr)(?r+l-?r) 

ffr Pt 


n-1 


= Jlf{(8i— o)/»} (Jr+l— ?f) 

= llf(82 — a)(8 — iX2)/n == MAfn, 
wh^ A is the area of (a, 82Xa2» ^)» similarly , 

*|'*y‘yV(x,y)dy«fa <MAfn. 


Pt 
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Henoe 

3>i 8.8 

J / /(*. y) ■- J J /(». y) dydx 

«» a a a. 


2 J J /(*.y)*w^y-2 / / /(*.y)^s«fo 


ffr }>r 

< 2J£4/». 


l>r » 


But we may choose n as great as we please, and therefore 
8 8 , 8 , 8 
I J/(fady = J J/dydar, 

Ola a a a, 

which completes the proof. 


17.231. By means of Theorem 17.23 we can give a simpler prdof 
of Theorem 16.91, and establish the result of that theorem under 
rather lees stringent conditions. 

y) ^ continuous and y-differentiable in (a, Vic, d), and 

write 

» » 

^(y) = / /(*. y) ^(y) = / /»(*. y) 


Then, for a ( in (c, d), 
« / b 


/ ¥n) <^y = / ( / /»(*. y) <**) <*y = / ( / /»(*. y) <*y) ^ 

c c 'o ^ a ' 

= / {/(». 0-/(«. c)} = #)-^(c). 


wlumoe, differentiating with respect to 

for any 8 in (c, d), 

S ft 

i.e. J /,(«, y) ^ J /(*» y) 

a a 

17.3. The integral of a continuous function /(», y) over the 
interior of a closed curve 0 

be the rectangle bounding C, sndlet/i(a!, y ) »/(«, y) 
, St any point (a, y) inside or on C, and/i(z, y) — 0 outside 0; then 
/}(«, y) is continuous inside C and continuous outside C, Hence 
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J8 8 6 P 

both the integrals J j /^(x, y) dydx and J J fi(x, y) dxdy exist and 

ay y flt 

are equal. To any x between a and j8 correspond points of 0, 
{x, Xi(x)}, {x, x^{x'^, and to y between y and 8 correspond points of 
C'* {yi(y)> y}> {y%{y), y}. Smeefiix, y) —f{x, y) for yi(y) < x < y^iy) 
and/i(x, y) = 0 for X < yi(y) or x > ygCy), therefore 

J /i(*, y) da: = I /(x, y) dx, 

a yi 

and since /i(x, y) =/(x, y) for Xi(x) < y < Xa(x) and/i(x, y) = 0 
for y < Xi(x) or y > X 2 (x), therefore 

8 xt 

/ /i(*. y)dy = j fix, y) dy. 
y xi 

Hence both the integrals 

8 tjt p x% 

j J y) J J f(x, y) dydx 

yv\ a ®i 

exist and are equal; their common value is denoted by 

J fix, y) dxdy, 

c 

which is called the integral of/(x, y) over the interior of C, 


17.31. We dchne the area bounded by a closed curve C to be 


Siuce 


J 1 dxdy. 
c 



C a JTi a 


this definition leads to the formula for the area bounded by two 
arcs y = x^ix), y — Xi(x) and the lines x = «, x = jS which we used 
in Chapter X. 


17.4. Green’s theorem 

If P(x, y) and Qix, y) are differentiable inside and on a simple 
closed curve 0, then 


f/ag aP\ 


f 


D I i n Jim, 


f 



SS2 

For 
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t vt 8 

J S JJ S ^ J y)-^iyt* y)) dy = j Qdy 

C yVi y C 


C 

ana 


J ^ ^ // *a)--P(*. ®i)} dx=-jPdx, 

C otxi a C J 

both integrals along C being taken anti-clockwise. 

Taking Q = x, P = —y -we prove another formula for th^area 
A bounded by a closed curve, viz. \ 

j {x dy —y dx) = 2 J dxdy — 2A. ^ 

c c ' 

If C is given by the parametric equations x = x{t), y — y(t), 
where x(t), y{t) are differentiabk, then 

A = i j {xdy —ydx) — ^ j {xy—iy) dt, 

which is the formula introduced in § 10.3. 


17.401. j {/(*, y)-\-g{x, y)} dxdy 

— / /(*. y) dxdy + f g{x, y) dxdy. 
c a 

For 


J (/+?) dxdy = J [ J if+y) da:j dy = J dy j J fdx + J y drj 


y vi 


Vi Vl 

+ 


17.41. If m < /(«, y) < Jf inside and on a simple closed contour 
C, containing an area A, then 

m.<l < J /(*, y) dxdy < MA. 

For, by the integral mean-value theorem, 
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and 80 J J ^ ^ J J ^ J / ^ dxdy, 

Y Vi yvi yvt 

that is, mA < J /(x, y) dady < MA. 


VJAi. K the interior of a simple closed curve C is divided into two 
parts contained in simple closed curves and C, then 

J /(», y) dacdy = J /(«, y) dxdy + J f(x, y) dxdy. 

Let/i(®, y) == f{x, y) inside and on and/i(®, y) = 0 outside C^, 
and let/g(a;, y) =/(x, y) inside and on and f^ix, y) = 0 outside 
C,, then/i(a;, y)+ft(x, y) = f(x, y) throughout C and therefore 

J* /(», y) dxdy — J /i(aj, y) dxdy + j* f^{x, y) dxdy 

— / /(«. y) + J /(». y) ^y> by 17.3. 

c, c, 

17.5. Transformation of a double integral 

The transformation x — X{u, v), y — Y{u, v) carries a simple 
closed curve G into a simple closed curve F, and any point inside 
C into a point inside F. The positive value of the Jacobian 

0/ TT Y) 

J = ~ and of ai least one of the derivatives dXjdu, dX/dv, 
dYIdu, dYjdv exceeds some positive tx for all u, v in F. Then 
J f{x, y)dxdy = \ f(X, Dl J| dvdv. 

Suppose that dYjdvia the derivative which exceeds at, throughout 
F; then we can solve the equation y = Y{u, v) for v, giving, say, 
V = A(tt, y), and therefore x — X(u, X(u, y)}. Since i Jj > a > 0, 
the equations x = X{u, v), y ■= Y{u, v) can be solved for u, giving 
u — 17(x, y). We shall show first that the transformation, which 
leaves y unchanged and which takes x into u by x = X{u, X{u, y)}, 
cariieB 0 into a simple closed curve O'; this is established by shoW' 
ing that to y correspond two values of u and to it correspond two 
values of y. Now to y correspond two values of x, y^, y^ deter- 
mined by O', and to y, y^ coiresponds ^ U(yi, y), and to y, y, 
corresponds u* ss y)', tiius to y correspond To a given 
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It correspond two values of v, by F, and so to « correspond 
^ as X{%, %), y* = X{u, lit) which completes this part of the proof. 

Let f f(x, y) d*dy = / J /(». V) dxiy, and consider ^ f(x, y) dx. 

6 y Vi Vi 

Keeping y constant, transform from x to u by means of 

X = X{u, A(«, y))\ 

the integral becomes 

|/(jr.y)Ax(«.A)dtt 

«» 

and so a u« 

J /(X, y) dxdy = J J f(X, y)^ dudy 

C Y 

= d jnX,y)^^dvdy, 

where 6 = +1 or —1 according as tt* > or < v^. 

Now, with appropriate limits, 

/ ^ /J 

C' 

C dX 

Consider j /(X, y)-^dy\ transform y into keeping v constant, 

J du 

by means of y = Y{u, v). The integral becomes 

with appropriate limits. 

Hence 

apart from an unbiguity in sign. 

Thus 

J /(». y) * J 

where Jt = +1 or ifc = —1. 
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But 


8v 8u ’ 8v du dv 8u 8v * 


and since y = T{u, X(u, y)} identically, 

du dv du* 


whence 


--Xlu X) = — —-— — = 
dv du du dv dv du 


and therefore 

J /(«, y) dxdy = & J f{X, Y)J dvdv. 

c r 

The value of k depends only upon the transformation functions 
X, Y and not upon f{x, y), and may therefore be determined by 
giving /(«, y) some special value. Take /(«, y) = 1, then 

J dxdy — f kJ dudv. 
o r 

Since J dxdy represents the area bounded by 0 it is positive; 

furthermore, as J is continuous and non-zero, it is of constant 

sign. Hence f kJ dudv has the sign of kJ and so kJ is positive; 
r 

but A ■= il, and so kJ = |«/|. whence 

J /(*, y) dxdy = J f{X, r)| J| dvdv. 
c r 

We may dispense with the condition that the positive value of one 
of the first derivatives of X or 7 exceeds a throughout F, provided 
that we know instead that the transformation x = X{u, v), 
y == Y(u, v) is such that any division of the interior of <7 by 
simple closed curves is transformed into a division of the interior 
of r by simple closed curves; for the integral over C is the sum of 
the integrals over the dividing curves, and so too the integral over 
F is the sum of the integrals over the corresponding curves, and 
(as we saw m 15.83) if F is divided into sufficiently small parts, in 
each part the positive value of one of the derivatives of X or F 
exceeds a definite positive number throughout that part (rinoe 
IJj ^ a). Hence we may apply the foregoing proof to each simple 
closed curve by which F is subdivided, and, by addition, the 
theorem is proved for the whole curve F. 
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An example of a transfonnation of this kind is 
X = «cosv, y =a= usint;. 

To the line u = p corresponds the circle a:*4-y* == P*. to the line 
V ss X corresponds the half-line x/coaX = y/sinA, and therefore to 
a subdivision of a rectangle u = p, u = q, v = X, v — fji into any 
number of rectangular parts corresponds a subdivision of the 
ring sector, formed by the circles aj*-{-y* = p®, ar*-|-y* = ?*, and the 
radii x/cobX = y/sinA, x/cos/a — y/sin/i into parts which are also 
ring sectors. 

CO 

Exaufle. To prove J dx = |Vw. 

0 

We observe first that 


R R 

j J dxdy — 
0 0 



Divide the square (0, i?X0, B) into three simple closed curves; 
Cl formed by the quadrant of x®-|-y* = c® bounded by the positive 
x~ and y-axes; Cj formed by the quadrants of x®-f-y® — «*, 
x®-l-y* = E® and the positive axes from c to E; C3 formed by 
the quadrant of ®®-j-y® = jB® and the lines x — B, y -= R from 
y = 0 to y — i2, and from x — 0 to x = B respectively. 

In Cl, < 1 and the area bounded bj' Cj is Jwe®, and so, 

by 17.41, J dxdy < Jve®. In C3, x®-f-y® > E® and the area 

bounded is J2®(1— Jw) and so J dxdy (1— Jir)E®e-®*. 


Lastly, we consider J e -<*’+»*) dxdy. 

Cl 


Under the transformation x = vcoav, y = uainv the upper half 
of the circle x*-}-y* = «* becomes the line « = c, the upper half of 
a:*-f-y® s= J?* becomes u — R, the axis y — 0 becomes w = 0, and 
the axis x = 0 becomes v = |w, and therefore C, transforms into 
a rectangle. The Jacobian of the transformation is u, which is 
never less than e in the transform of Cg. Hence 

tirn 

J e-<^+v*> ^xdy — j J dudv — 

Ot 0 « 
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Since 

* ® 

/ J “ J + J + / dxdy by 17.42, 

0 0 Oi Ot o, 

therefore 





This inequality holds for all positive e and B. Let e-»-0 and 
B-*-co, then ^ J c~** da:)* = \n, which completes the proof. 
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THE ARITHMETIC OF ENDLESS DECIMALS. FORMAL PROOF 
OF THE EXISTENCE OF THE LIMIT OF A CONVERGENT 
SEQUENCE OF DECIMALS 

In the first chapter we described in general terms the way in which 
the limi t of a convergent sequence is constructed, digit by digit, 
but in that description we omitted the consideration of certain 
difficulties which may arise in the construction process; to meet 
these difficulties we shall now give a formal proof of the existence 
of the limit. 

. 1 . Whether £ be a terminating or endless decimal we define 
to be the value of a: to A* decimal places, i.e. if a: = ±ao‘®i®a®8”‘> 
then (x)f^ — ±ao*ai 02 ... 0 fc. For instance (17’26)4 — 17‘2666 and 
(~V2)2 = — 1-41. It follows that 10*(a*)n is a whole number, for 
any x and k, and |(a:)jfc| = |a;|jt, writing |a:|fc for (|a;|);i. 

. 11 . If a; is a positive terminating decimal, then 
0<ar-{a-h<l/10* 

for any h, for if a; = ao-aia 2 ...o*a)^+i...ap (where u, may be zero 
from any stage onwards) then x—(x\ — ■OO...Ocr;fc+i...flp which is 
non-negative and loss than 1/10^. 

. 12 . If X and y are positive terminating decimals such that, for 
some r, {x—y\ = 0 then (a;), — where $ has one of the 

values —1, 0, -j-1. 

Proof. Since |ar— y| < l/KK therefore —1 < {x—y)W < 1; 
furthermore 

0 < l(F{a:-(»)r} < 1 and 0 < 10^{y-(y),} < 1 

and so 

< i0"{y-(y)r+«-y} 

<2 

>- 2 . 

Denote by 6, then ^ is a whole number between —2 

and +2 exclusive, proving that 6 takes one of the values — 1, 0, -f 1. 
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.121. If X is any decimal and if p > » then (x)p—(x)^ = 0(»); for 
if a; =s ^a^-OiagOg..., then 

(x)p — (®)^ = — ®o'®i®S’”®n) 

= ±(0-00...0o„+i...Oj,) = 0(n). 

.13. K X is a positive decimal, terminating or endless, and if, for 

(x),-(x), < 1/lOP, 

then (x), = (x),. 

For (x)p ^ (x),, and so 10*’(x)p— 10 p(x), is a non-negative integer 
leas than unity, which proves that 10P(x)p— 10*’(x), = 0. 

The limit of a sequence of terminating decimals 

.2. K with a sequence of terminating decimals (a„) we can associate 
a sequence of integers and a terminating or endless decimal A 
such that, for every k and n ^ p/^, a„ = (A)„-|-0(i;) then A is said 
to be the limit of the sequence (a„), and we write o„ -»■ A. 

.21. If ->■ A then o„— (A)„ ->■ 0, for the one equation, 

-(A)„ = O(i-), 

expresses both of these facts. 

.3. If (Sa) is a convergent sequence of positive terminating 
decimals then 

either (1) for all r, (a„), = (ap,)„ n > p„ 
or (2) for a certain k, a^ -> (ay^lkt 

or (3) for a certain k, aa -> (ayjk-f 1/lOK 

Proof. Since (o„) is convergent we can determine v, such that, 
for aU r and » > v,. / v « 

' (®„-®v,)r = 0- 

Hence by .12 

(»«)r = (®Jr+^/10'. eacli = -1, 0, or -fl. 

There are the following possibilities to be considered; 

(а) For all r and for n not less than a certain (where > v,), 
^ = 0; then for aU r 

(®Jr = (®|),)r. »>Fr 

(б) For all r and for n > = 1; then for all r 

(®»)r = (®Pr)r. 
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(c) For all r and forn > ^ = —1; then for all r 

(ojr “ (oj,. 

(d) For a fixed r, ^ takes both the values +1 ~1 foi^ 

arbitrarily great values of n. We shall prove this cannot happen. 

For suppose that for a certain r, takes the value +1 for 
arbitrarily great values of n and let j be such a value of n. 

Then (o^), = (oJ,+l/l(P. 

Choosey > and k >j. so that (Oft), = {a,X+S^llW < (oj),. 
-l/l(K+i < 0 ^- 0 ,^, < l/l(K+i, 
-l/10^+i<Oft-a,^,<l/l(r+i 
and therefore |%— «*! < 2/l(P+^ < I/IO’’, 

whence 0 < (o/),— (Oft), < o^— (Oft— 1/10’’) < 2/l(P. 

But (Oft), = (o„),+0J/l(K 

and so 1—B% < 2, i.e. 6 % > —1, so that ^ = 0 or 1. Thus 8^ 
cannot take both the values 4-l> —1 for arbitrarily great values 
of n. 

(e) For a certain r, 9^ takes the values 0, 1 and only these values 
for arbitrarily great values of n. Then (o^), = (o^^l^+l/lO' and 
(Oft), = (a^)f for j and k as great as we please, and so 

(«^=(«ft)r+l/10^ 

But if j, k are sufficiently great (and p >r) then {a,}—ai^p = 0 

^ = -1. 0, or 1. 

Therefore 

0 < («y),-{aA = {ai)p-(a*),+^/10*'-l/l(F 
< l/l(K+^/10P-l/l(K 

Hence, by .13, (o^), = (o^), = (o,,),H-l/l(P = I (say). Since evwy 
sufficiently great value of n is either &j or a k, therefore 

K)p^i or K), = 

and to |/-o«| = I l-(On)j»+ (««),-«« I < S/IO**, 
winch proves that 

ap^l=={a,X+l/l(y. 
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(/) For a certain r, 0^ takes the values —1, 0 and only these 
values for all sufficiently great values of n. Then, exactly as in (e) 
above, we can prove that -*■ (a„,),. 

Since the function 6^ is either a constant function of n, for aU 
values of r, or there is a value of r for which ^ varies with n, the 
cases listed in (o), (6), (c), (d), (c), and (/) (which are mutually 
exclusive) exhaust all the possibilities, which proves that one (and 
only one) of the conditions (1), (2), (3) above is necessarily true 
for any positive convergent sequence. 

.31. If the sequence (a„) is such that, for all r and n > Vf, 

K)r = K)r 

and if Iq, 1^,1^ 1^ are the whole part and the first r decimal figures 

of then the endless decimal A = is the limit of the 

sequence (a„). 

For 

= o,-(aJr 

= K- (««)f}+{Or- (OrU+{(«n)p-««}+{(«r)i.- («»U 

< l/Kf+l/lOP+l/lOP, if r > Vp, » > V, > Vp, 

< 

and so o,— (A), -> 0, proving that -*■ A. 


.32. From .3 and .31 it follows that i^ (a„) is a convergent sequence 
of positive terminating decimals then there is determined a decimal 
A, terminating or otherwise, which is the limit of the sequence (a„). 


.33. If (a„) is convergent and a„ takes both positive and negative 
values for arbitrarily great values of n, then a„ ->■ 0. 

Choose r, a so that is positive, a, n^ative; then if r and s are 
great enough 

and therefore 

0 < a, < 0 ,- 0 , = 0(k) and 0 < — o, < 0 ,- 0 , = 0(h). 
Thus Of = 0(h) and a, = 0(h), proving a„ -*■ 0. 


a. 


0(h) 


.34. If (a^ is a convergent sequence of terminating decimals, 
positive or n^ative, then there is a decimal A which is the limit 
of (a*). 
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For 

either (1) all a„ > 0 from some n onwards, 
or (2) all < 0 from some n onwards, 

or (3) a„ takes both positive and negative values for 
arbitrarily great values of n. 

In case (1) the limit is given by .32. In case (2) — a„ > 0 and so, 
by .32, — ->■ A, whence -> —A. In case (3) the limit is z^ro 
by .33. 

.4. If a and jS are endless decimals, such that (a),— (J3), 0, then 

we say that at and p are equal and write ot — P. ' 

To justify this generalization of the notion of equality we must 
show that when a and jS are terminating decimals and (a),— (j8)r-> 0 
then at — P can be proved true For if A- is a number greater than 
the number of decimal figures in either of the terminating decimals 
ot and p then, for r ^ k, (a), =- a, (P)^ = p, and (a- p\ ■= a—p, 
and therefore, since (a),— (jS), = 0(1:) provided r > some N^, it 
follows that ot—p -= {(x—p)^ = {{ot)r—{P)r]i = 0,1 e. (x- p. 

.401. If at and P are endless decimals then the sequences 
Mn+(P)n, H-(P)n. and (a)„()3)„ 
are convergent; hence (a)„+(j8)„ tends to a limit and we call this 
limit the sum of a and p, denoted by a+j8. Similarly a— j8 and aiP 
denote the limits of (a)„— ()S)„, (a)„()3)„ and are called the difference 
and product of <x and p respectively. 

.402. Since a+j8 and a— j8 are the limits of the sequences (a)„+ (j8)„ 
and (a),j— 09)„, therefore (by .21) 

(«+/3)„-{(a)„+(j8)„}->0 
and (a— ^)„— {(a)„— (^)J -> 0. 

Accordingly a = jS if, for every r, (ix—p)^ -= 0, for (a— )5), = 0 
involves (a),— (jS), -> 0. 

.403. If (o+6) = c then a = (c— 6); for (o+6),— (c),->- 0 and 
so, by .402, (a)r+(&)r~(<“)r“>’ 0, i-®- {®)r~{(<’)r~-(ft)r} 0, whenoo 

(a),.— (c— 6),. 0, proving a = (c—b). 
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.404. For any decimals a, b, c we have = tA+ac. Since 

[o(6+c)]„-(o)^6+c)„ 0 and (6+c)ft-{(6)„+(c)«} -> 0 therefore 

[a(6+c)]„— (o),X(6)«+(c)„} 0, and similarly 

(a6+cic)„-(o)„{(6)„+(c)„} -> 0, 
whence [o(6+c)]„— [a6+ac]„ -> 0, 

which proves o(6+c) = ab-\-ac. 

.41. If (X is an endless decimal and — 0, we write a = 0(1;). 

.42. A sequence of endless decimals (a„) is said to be convergent 
if Op—a^ = 0(1’) for p > n > N^. 

.43. If a is an endless decimal then a— (a)* = 0(1:). 

(«)„-{(«)*}„ = (<x)„-(«)fc, iin^k, 

= (“)«—{(“)«}*■. 

let a = Po’PiPaPs--. (“)» = Po‘PiPi-Pn> so 
(«)»-{(aW« = •00...0pjitiPfc+2...p„-s- •00...0pi^iP*+2... (by .31) 
but («)»—{{«)*},» (“)fc therefore 

«—(“)* = •00...0p*+jp*+8..., i.e. {«—(«)*}* = 0, 
so that, by .41, “—(“)* = 0(1;)- 

The limit of a sequence of endiess decimais 
.44. H(o„) is a sequence of endless decimals, and if A is a decimal, 
terminating or endless, such that A— a„ — 0(1;) for n ^ N^, then A 
is called the limit of (a„) and we write a„ ->■ A. If a„ is a terminating 
decimal this definition is consistent with .21, for 

o„-(A)« = o„-A+A-(A)„ = 0(l*)+0(tt) = 0(1;-!), 
if » > maz(l;, Nh). 

.45. The limit of a sequence (o„) is unique, for if A and A' satisfy 
X—Op = 0(1:), A'— (o„) = 0(1:) then A— A' = 0(1:— 1), for any k, so 
that, by .402, A = A'. 

.5. If (an) is a convergent sequence of endless decimals then 
the sequence of terminating decimais (ap)p is convergent. 
For 

(o,),-(o„)„ = {(ap)p-Op}+K-a„}+K-(«ft)n} 

*= 0(jp)+0(i:)+0(n), provided p > n > 
ass 0(1:— 1), provided p'^n^ max(l;, N/f). 
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.51. If (Ab) is any convergent sequence then we can deter- 
mine a decimal X which is the limit of the sequence. 

By .5, (ap)p is oonveigent, and so, by .34, we can determine its 
limit A. Then 

A-a„ = A-(o„)„+(a„)„-OB 

= 0(l;)4-0(n), if n > i\^, 

= 0(1:— 1), if n > maz(A;, N^), 

proving that A is the limit of the sequence {a„). 

Theorem .51 contains Theorems .32 and .34 as special cases, hut 
.32 and .34 are essential steps in preparing for .51. The arithmel()io 
of endless decimals is based upon convergent sequences of tem^i- 
nating decimals, the properties of which must therefore be estab- 
lished before we can even formulate Theorem .51. Whereas the 
proof of Theorem .34 involves an extension of the number concept, 
a convergent sequence of terminating decimals having an endless 
decimal for limit, no further extension is involved in Theorem .51, 
the limit of a convergent sequence of endless decimals being also 
an endless decimal. Endless decimals have therefore a self- 
sufficiency which terminating decimals lack, as far as operations 
with convergent sequences are concerned. 

.6. We define IJP to be the limit of the convergent sequence l/(j8)„, 
provided that for some ii, |;3|^ > 0. (Observe that we cannot 
include this definition in .401, since 1/(/3 )b is an endless decimal, 
the quotient of the integer 10” divided by the int^er 10”(/3)„. 
If [zjy] denotes the greatest number of times y is contained in x, 
then the formal definition of mjn, for non-zero integers m, n, is 

im/n)p — [10*’m/n]/10*’. 

Since i/[xjy] < » < y[x{y]+y, therefore ' 

n.{mln)p < m < n{(m/n)p -f 10-*'}, 

i,e. m— »/10i* < n.{m/n)p < m, 

which proves that n.{mfn)p-^mi but, for any p, {n)p =* n and 
therefore (»),.(♦»/»»),->»», i.e., by .401, n.imjn) = m. Similarly, 
if a, 6, e, d are integers, {alb).(e/d) — aejbd, etc.) 
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.61. If, for some fi, |j8|^ > 0, then jJx (1//3) = 1. 

Since 1//3 is the limit of l/{j8)* it folbws that (l/j5),j—l/(]8)„ -> 0 
therefore -> 0, whence 

mw)n-i^o, 

which proves that i8(l/j3) = 1. 

.62. We define a/jS to equal a(l/j3}. 



EXAMPLES 

I 

1. Prove that for any decimals x,y,y ^ 0, 

|l+a!| < 1+14 \xy\ = 1*114 |*|/|y| = |*/4 

Deduce that |a:+y| < |a:|+|y|, |x-y| > ||*|-|y|l. 

1.01. If a? > — |aj| prove that a: > 0. 

1.1. Prove that for any decimals ag, Og,..., a^, 

|2«r| < 2KI- 

1.11. and l/p^ *-> 0, prove that Sp^ -> Z, being an integer For 

all n. \ 

1.2. Show that tlie positive senes 2 ®n convergent if tends to 
a limit which is less than unity. Hence show that 2 is convergent 
for all values of a;. 

1.201. If -> Z prove that |^„| |Z|. 

1.21. Prove that 2 diverges, and that by taking a sufficient number 
of terms the sum exceeds any chosen number. 

1.21 1. Test for convergence the senes 2 ^ 5! x^ln{n f 1). 

1.22. Fmd the sum to n terms of the senes l)(a*+2)...(a:4-») 

n-l 

and hence show that the senes converges for a; > 1 and diverges for a? < 1* 
1.221. If an/ba -> Z > 0 then 2 «« 2 *>*» converge and diverge 

together. 

1.23. Prove the convergence of 

2 l/n(n+l), 2 lMn+l)(n+2), 2 l/n(n+l)...(n+r-«l), 2 Wf 

where r is an integer greater than unity, 

1.3. If an is positive and decreases steadily to zero, prove that 
2 (— l)“an converges. 

1.31. If an is positive and an/an+i > 1+k/n, k > 0, n > N, prove 
that 2 ( — converges. 

1.32. If Oil is positive and decreases steadily, and if 2 convergent, 
prove that wa„ -► 0, 

1.4. Prove that terms of the senes 2 suffice to determme the 

f*0 

limit of tibe series to k places of decimals; detormme the limit to 3 places. 

1.401. Prove that 2 ("0V(2«)l and 2 (— 1)"+*/«* converge, and eviduate 
the second limit to 2 doounal places. 

1.402, Discuss the convergence of the series 2 2''x*/nl. 

1.41. If a series is atrsolutely convergent, prove that no rearrange* 
meat of Its tonns can alter its sum. 

1.5. The product of any number of endless decimala is indqtendent of 
ih» order of ite factors. 

1.601. Assuming the index laws 

P».p» a (pW)* a p*w*, 


(pg)»apV' 
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for integers p, w, n and defining (p/g)*" = p’^/g^, prove that 
{plqr.{plq)^^{plqr^\ {(p/gH* = {(p/gKr/s)}*" == (p/g)«(r/sr. 

1.51. If a; is a positive endless decimal, Xj^ its value to h decimal places 
(a?o being the whole part of «), and if p is a positive integer, prove that 
the sequence crj, jcf, irj,... is convergent. The limit of this sequence is 
denoted by 

1.511. lix,y are positive endless decimals and m, n are positive integers 
prove that 

{x'^)^ = aJ**^**, {xyY^ = aj’**,y**. 

1.6. If q>(n) is a positive strictly decreasing function then ^ cp(n) 
converges or diverges together with X 2ncp(2a). 

1.61. Prove that 2 IM*' converges if a > 1 and diverges if a < 1. 

1.62. If uJUn^i ■"* Vn/^n 4 i > 0, w [T; m, then 2 converges if 2 
vergos, and 2 <liverges if 2 Wn diverges. 

1.63. If un/ua+i -^1-1 p/n t 6ii/n^*^, |6ti| < M, X > 0, prove that if 
P 1 then nun 0 and 2 converges, and if p < 1 then 2 
diverges. 

1.64. If |aa/an 4 il“^R prove that the three series 2 

^“nTl same interval of convergence. 

1.7. If the mierval is contamod in the interval (a„,5,i) for 

all n, and if a„), 0 < ifc < 1, then o„ and tend to 

a common limit which lies in every interval {a^f 6n)* 

Vl.71. If ^ i(an+^«)» ^n 4 i =” + V(«n^n)» 0 < 6o < ao» prove that a* 
and tend to a common limit. 

1.72. If ^)* Oq > > 0, prove that the sequence a* is 

convergent and that its limit is the positive root of the equation 

a;*— ar—A* ~ 0. 


1.73. If A/(l-f On)> A; > 0, a® > 0, prove that converges to the 

positive root of the equation a;*+ar— A; = 0. 

1.74. If ar„+i 2a*xJ{xl+a*) and = (yl+a*)/2y». *« > 0, y, > 0, 
a > 0, tlion both Xf^ and y,, tend to a. 

V^.76. If prove that x^ {a:o+2xi)/3. 

1.76. If < A;|6,i4.t— 6„| and A: < 1, prove that the sequence 

5,1 is convergent. Hence show that, if for all n, 

P0fH*-“(P+7)<^n+i+^c„ =0, p > g > 0, 
then pcm.,— gc,i+i - pCi— gco and converges to (pCi— gc0)/(p--g). 

1.77. If y =« (aa:+j8)/(a;+y) and if A, fi are the roots of the equation 

a?*— (a— -y)®— jS = 0 


show that 


y—A y-fptag— A 
y— /* ** y+A»— ft* 



g*, n > 0, then 
► — g if p/g < 0. 
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1.8. If ~ 0, n > 0, prove that converges for 

all 8u£8oiently small values of \x\ and that the limit of the series is 

{ao+ K+3 ^oM/(1 

1.9. If f{x) is a strictly increasing (or strictly decreasing) function and 
/(n) I and if g{n) > 0 and 1 /g{n) 0, prove that f(g(n)) -> L Illustrate 
the necessity for the condition f{x) is increasing or /(a ) is decreasing’ by 
an example. 

11 

2. Prove that V® is continuous in the interval (0, c) for any c > 0. ( 

2.1. If g > p* prove that ^{x^+2px‘\-q) is continuous in any iniervil. 

2.2. Prove that is continuous in any intc^al. 

2.3. If ao+aia;+a 2 ®*+ •••+«» = 6o-f bjay-l-tja;*-!- for au x 
near ar = 0 prove that the two polynomials are equal for all values of aj- 

2.4. At each point x of an interv^al (a, 6) at least one of the continuous 
functions /(a*), g(x) takes a value greater than a certain positive number's. 
Prove that (a,b) can be divided into a finile number of parts such that in 
each part i*, eillier f(x) > for all x in or g(x) ^ JS for all x in 

2.5. The function g(x) is continuous in [a, 6] and g(x) is not zero for any 
X in [a, 6]. Prove that g(u;) is of constant sign in [a,6J. 

2.6. If /(x) is continuous in (a,b) andf(x) ~ A for all terminating decimals 
in (a, 6), prove that/(ir) = A at any pomt in (o,6). 

Deduce that if f{x) and g{x) are continuous in (a, 6) and/(x) g{x) for 
all terminating decimals in (a,b) then the equality holds at all |>oints of 
(a, 6). 

2.7. 0^1 = A;/(l+a„), a^ > 0, k ^ 0; prove that, for any n, a root of 

x*+x = k lies between and provided aj f ^ k\ 

2.8. A function f(x) is said to be semi-continuous in an interval 

(a, b], if given any k we can determine points a — aj^,a{^,aj^,...,a{^^ b 

such that f(X)— f(x) ~ 0(k) for any x, X in the same half-open sub- 
interval (aj^, a^^i]. The points a|^, r 0, 1,..., Vk are said to form a 
k-chain of f(x) in (a, b]. 

Prove that if /(a?) is somi*continuous in (a, 6] then | f(x) | is sc^mi-continuous 
in (a, 5], and also that f(x) is boimded in (a, 5]. 

2.81. If/(x) is somi-continuous in (a, 6], then show that f(x) is semi- 
oontinuous in any part of (a, 6]. 

2.82. Prove that a continuous function is semi-continuous. 

2.83. If/(x) and g(x) are scmi-continuous in (o,6] prove that/(ar)+g(ar) 
and/(x)g(x) arc semi-continuous in (a,b], 

III 

3. Write down the derivatives of the following functions: 

*(!+*), (1+**)^ (1— a:)*{l+ar)l, (0+6®)*, (x+a)/(x+b), 

(**+ !)/(*•+ 1)*, (2**-l)/(2®*+3*+l), (®+a)(*-f6)*(*+c)*, 

(2®+a+fc)/{ic*+(a+6)®+a6}, (H-^4r)/(l-V®), 

lMit+l)-^(x-l)}, l/{V(H-*)-V(l-»)}. (14*+*»)V(l-®+**)‘. 

(a^*+ *)*, (l+x)/(a+bx)*, (a+bx)/(l+x)K 
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{l+*-2V(l+ir)}/{l-x+2^(l4.e)], 

[i+O+d+W. »>«• 

3.01. Prove that the derivative of 


log(- 


^(l+a?*)4 -a?V2j 


IS 


(l-fa:V2 


I “ (i^x^)^(l+x^y 

3.1. If p(x) is a polynomial and p(a) ~ = 0, show that pj[x) has 

the factor («— o)*. 

3.2. The functions /(x) and g(x) are defined by the following conditions: 

/(X) - - 1/2(1 +a;) if - 1 < a; < - 2a:if - J < a? < iJM - l/2(l~a;) 

if J < a; < ] , and /(x) o if a; > 1 or a: < — 1. 
g(x) =- (2aj-~l)/2a:ifa; l,fif(a;) - a;/2 if — 1 5.^ x l,andgf(a;) = — (2a;+l)/2aJ 
if a: < — 1. 

Prove that f(g(x)) = x for all values of x but g(/(x)) is different from x out- 
side the interval [—1,1]. 

3.3. If the elements of a detonnmant are differentiable functions, show 
that the derivative of the determinant is the sum of all the determinants 
formed by differentiating one row, leaving the other rows unchanged. 

3.4. If Mo, Mj, Mj, Wj, M4 denote a, ax-f 6, aa;*-!- 26a*4 a.r“-f36ar*4-3ca:4“d» 

ax^-j- 46a;® 4 Oca:* t ^da* 4 c prove that 


mJmj— 3MotiiM,+2tt*J and M0M4— 4MiMj-f 3w5 
are indept^ndont of a?. 

3.5. /(x) is differentiable in (a,b), g(x) ~ {f(x)--f(a)}l(x--a) in [a, 6) and 
g(a) = /'(a). Prove that g{x) is continuoas in (a, 6). 

3.6. In the intc'rval (a, 6), |<7'(a:)j > a > 0, g(X(x)) is continuous and 

a < A(a‘) 6; prove that A(a') is continuous in (a, 6). 

3.7. Show tliat if la-j 1, (1 4-ic4’ic*)'^ ~ 1 — a;-} a;®— a;*4***"*—ic’4'«*« the 
coefficient of x^ b(*ing 1, — 1, 0 according as n leaves the remainder 0, 1, 2 
when diAdded by 3. 

3.8. If F(x) - a;* when a; I and F{x) ~ 4a*— a:*— 2 when x > h prove 
that F(x) is <iifforentiable in any interval. 

3.81. If /(x) X when x < 1 aud/(x) =si 2— x when x > 1, prove tliat 
f(x) is continuous in any interval, but is not differentiable in any interval 
which contains the point x = 1 in its interior. 

3.9. If i^(x) is differentiable, with positive non-zero derivative, in (al, B), 
F(A) ^ 0, and if in the interval {F(/4), F(B)}, A < /(x) <*: B,/(0)= al and 
/'(x) =: l/j?^'(/(^*^)) prove that/(x), /"(x) ore inverse functions. 

3.91. If f(x) is differentiable and periodic with period a, prove tliat /^(x) 
is periodic with period a. 

IV 


4. Writ© down the derivatives of the following functions: 

log(l4-«*). 2x*logx-x*, s®logx, log[(l-x4-a?*)/(14-x+aJ*)]* 
log(x4*>/(l+i»*))9 log{x— ^(x*— 1)}, xe»*/logx, «*shx, ch(logx), 
logshx, logxl, (logx)*, log,a, ar®, x^**®, (logx)*, 

(logx)*®«», x^^, log(logx), xlogxlog(logx), logiog«x, e<^K 
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4.1. Find dyjdx when (i) y (ii) a?v =: «/*» (in) = loga^ya?. 

4.2. If /(«) is differentiable and /(aj-f y) for all x and y, prove 

that either f{x) = 0 for all x or f(x) = e*®, where A; is an arbitrary constant. 
If g{^) = a? > 0, j/ > 0, prove that ^(a?) = Ajlogar. 

4.3. Prove that ^nlnl = c, 2)n*/a! =- 2e, ~= 6c, and that 

2 is an integral multiple of c. 

4.4. l^f(x) = prove 

0 

that, when 0 < a; < m < n, /'(a?) is negative and is positive. Deduce 

that lies between JmVr! and ^ 2 

hence that if w < 10 and n is not loss than (p+0)/(l— logjoW) tten 

n 

e’*' = 2 wiVrl correct to p decimal places. \ 

0 \ 

4.6. Prove that 2iog(l + l/^) i® divergent and that 2 IMlogn)*' con- 
verges for r > 1 and diverges for r < 1. ' 

4.61. If 0, prove that ( 1 +Cn)'^*" ^ 1/^* 

4.611. Prove (1+a/n-f 6/n*)" -> e®. 

4.62. If 2 is a positive conv’^ergont series prove that 2 log(l~i-M,.) and 
21og(l—«,i) are both convergent. 

4.521. If w > 0 prove that x’® is continuous in (0,N) for any ^ > 0. 

4.63. If a„ > 0 and aja^i < 1+Af/n^^^, A > 0, prove that does not 
tend to zero. 

4.6. If an > 0 and an/anti = l+P/n+^n/n^*^^* lOnl < M, X 0, then 
2 ( — l)“an is convergent if p > 0 and divergent if p < 0. 

4.7. The Gauss test for convergence. If an :> 0 and 

an/anfi = 1 4 p/n f On/n^*^^, jOnl ^ M, X 0, 

then 2 An converges if p > 1 and diverges if p . ^ 1 . 

4.8. Prove that (l4-x)« = l+mx+(^)xM ^ • when x^l 

and m > — 1 and when x = — 1, m > 0. 

4.81. Show that a;log(l — 1/a:) is an increasing function. 

4.82. If a« = (n4-l)log(n4-2)~(2n41)log(n4-l)4-wlogn, prove 2<*n 
converges. 

4.9. Prove that, for a: > 0, (1— a:)c» and (l-f«)e“'* are both decreasing 
and deduce that, for any x, 

1-a:* < e~** < 1/(1+**). 

4.91. Prove that 

sha?+fi^2a4-sh3a:4--.4-shna; = shjnarsh J(n4-l)jc/sh Ja: 
and j4-ohaj4‘Ch2a:4-...4-chn» = sh(n4*J)a:/2shlx. 


5. Write down the derivatives of the following fimctions: 

6in2jr, oos^a;, sin^, sin2a;cosd?, amPxoospXf e^sina;, 6^co82ap, 
aecartana;, sin-VCl— a:), sina:*, a;e»sina?, xH^^cosqx, sin-H(3-a:)(a:— l)}i, 
cc»-H2-^{(a— «)(»— 6)}/(o— 6)], 8in“’^[(a4-6co8a;)/(acosa;+6)], tan“Hcota:), 
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tan"“^[(a;+cosa£)/sma], ta,n''^lxBm(xl{l+xoo&ac)]f sin"‘H(l+sina;)/(l+cofl«)}, 
logsino?, logseco?, e‘f<»®*6in(»Bina). 

6.01. Find the derivatives of the functions |aj*|, |a5|, |log(l-fa;)j, |sina:|, 
and and show that only the first is difierentiable in an interval which 
contains the origin. 

6.1. Prove that 

cos 3a; ~ 4 cos®a;— 3 cos x, sin 3a; = 3 sin a;— 4 sin®a;, 
tan 3a; = (3tana;— tan*a;)/(l — 3tan*a;). 

6.11. Prove that 

sin Jtt -- cos Jtt = sinjir ~ cos Jtt = 

. l+VS . _ V3~l 
cost's^ = , sin Att = . 

6.12. Prove that i+coao; -t-cos2a;+...+co8na; = Jsin(n+ J)a;/sm Jo;, and 
sin a; + sin 2a; +•...+ sin no; = sin Jno; sin i(n+l)a;/sinia;. 

6.2. Prove the formulae 


sin no; 


— (^)cos"“'^a;sina;— ^^jco8"‘‘®a;sin®a;+ (gjcos^“®sin®a;— . 


cos no; = cos^o; — cos"~*a; sin*a: + j cos**”*a; sin* x — . 


and deduce that cos n.r and sin(n+ l)a;/sina; are polynomials in cos a; of the 
nth degree. 

6.201. Polynomials Cn(x), SfJ(x) are defined for all values of x and ail 
positive integral values of n by the equations 

Co(x) = 1, Cy{x) = X, rn+,(a;) = 2xC^i(x)---C^{x) 
and *%(.r) :r= ], 5 ^ 1 ( 0 ;) ^ 2a;, S^^ix) ^ 2xSn+i{x)-S^(x). 

Prove that (7,|(cosS) -- cos nO and S^{cos6) -- 8in(n+l)<?/sintf. 

n 

6.202. Prove that 2 x^C^{x) = and deduce the sum to n 

1 

terms of the series 2 cos”0cosn^. 

5.21. Show tliat 

cosno;— cosna ~ 2”’*^{cosa;— cosa)(cosa;--cos («+¥)) X 


X joos 0 ?— C08(a+^ j I ... |cos a;— cos^(x+ | ^ 

and* also that 

(7«(cosa;) = 2 *-^(m— cosa)(w— C08[a+27r/n])x 

X (ti— co8[a+4ir/n])...(«--oo8[ot+2(n— l)ir/n3). 

Prove 

a;***— 2a;"cosna+l = {a;*— 2aJC0sa+l}|a;*— 2a;cos^a+~J + l| X 

X |a;® — 2a; cos ^<x + ^ j + 1 1 . . . |a;® 2a? costae + ^ j -f. 1 1 , 


Deduce the factors of a;**— 1 and x^+ 1. 
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6«22, Prove that DJ{x^Jlx)) * noEl^^SJ^x), 

5.3. Prove that for any value of sin^a; lies between x^^Z2a(^IA!6 and 
«»*+2»V45. 

5.301. Prove that cos"* -> 1, 
n 

5.31. KO < |a?l < w, prove {(sin «)/»}• > cosa:. 

5.32. Prove {l/sin(l/n)}--n 0. 

5.33. Prove that, for 0 < a; < Jtt, 

(i) a; cos a; < sin a?, (ii) cos as < 

5.34. Prove that the series 2 {— l)"n{l— oos(a;/n)} converges for jail 

values of x. \ 

5.4. If /(») is differentiable and /{a;)-f/(y) =/((a;+3/)/(l— «y)) prove 

that /(a;) » 0 orf{x) is a constant multiple of tan'~^a;. \ 

5.5. Show that the derivative of each of the four functions » 

log(secaj+tana'), ch-^soca?, sh-^tana*, and th“*8ina: \ 

is sec as, and hence prove that they are all equal. 

Show further that sech x is the derivative of each of cos-' sech ar, sin"*' th x, 
tan-'sha; and hence that these, too, are equal. 

5.6. Prove that if 0 < r < 1, 

l+rooBS+»*co82tf+f*oos3fl+... = fZ^xos^-fP’ 

rBm0+f*fm28+r*miZ0+... = 

2 COS 913? 

— j— is continuous in any interval. 

.>1 


VI 

6. Beeolve the following expressions into their partial firaotions: 
«/(**-!), *»/{*+ l)(a!+2)(*+3), (ai*-®+2)/{x«-6**+4), 

(*+l)/(»-l)*(*+2). »/(»-l)*(x*+*+l), {a:-l)/(»-3K**+4), 

(*-l)/(®~S)(»*+4)*, (*»+2*+4)/(*+l){**+l)*, (*•+»*+ l)/**(**+l)*, 
(*+»)/(*- 1)^**+4*+6), {»+2)/(*-l)*(**-2a!+2). 4/(l-»*)», 

(*+ !)/(*»+ 1 ){**+4M**+9). {z+l)*l[x*+a^+ 1 ), 

(»»+2*+3)/(*+lM**+l)(**+2), (*+l)/(x*+l). (!r*+l)V{*»+«*+l). 

(l+»*)/(l-2x*oo8 29+ie*). 


VII 


7. If y « prove that 9«*^+2y =? 0 and hence that 
7.01. thffy ■> <>{1+^ prove that is eoastaat. 
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7.02, If f{x), g{x) eae differentiable three times* with first derivatives 
/'{»)> respectively, and if f'{x)g\x) = 1 and h(x) = f(x)g{x), prove that 

/(«) * 


7.1. Prove that if y ~ 2/(l+a:*) then ^ =: 6a5y*(l— a;*y)* 

7.11. If % =: sin(a;4‘y)» where k is constant, prove that 

Assuming that, when X; > 1, y can be expanded in a scries of ascending 
powers of », calculate the coefficients up to that of x^. What is the part 
played by the restriction on & ? 

7.2. Find the nth derivatives of 

(i) (a?+l)/(®— !)*(«+ 2), (ii) (hi) sin^rcoso;. 

7.21. If y = and s *= siny, prove that dHjdx* is of the form 
a?(P,iSiny+QnCOsy) if n is odd, and of the form P^^siny+Qn^ois^ if n is 
even, where P« and are polynomials in y. Show further that 

p dP,„ ^ ..rd*P.n .dOtn 


^*n a ^Qtn p \ 

7 “ ^ 


‘ dy dy^ — dy 

7.211. Prove that the nth derivative of tana; is a polynomial in tana? 
of the (n4'l)th degree. 

7.22. If y ss= e®®^«sin(a5 8ina) and y^ denotes d^y/dr® prove that 

yiH-i-Syw-icosa+y. = o. 

Assuming that y can be expanded in a convergent series, prove that 


2 x^ , 


7,23. If p(a5) is a pol 3 niomial and p(a) = p'{a) = ... =r p®(a) = 0, prove 
that p{x) is divisible by (a?— a)®+*, 

7.3, If /'(a) =/'(6) = 0 and f{x) # 0 in [a,b] then /(a), f(b) cannot 
both be maxima nor both minima. 

7.31. If/(a;) is differentiable in (a,6) and if /'(a?) vanishes at only a finite 
number of points in (a, 6), then between any two points in [a, 5] where /(a;) 
is there is a point where /(x) is minimum, and between two 

minimum values, a maximum. 

7.4. Find the maximum and minimum values of the functions 

(i) a>6>0; (ii) a > b > 0; 

(iii) (»— a)(»— 6)/(x— c), a < b < e; (iv) (x*+6»— 6)/(«*-“3a?+2)j 
(v) x(2*-91ogg,e); (vi) (log x)*— log®®; (vii) (®®— 36as®—16)/a!®. 

7.41, Show that if a > 6 > 0 the minimum value of (o--6)®/(®+a)(®+6) 
woeeds the maximum by i<yl{ab)l(a--b). 

7,411. Prove that the fbnctioii a?i(aj®-^4) has two minimum values and 
one maximum value. 

7.42. Determine all the maximum and minimum values of the fiinotion 
ain*^/ainm(® where m is a positive integer and 0 < a < w/m. 
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7.43. If Z > m > 0» find the maximum and minimum values of the 

sin*a cos*aKZ(sin (T—ooB a?)*+m(sm »+cos a?)*}. 

7.44. Find the maximum and minimum values of the function 


sin^aroosSx. 

7.5. A triangle ABC has a right angle at C, and the product of the 
sides AB^ BC is constant. Prove that AC+ZBC is a minimum when > 
AC ss 2BC and a maximum when AC » BC. 

7.6. tf, Uff Vff uvv* denote the rth derivatives of the n + 1 functions of 

Zo 9 u ^9 ti^o*.** respectively. Both the determinants of the (n+l)th order 

A ^ === are zero for all values of x but the 

minor of Zo in A is not zero. Prove that the minor in A of each of Uo, 

is a constant multiple of the minor of \ 

7.7. If y = tan-^a; and is the nth derivative of y with resx>ect to a?, 
prove that (l+aj*)yn+i+2najy,i+n(n— = 0, and assuming thatWor 
•^1 < a; < 1, y can be expanded in a convergent series of ascending powers 
of a?, prove that 

tan“^a? = a5— Jaj*+Jaj®— ...» — 1 < ap < 1. 

7.71. If y ss sin^^x and y^ is the nth derivative of y, prove that 


(l-x*)y,n.,-(2n+l)xyn4.i-«Vn = 0. 

Assuming that, for \x\ < 1, y can be expanded in a convergent series of 
ascending powers of x, prove that 


sin~'x 



1.3.6...(2n--l) x*»*+i 
2.4.6...2n 2n-fr 


1 . 


7.8. Deduce the expansions of Examples 7.7, 7.71 from the binomial 
theorem. 

7.9. Prove that if ax*+ 2&x+c has no linear factors then A is a maximum 
or minimum value of the function {(px+g)V(ax*+26x+c)}-|-A according 
as og*— 2 &p 9 +op> is negative or positive. 

7.91. Show that the values of A for which Ax* + 2Bx + C— A(ax* + 26x+ e) 
is a perfect square are the maximum and minimum values of 

(Ax*+ 2Bx+ C)/(ax*+ 26x+c), 
provided ax*+26x+c has no linear factors. 

7.92. If P(x) is a polynomial of the nth degree, prove that 

P(o+fc) * P(o)+AP'{o)+^P'(a)+...+^i»»{a). 


7.921. If /(*) » 2 a.*". 9(*) = 2 series bemg oonveigeot for 

|«| < B, and if there is an r such that/(x) = g(x) for |x| < r < B, prove 
g(x) fm \z\ < B. 

VIII 


8. Find the indefinite integrals of the foUowing Amotions: 

«l, ^he+lf^x, sinla:, sinscosa;, a:*e**, sssginbj,, l/«(14>c*), 

s^oocftr, sec*.;, »^(2— *•), (*—2)/<^(»*— 4*4-6), fl*sin*, *tin~>*, tante, 
abr'’**. (*•— »4-2)/(#*— 6«*4-4), **/(»— 1)*, l/(fl^-fl), 

ji«t/(a*4.l), *aeo^ s*seos*8», l/(6~-4ooa*), (*— 1)/(*— 2)(»*4>4)», 
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ooBxUl—coBotooBx), sia^/( 1 — 00801 COB »)*, a;ah~%/( 14 -a!*)t, 

log(l+»)/(l-i»). (2»*+3a!+4)/{4**+»)*, »{(2-»)/(8+®)}>. 

*H(1~*)/(1+®)}*. x{x+2)i, l/(*-l)V(**+l), (!+«)/(*»+ 1)», 

»*ain«, so*(logiB)V ase^riiaic, xe^^sinoiE, (takeic* = «•— 1), 

(ai+9)/(*-l)*(a!»+4*+8), (6-2x)l(x*-2x+6)\ l/(»-l)V(**-2*+6), 

(»+!)/(»•+ l)(iB*+4)(®*+9). ( 18 *+*+ !)/*(**+ 1), */(*+l)(**+l)*, 

l/aV(**— 4), !/(**+ 1)*, l/(3+5cos*), V2/(sm*+oos*), 

(*+l)/(»*+4)V(a*+9). (l+*)/(4**+l)V(9**-4), (a- !)/(»*+ lW(a*-l). 
l/(6*»+12*+8)V(6»*+2*-7), (*-l)/(2»*-6»+6)V(7**-22»+19). 

Evaluate the mtegials: 

8.01. f [l/{V(*+2)+V(a+l)}]<iB; 8.02. Jd*/*{l+*»); 

8.03. Jf {(3Bm*+4co8*)/(sm*+cos*)}(i*; 8.04. J <i*/^(2e®— 1); 

8.06. /[V(20*-16)/{35-8V(16-6*)}]<te; 8.06. if *»(!-*)-* d*. 

■^07. If /'(*), g'(x) are the derivatives of/(*), ff(*) prove that 


1 

2 


J 


1 fg'-rg 

V(/fl') /-S' 


<2* = log 


A/f+Vg 


^^.08. If «, = J (1— **)“*d* prove that 


4»m«+i == (4»-l)u„+*(l— *«)-», n > 1, 


and hence evaluate the integrals 

/**(l-ir*)-»d*. J**(l-»*)-*d*. 

8<1« Integrate the function by means of the substitution 

l/a;* = 1. 

8.2. Evaluate J (logar)>ef;t; and J (iogx)^<2a; and find the relation between 
J (loga5)*+^dte and J (loga;)*dr. 

8.21. If is the inverse function of ff(0 show that under the trans- 
formation t = gr*(ir) the integral f/(g(t))ff'(t)dt becomes ff(x)dic, 

8.3. Show that if y* « (a:*— 83?+10)/(3a;*— 10fl?4-9) then 

V14 J (*-4)d*/(3**-10*+9)V(a!*-8»+10) 

= 3 J dyM*-»*)-2V2 J %/V(»*+2) 


and h«aoe evaluate the integral (use Example 7.91). 

8.31. Eviduate f d*/(6z*+12*+8)^(5**+2*— 7) by the substitution 

y» =. (5»*+2»-7)/(6»*+12*+8). 

Evaluate the integrals 

**+^(**— o*) dx 


(i) 


f »+ 

J *— .^(aS— o*) ^((1^— a*)’ 


JO 


(ii) 14 


is*) 


)■ 


by the substitution x+^(a^'^a*) » t 
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IX 


9. Evaluate tlie integrala: 

t 


/{*/(! +**)»}<!«, |{aog®)/*}<te, ||«fe/(6-4oos*), 

1 • f 

^ dxl(»J2+ooax—e&ax), J d»/(®— syc**— 4*+3), f &/(»— 1 )^(sb*— 2»+6), 
« s I 

( >1 
J{(*+2)/(*-l)*(**-2*+2)}<to, J(6-2x)<te/(a:*-2®+6)*, J<to/aV(l+**). 


J V2<l»/(8maj+oo8a /{(a!+l)V(«*+**+l)}d!». J ooseo’idx, 

0 -i *» 1 

}{x/(l-x}}idx, Sdx/x(l+x*). J (&/{*+>*-**)}, I {(x-3)/(x-2)}\dx, 

0 10 8 \ 

Vt I* S 1 \ 

J as^(2— **)d*, f x{(4—x)/(2x—3)}idx, J ^{(3— a!)(3— 2ar)}ito, 

0 0 2 0 \ 

2 2 2 2 
f(te/V(2e*-l), J {(3-a;)/(2~rr)}*da?, f 

if 0 1 

2 fir 4 

f {log«/(a?+l)*}<2a;, J dte/{14-8ina;)*, J (4a;+3)daj/V(«*+10a;+26), 

2 0 8 

2 2 

f <fa/{-^(2a!— 1)+V(5— 2«)}» J a? 8h"^ajdr/(l +«*)♦, J <fa?/(6co8a?— 3)*co8 Jop, 

1 10 

J(l_a!i)far*<fe, J{l/*V(**+8*+l)}dir. 

9.01. Evaluate the integrals J{l/(l+**)}(i* and **)}di» to 

three places of decimals. 

1 


oosec^i da?, 
in I 


9.02. Prove that 


9.1. Prove that 


, t I rr. 

0 

j^sin*'“^fisiii(n+l)®<W = (lln)am(inn) 


od ^{8in(n— == — (l/n)8in(inw). 

9.101. By of the transfonxiation x » sint, prove that 
\2xdx^ j ^2tdt. 


9olL Show that, if n > 1, 


J xi^'^dx « Kn— 1)J 

m 

tad imne* tiiat if n is a positive integer 2 J jE*<H'ie-a'dsB nl. 
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9.12. Prove that 

OD 1 

J(to/(l+e^)«»(l+e-«) = 2-»/p, p>0, J (1 -»*)»&? = 2nl/(2n+ 1)1, 
0 0 
Sa « 

J a? (ia?/V(2aaj— «•) = 770 , J = {(2n— 3)l/(2n— 2)i}(iw)» 

J {(38in»+4co8a;)/(sina:+cosa;)}(2a; = 77r/4. 

9.13. Prove that 

j {sin(2n-|- l)xlfimx}dx = Jtt 


and 


J (sm fix/^x)^dx = JnTT. 

9.2. Show that 
1 

J Bina(fa;/(1 — 2a5C08a+«*) == Jir if 2n7r < a < (2n+l)7r 

= — Jtt if (2n— l)7r < a < 2mr. 


-1 

9.201. Prove that 


L 


(sc+ 1 y{( l^x)( 1 — a? C 08 4a)} 
9.21. Evcduato the integral 


dx Bec 2 alogcota» 0 < a < | 7 r. 


/ 




9.3. If /(as) is symmetrical about the point x I prove that 
21 I 

J xf(x)dx = 21 J f{x)dx 


and hence that J a:log^sina? dx = — Jir^loge 2. 


9.81. Prove that 

a 

I Beox8ec(a— x)dsc » 2oosecalogBeca 
and deduoe the value of 

I xseoxsec(a— x)dx. 

9.82. Prove that 

j das/{V(5— »)+V(»— 1)} V21ogtan(5ir/24)+V8— 1. 
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0.33. Show that the generalized integral j dx exists. 

9.34. Prove that 


1 

f log(l+a?)da?/(l+a?*) = |7rlog2. 


9.35. If is positive and steadily decreasing and l<l>{x)dx exists, 

prove that n^(n) -> 0. 

1 

9.36. If J f{xt)dt = 0 for all values of prove /(a?) = 0 

9.4. Show that J x^'^^dx/il+'s/x) lies between l/n(2n+l) and l/n]|and 
hence by evaluating the integral prove that log2 = 1— i+i— i+i. 
9.401. If J? > A > 0 show that | J (sin«/a:)da < 2/A and deduce that 


J {amxfx)dx exists, a > 0. 

a 

VB 

9.41. If l(a?) — J dt, 0 ? > 0, prove that l{xr^) ~ — ^(aj), l(xy) = l{x)+l{y), 

1 

l(x^) ss yl{x) without assuming the properties of the logarithmic or 
exponential function. 

9.6. Prove that 

(l+*+J+^+...+Qe-»=^2(-l)«-**‘+'+V(fc!)(r!)(fc+r+l). 

9.61. Show that the series sha/e^— sh3a/3e*^+sh6a/6e®^— ... is conver- 
gent if —p < a < Pf and find its sum. 

9.52. If a and P are the roots of the equation x^--<ix+b - 0, prove that 

log(l+aa:+6a:*) = (a+j8)a;~J(a*+j3*)aj*+J(a®+j3®)a:*—... 

and state the range of values of x for which the expansion is valid. 

Hence sum the series 

a? ch ch 20+ ch — ... 

and say for what values of x the sum exists. 

9.53. Show that, for |a?| < 1, 

apcosd— Ja5*oos20+Ja:*cos30— ... = )log(l+2a;co80+a;*) 

and 

a?8in0+Ja?*sin30+ia:*sin50+... = 4tan"'H2«8in0/(l— «*)}. 

9.331. Pjrove that, for |f | < 1, 

rcos0+Jr»cos20+Jr*oos30+... =« — ilog(l— 2foos0+f*), 
rsin0+l#«sin80+if*sin30+... « tan-H^sin0/<l-'roos0)}. 



849 


EXAMPLES 

9.631. Prove that, for all values of r and 0, 

f»S 

I-frcos0+^coB20+|-jCos36+... = e*’«*«*co8(r8in9), 

'* «kS eaS 

r8in6+^8in26+^sin36+... = e>^«®*®8iii(r 8Jii6). * 

9.54. If if>{x) is positive^ continuous, and steadily decreasing as x 
increases, show that converges and diverges together with the 

n 

sequence j ^(x) dx* Prove tliat J converges. 

a 

9.6. Prove that 

sina5+Jsin2a;+iam3a:+... = J(7r~a;), 0 < a: < 27r. 

9.61. Prove that 


2 cosna: nx ^ 

-IT* — 4-T+¥’ 


n^l 


9.62. If <l}(x) is a polynomial of the nth degree, prove that J dx 

0 

is also a polynomial of the nth dega'o. 

9.63. Find the derivative of the function J <l>{y) dy | dy and hence 

o m 

show that 

J ^(®){ / M dy^dx^ ^ ^(ar)| J \ft(y) dyj dx. 

a a b ^ b 

a 

9.64. If J{x) is iioriodic with period a, and if ^(x) =/(a:)— J f{x)dx. 


prove that J dt is periodic, with period a. 

0 

9.7. Show that 

kn fir 

J sin*’*+^x dx < \ sin***a: dx < j sin*"”’^® dx 
0 0 0 
and deduce Wallis’s formula 

, 2.2 4.4 6.6 2n.2n 

O • 376 ’ 6. 7 - (2n-. l)(2n+ !)•** ‘ 

00 

9^8. Prove that the generalised integral J dx exists and that it 

0 

VA.I11A ia aI^19 


9.9. Evaluate the integral J x cte/ajt by the substitution x* ^ y and th' 



9*91. Prove that 


n MJ(2fnn){nle)^ -► 1 {Stirling’s formula). 
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, 9«92. Prove 

9.93. Show that 


J {l/-^(log(l/aj))} dx « Vtt. 


0 


./- , n , n* , n* , 
e- (l+TT+2i+3j+- + 



9.94. If r(o) = f dt prove that r(a) is defined for a > 0. Show 
0 

further that, if a > 0, r(a+ 1) ~ ar(a) and T{i) = Vtt. 

Deduce that 

0 

m and n being positive iniegerb. 


X 

10. Find the lengths of tiie fiubtangent and subnormal of the cycloid 
X =ss sinff), y = a(l~cosd) and hence show that the normal at the 
point 6 passes through the pomt x -- ad on the a;-axis. 

10.1. Find the area of a loop of each of the followmg curves: 

10.11. x^ 2asmt, y ^ 2aBin2t; 

10.12. x:y:l ^ (1-/*) : <(!-«*) : (H 

10.13. X ^ oitKl^i^), 3/ = a^V(l+<®)? 

10.14. r = 6asin*dcos*ff/(sin*tf+cos®(j); 

10.16. y»-3ry-h2a!« 0; 10.16. r = 2cose-l. 

10.2. f(x) is a polynomial and y tnar+c is the tangent to y — /(it) at 

X = Xq; show that the polynomial is divisible by (a;— apo)*/ 

10.21. If f{x) 5= aj;-h66*/«*» 5 0, prove that the curve y =* has 

at least two pomts of inflexion, 

10.3. Find the perimeter of, and the area bounded by, each of the closed 
curves: 

10.31. X s co8% y == sin^f; 

10.311. X = <e“*^ y = «*e~**, / > 0; 

10.32. X ~ coBt(l+cos0» y ~ 8mf(14 cost). 

10.33. Find the length of the curve x ~ 2ch<, y =* 8h<ch<— 1 between 
the two points at which a; = 8, and of the curve y ^ 2tan*x+}logoos^ 
between the points a: 0 and x ss }w. 

10.34. By writing y « asin^t obtain a parametric representation of the 

4(a:*+y*)-a* « 3a*yK 

and hence prove the area contained by the curve is and find the 

length of the curve. 

10.85, Find the area between the curves y » (a:*— 1)* and y 9a!*/4. 

10.86, Show that the length of a quadrant of the curve (a?/a)t-f(2^/6)t » 1 
ig (a*+o6+5*)/(a+5). 

10.87, In cycloid x ^ a(ie+8in0» y »» a(l"-cos0» prove that 
9 (tts 4asin^f where a is the are length, measured from the origin, and ^ is 
the inclination of the tangent. 
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10.4. If « is the arc and A the sector area of the curve 

(a+r)/(a-r) e®, 

both measured £e0m 9 » 0, prove that 

s+r = aO, il-for = 

10.41. In the semi-oubical parabola p = find the relation between 
the arc s measured from the origin to a variable point P and the angle 0 
between the tangent at O and the tangent at P. 

Prove also that if the normal to the parabola at P cuts the axes in O, H, 
the radius of curvature at P is proportional to HP^/PO. 

10.42. Prove that, if the tangent to a curve makes an angle 0 with a 
fixed line and is at a distance p from a fixed point, the radius of curvature 

“ ip+d*i)/d0»i. 

Provo that in a curve for which 

p = sin01og(sec0+tan^)— 1 

the arc s, measured from a suitable point, is equal to tan^, and the refioc- 
tion of the centre of curvature at any point in the tangent at that point 
lies on a fixed line. 

10.43. Determine the pomts of greatest curvature (i) on the curve 
6xy « «*+3; (ii) on the curve x « y = 

10.44. Show tliat tlio radius of curvature of the curve ay* = a;(a— «)* 
at the origin is and find the radius of curvature of each branch of the 
curve at the point (a,0). 

10.5. The perpendicular from the origin 0 meets the tangent at a point 
P of the curve in Q\ r, p, and t are the lengths of OP, OQ, and QP, and ^ 
is the angle between OP and PQ. Prove p = rsin^, t = |dp/d^|. 

10.51. The centre of curvature at a point P of a parabola is C and the 
normal PC cuts the axis of the curve in Q, Prove that PQ is to PC as 
the sconi^latus rectum to the distance of P from the focus. 

10.52. Find the maximum and minimum values, as a varies, of the total 
length of the spiral 

X o(a— 3)6-®^ cos f, y == a(a— 3)e'^*8inf, f > 0. 

Show further that the curvature at the point f ~ 1/a is maximum for a 
value of a between 1| and 2. 

10«6« Prove that the formula for the radius of curvature is invariant 
under a transformation of rectangular axes. 

lO.dl. If a: aco8d+<>oo8^, y =» asin®+ccos^, where ^ are fhno<* 
tions of a variable U connected with a third function 0 by the relation 
S3 al^oos(9— and if, as I varies from ti^ (x,y) describes a 
simide dos^ curve, and ^ both return to their original vdues, prove 
that the area enclosed by the curve is proportional to the change in 

10.7. In the catenary y « cebz/e show that the length of the are 
xneasured from the vertex (0,c) to any point (a;, y) of the curve is s w cAxjc* 
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If the arc of the catenary joining the points 97), (|, together with 
the boundixig ordinates is rotated about the a;-axis> show that the volume 
enclosed is 7rc{c(+$rf). 

10«71. Find the point of maximum curvature on y » and find the 
curvature at this point. 

10.72. Circles are drawn through two fixed points B, C; parabolas are 

drawn with the perpendicular bisector of BC for axis and a fixed point 
of this line for vertex. Show that a point at which one of the circles cuts 
one of the parabolas at right angles lies either on a fixed ellipse or on the 
perpendicular bisector of BC, and explain why this line is a part df the 
locus. ( 

10.73. The tangent and normal at a variable point P of a plane curve 
cut the a;-axis in T and Q, and 0 is the angle which the tangent nd^es 
with this axis. If the radius of curvature at P equals the distance between 
T and 0, prove that 

tan*i0 = {{y-a)l(y+a)}^ 

and that the equation of the curvo has one of the two forms 
y* = a®(l+6e*/«), y* = a2(l~6e“*/«). 

10.74. Find the curvature of the curve y - logsecar at any point P of 
the curve, and show that the length of the arc fiom the origin to P is 
log(8eca;+tan;r), < a; < Jir. 

10.76. A curve C touches the a:-axis at the origin and a is the length 
of the arc of the curvo from the origin to a point (x, y) on C, The tangent 
to C at (x,y) meets the line a; — a at a distance Y from the a^-axis. If 
dF Ida is constant, find the equation of the curve. 

10.76. Q is any point on a circle, of which OA is a diameter. OQ, pro- 
duced, meets the tangent to the circle at A in a point T, and the circle 
centre O, radius QT, meets OT at P. Prove that the area boimded by the 
curve on which P lies and the tangent to the circle at A is throe times the 
area of the circle. 

10.77. Show that the curvature at the point (h, 1c) on the curve 

y— A? =a ao(a?— 4)+ai(a:-~j^)*/2!+o,(a;— ]^)*/3l+— 
is 

10.78. Find the curvatures of the curves 

y == a?(a;— 2)/(a?— 4), y* = a:*(x— 2)/(»— 4) 

at the point (0, 0). 

10.79. Circles are drawn through the two points (--1,0), (3,0) and in 
each circle the diameter is chosen which passes through the origin* Show 
that the ends of these diameters lie on the curve 

(a?— 2)y*H-a?(«+lK«— 3) 0. 

10.791. Find the curvature of the curve (a:*+y*)* = a*(y*«-*flc*) at the 
point (0,a), a > 0. 

10.792. Show that the centres of curvature at points of a cycloid lie cal 
an equal oydoid. 
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10,703. Find the ourvee on which lie the points wheie a curve of the 
family >» o (i) cuts at n^t angles* (u) touches* a circle whose 

centre is the origin of coordinates. 

10.794. Show tUftt the radius of curvature of the curve 

X » 22— tan^* y » 21og8eo2 

is l(l+s*)* where a is the length of the arc measured from the origin of 
ooordinates. 

10.795. Fmd the area of the surface formed by rotating about the y-aads 

the arc of the curve By = from a? =s 1 to a; ss 2. 

lO.S. If 8 18 the arc length of the curve x x(8)» y » y(a) then the 

b . b b lb 

point where x » J x ds/ J ds* y » J y ds/ J ds* is called the 

centnM of the arc from 8 a to s — b. 

Fmd the centroid of the arc of the cycloid 

X ~ o(20+sm20)* y » a(l— cos20) 

item 0 as 0 to ^ ss 

10.81. The pomt (x,y), where 

b . b b . b 

« =» J */*(«) ds J fi(«) ds, ^ « J yiJd.«)dsj J fi(a) da, 

a 'a a ^ a 

is called the wetghted eerUrotd of the arc of the curve x » a;(a)* y » y(e) 
from a » a to a •» 5* with associated density function fi(a)* or briefly* the 
centroid of the Vire’ x x(s)f y y(a) of density fi(s). 

A ‘wire’ in the form of the catenary y =• cha? has density inversely 
proportional to yK Show that if A is the vertex (0* 1), and P any point 
of the curve, the centroid of the arc AP is the pomt 

r- (y/a)logy* (y/a)tan~»a* 

and that as a increases the centroid approaches the point (log 2* |w)« 
10.811. The centroid of the area bounded by the curves y ^ y^(x) and 
y ys(^) and the Imes x ^ a, x ^ bia the point 

/ *5/ / (yi-y») j J dxl j (ya-y,) *?. 

• 'a a 'a 

Find 4 ^ eeatroid of the area bounded by the s-axis and Hie curve y sins 

firom s «> 0 to « iir. 

10.81S< The wei^ted centroid of the area bounded by y fhl») and 
y **' Vit*) ood X a, =r-. b, with aesooiated density /u(»), or briery the 
MQltoid of a ’lamina* of density it(x), is the point 

I Myi-yMx)dxf j {yi-y,)/*(»)die, 

I I / (yt-y*)/*(*)* 

S ' i 
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8faowtb»t if the density of a oiroular lanuna «fc any point is piopcvtioiMl to 
‘tbe distance of the point from a fixed tangent at the oiioumferawe« the 
eentroid is distant fimu the oentie one-qoarter of the ladios. 

10.88. Prove tihat the area of a surlOce of revolution is equal to the 
product of the length of the mc revolved Into the lengdi of the path 
<d the centroid of the arc. 

10.83. Prove tiut the volume enclosed by the revolution of an arc 
idMnit an axis is equal to the product <d the area bounded by the arc 
and die axis into the length of the path of the centroid of that area. 

^ 10 . 84 . centroid of the surface formed by revolving the arc a£ the 

curve y »/(*) from z =: a to x = b, about the x-axie, is the point 
6 .6 

Jznyx^dx/jzTry^dx, 0, 

a a 

and the centroid of the volume enclosed by this suzfaco is the point 

Try* dx, 0. 

Show that the ic;-coordinate of the centroid of the surface formed by^ 
revolving the arc of the parabola y* = icuv, from a; = 0 to a? 3a» about 
the a;-axis, is 58a/36. 

10.9. The mclmation of the tangent at the pomt (x, y) of a curve y = /(») 
is the radius of cuirvature at this pomt is |cr|, and the centre of ourvatuxe 
is (a« 6). Prove that if a has the same sign as f^(x) then 

a ==: a;— crsin^, h = y+acos0. ^ 

10.91. Show that the length of a quadrant of the astroid x = aoosH, 
y ss asin*^ is equal to the radius of the greatest circle which has contact 
of the second order with the curve (i.e. the greatest ladius of curvature), 
and that the area of the surface generated by revolvmg the astroid about 
the a?-asis is 12Tra*/d. 

10.92. Show that the formula for the area bounded by a closed curve 
is invariant (unchanged) by a transformation of rectangtdar axes. 

10.9S. Show that the evolute of the parabola x = afi\ y = 2afi is 
27ay* = 4(a;--.2o)*. 

10.94. If (S,^) is the evolute of the curve (s,^), prove that S ^ ± 

7 the signs beii^ chosen to make S positive and 7 lie in 

(-K+Jw). 

10.95. If (esh^,^) are the polar coordinates of a point N relative to an 
origin 0» and P, Q are the pomts whose polar coordinates relative to as 
ori^ ara (ceh0,^+i^) &&<! (cch^,^+}Tr), show that P describes the 
evolute of the curve described by Q, and that if « is the arc-length of the 
latter oiirve» measured from 0, and if r = OQy then a* « 2(f*— c*). 

10.96. Find the total length of the spiral 

» sa s**<(8m^+cos<), y stt cost), ^ > Op 

and show that the loons of the centre of curvature is an equal spira}. 




IIXAMHJBIS SS6 

i 

10<97* A regular polygon of n dtdes rolls on a straig^i line. Show that 
the length of the path ddsoribed by a verteac of the polygon in a complete 

revolution is 4a 7 -sin—, where a is the ciroumradius of the polygon. 

Jmm4 n fi 
r^% 

Deduce that if a circle of radius a rolls on a line, in a complete revolution, 
the length of the poflsh of a point on the circumference is 8a. 

10.98. 2^ is a variable chord of a curve S and P, touches a curve S* 
at 0. Show that when the length of the chord P^ P, is a maximum or mini- 
mum the normals to S at P^, P, and the normal to S* at 0, are concurrent. 


XI 


11. Solve the following differential equations: 


(D»-D*-D+l)y = a?(c-*+l). 

(D-l)«y « 2sha;. 
(D*-2D+l)y «= ajV. 
(D*+2D~3)y = 
(D*-2D+l)y = x^. 

(D*+l)*y == e«‘+3i»*. 
(D— l)*y = e*sec*a?. 
{D+l)*y = 

(D*+4)*y cos 2a?. 
(D*-fl>*+l)*y = sina?. 

11.1. Solve the equations: 


(D*— 4D+4)y = e®(a?*+8ina?), 
(D*— 4D+3)2/ = a?®+10sina?. 
(D*-2D+l)y = a?e®«+sin2a?. 
(2>*4-D+l)y = 7a:e*®+sin3a:, 
(D®— 6D+6)y =. 2xchx, 
(D®+2D— 3)y = 2cos®a:. 

(D*— D*— D+ 1 ) 3 / = 2a;®(a:+sha?). 
(D*+4D— 6)y= l+sinxcosa?. 
(I>*+2D+6)*y s= e“*-i-8ina:. 


(i) (D— 2)*y ~ a;e«(l+cosa?); (ii) l)y = »sina?; 

(hi) (D®— 6D+13)®y = e®*(8ina;+sm2a?). 


11.2. Solve the equation x dyjdx+x = (a?+y)log(a;+y) by means of the 
substitution z = x+y. 

11.21. Solve the equation = (2a;®+3)(a;dy/(2x— y) by the 

substitution z ^ x dyldx--y, 

11.3. Show that the substitution a? as e* transforms the equation 
x*(d:^ldx*)-^x{dyldx)+y = x into d^ldfi--2dyldt+y = e* and hence solve 
the equation. 

11.31. Transform the equation d^jdx » 2+3y+y* by the substitution 
8 tab and hence solve the equation. 

11.4. Find the solution of the equation (d®y/db®)® « 4{dyldx) which is 
such that at a? » 0 , y »» 1 and dyjdx ^ 0 . 

11.4L Find the solution of the equation d*yldx* ^ 2^2y which is such 
that at a? » 0, y » ^ and d^ldx » 2. 

11.5. Verify that the differential equation d^fdx^ =» 2(1+ 2a?*}p has a 
solution of the form y « 6»", and hence solve the equation completely. 

1 i 1 .A. PmvA trlm.f 


dff® 03® as® 

^+ri+ei+5i+- 




asV3 





JL7* If a hyx'^\ |irov6 that y > = a(logflD)*'-i whe«« a» * 


oonstantB. 
11.8. If Lv 


iji.a. II prove that ^x) = ±^{ax+h), whar© a and 

ft are constant. 

11.9. If ^ as ss xe^^f Ui ^ sinod?, Ug oosax, Vi as frsinoa?, and 
Vf vm xifOBox, prove that the Wronskians of tx^ of and of 
©!» Vg do not vanish for any value of x, 

11.91. If L(t) is a polynomial of the nth degree, prove that there 
is only one solution v| of the equation L(D)y « 0 such that q, Dq, 

take assigned values at a given point x » a. 

In particular, show that if f|, Dq,..., are all isero at x a^ 
then 1) as 0 for all values of x. I 

11.92. The functions are solutions of the nth ordei^ 

equation L(D)y == 0. Prove that, if W(f)i, qg^**** ^ii)» the Wronsklan 
vOf %t vanishes at the point x — a, then it is zero for all 

values of x. 

11.93. Find the complete solution of the simultaneous equations 

(D*— l)tt+(JD+4)v =s 2z— z*+8mz, 

(D+l)u-Do = xK 

11.94. If ^(z) stands for either smz or oosz, prove that 
(D^+a^)»x^<f>{ax) 


XII 

12. Tff(x) baa n roots in {a,b), prove that/<”~^>(a;) has at least one root 
bt that interval. 

12.01. If a < 6 < c, 0+6+6 = 2, o6+6c+co — 1, prove that a, 6, e lie 
in the intervals [0,}], [^, 1], [l,f] respectively. 

12.1. lff{x) is differentiable in (a,6) and /(A) = 0, o < A < 6, prove that 
there is a oontinaous fonotion g(x) such that /(a;) = {x—X)g(x), 

12.11. If is the function, given by the mean-value theorem, such that 

{/(»)-/(o)}/(»-o) = /'(Cb), o < » < 6 
and Cg o, prove that ^ is continuous in (a, 6), provided |/'(ai)| > a > 0 

in io,&y. 

12.12. If jF(a) a g[b) « 0 and (^(x) 0 in [a, 6], prove that g(x) ^ 0 in 

&*.«• 

12.2. Hv{x,y) denotes {/<,)— /(a)}/^)—g(a)}, where g{x) is monotOnie 
jneresang. prove that if r<a,JL) > v{a,b),a < X < 6,theai/(X,6) < iKa»h)* 
$gi4tity{a,X) < v(0,6) then v(X,b) > v(a,6). 

12.21. If/(») e^ p(a) are differentiable in (0,6), and g'ix) 96 0 in ^,6), 
dnrw that S v{o,x) is ecmstant m (0,6) than v(o,6) «> f'{cW(e) for angr 0 
ia(e,6)< 
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Wl 


12.22. and g{») an diffarmtialila in (a,fr), and g'ix) > 2A > OV 
{atb), prove that then k a in <a,6) aueh that /'(ex)/(r'(et) < v(a,6) md 
a sabh that/'(ei)/tf'((%) > v{a,h). 

12.23. Deduce £ram 12.22 that if v{a,x) is not oonstant in (a, 6) then 
then is a point e in (a, 6) sueh that v(a, b) => /'(eVg'ie). 

12.8. Prove then is a point a in {—h,h) such that 

j f(»)dx== 2V(0)+(hV8)/'(«). 


12.31. Prove there is a point )3 in {‘^h,h) such that 

I /(*)d» = A{/(h)+/(-h)}-(2A»/3)/'(/J). 

12.32. Prove there is a point y in (—h,h) such that 

h 

j f(x) dx = (h/2){/(A)+2/(0)+/(-h)}-(h»/«)/'(y)- 

12.33. Prove there is a point S in (O^h) such that 

= W12)[-/(-A)+8/(0)+6/(A)]-(hV4f)r(8)- 

12.331. If f{x) is difterentiable three times in (a— h,a+A), prove there 
is a point e in this interval such that 

f{a+h)-~f(a-h) hV/.x 

^/(«)“ g/ («)• 


12.332. If g{x) is differentiable twice in [a’--2h, a+2h)t prove there is a 
point c in the mterval such that 

5f(a+2A)— fir(a+^)-’fir{a— == Zh*g^(c)> 

12.333. If f{x) is differentiable ffve tunes in (a— 2A,o+2A) prove there 
» a point c in the interval such that 

f{a+2h)^Bf{a+h)+Bf(a-^h)^f(a^2h) . 


12.384. l£f(x) is differentiable four times in (a— i^,a+^) prove there is 
a point 0 in the interval such that 

/(o+ A)-2/(o)4-/(o-h) A* 

ft* V xy 


12.388. 1if{x) is differentiablo six timss in (a— 2A,o+2A) prove there is 
a point «, o—^ < e < a+2A, such that 


/(0+2A)- l<y(o+A)+ 8qf(o)- 16/(0- A)+/(o- 2A) 


+/'(«*) 




12.4. If /(a?) > 0 and g(x) is monotonio and bounded, for all values 

m CO 

and if f /(«») de eacists then cte existSs 



MS EXAllHiBS 

I2.il, jrt*) xnoootonio deoreaaing to Mcro aod J/{a) db| < If for 

00 

aD values of x then jf(a)^x) dsc exists. 

a 

12.5. If /(*) is continuous in any interval (h,H), 0 < h < B, and if 
-► A, and/(l/a,i) -*■ ft, when a« -»■ 0, then 

«0 

J {/(ua?)— /(6a?)} da?/a? = (A— jLt}log(6/a), 6 > a > 0, 

0 

b 

12.61. K J/(2^a?) efa?/aj -► 0 as JV increases, and /(a,>) A when a* 0, 

a 

then „ 

J {/(«*)— /(^»’)} *?/* = Alog(6/o). 

0 

12.52. If |/(»/n) dx{x -*■ 0 and/(l/o*) -► ft when a, -► 0 then 
a 

00 

J {/(oaj)-/(6r)}da?/a? == /xlog(a/6). 

i: 

12.6. Prove that if 0 < X < tt then J {i)a,(l/8in»— l/ar)}cosaa?da? exists 

0 

and has an absolute value less than 1/sinX— 1/X. 

12.61. Prove that f dx = in, 

J smx 
0 

00 

and deduce that J da? = Jtt. 


12.62. Prove that 


00 00 

f 1— cosa; , f /sina?\* , , 


12.63. Prove that 


w 

r SinCKB . , 

j — dx= in, a > 0, 


0, a a. 0, 

^ — Jit, o < 0. 


12.6i. Prove 




increases for a? > 0 and 




deoteaaes for 


» > 1. Hence thow that (l-f^) tend to a common limit 





' BXABitaLBs - ’ ■ jsi 

, li.?» Pirovel^Mit, if |/^»)| < Jir in ' 

; r/(«)<ib « A»i:^{“8A)+B/(-.2A)+/{-A)+^(0)+/(A)+5/(ffl!i)+/(3fc)3 

;.r.« 

witb «n error leas £haa W. 

12.S. Illustrate tl^.neoeaaity for the condition *jr(*) > 0’ in Thewem 
'12.S1 by showing thm if/(«) = («— 1)*, g{x) <= (*—1) then fc 

/ W J fl<«) d* < / S(x)g(x) dx 

for any X in (0, 8). ° 

18.81. Illustrate the necessity for the condition ‘/(^) of constant tign’ 
in Theorem 12.73 by showing that i£f(x) = 1— as, g{x) = Vas then 

* X 

J /(x)ff(x) dx < /(O) j g(x) dx 

. • 0 0 

for any X in (0,4). 

12.82. If /(O) = a, f(a) = 6, /'(O) = -1, and if |/'(*)| < l/4|o| in the 
interval (-2o, 2o) prove that ll+/'(ir)l < i in (-2o,2o) and hence that 

l/(o+6)| < i|/(a)| < i|o|. 


XIII 

13. Prove that 

tana; = aj+Ja!®4-®*(A+«*)» sin-^a! = x+^x^+x^i^+p^), 
where Og and iond to zero witii x. 

13.01. Evaluate the limits: 

lim(l/Bina;— 1/a;), lim(l+oo8m;)/tan*m 

•->0 •-►I 

lim{log(l+a?)}’/(tana;— sina?), lim oos 3 a?/(e*»— e’^), 

lixn{ 8 m X a;*)/(tan x taxr^x-^x^), lim{cot*a:— ■ («— w)"**}, 

lim{ 1 /«♦ — 3 sin a?/»*( 2 + 008 ® )}, 

i »-M) 

18.02* Prove that lim n{Va?— 1} » logx. 


1^.03. Prove that e® exoeeds or is exceeded by l+«+si+***+^ 

aeoordi]^ as is positive or negative. 

18.1. Given a function F{x) and a function 0{x) such that €f(a) 0; . 

G(i}) ^ 1» find constants B such that the function F{x)+A+BG[x) is 
aero when a » o and when Taking 

, y(i» 

has n+1 suceesai'ro derivatives, choose CHx) and dsduoe a 
of Taylw'a theorem for the fbnotion/(a;). 



MW EXAMPLES 

1S4I> to. t8.1 take 0(») such that fl'(0) m 1, 0(h) « 0, A *« A— «; deter* 
ivJm B bo that J’(»)+A+Bfl'(a5) u aero when » •» 0 and when » ■« A 

■!''{*) * /(6)-/(A--»)-i5^'(6-»)-|j/*(A-»)- 

1^.12. In 13.1 take 0(0) = 0, 0(A) == 1; detennme A and B so that 
JP(ar)+A+BO(!c) 
is sero when x ^ 0 and when x and take 

F{»)^f(b)-/(a+x)-ih-x)f'(a+x)-...~^^~f-f*(a+x). 


13.13. If A and k have the same sign, prove that there is a A such that ^ 

f(a+h)+f(a+k) = 2/(o)+(A+A)/'(o)+ \ 

18.14. Prove that, for any A and k we can find 0,O<$<1, socdi that 
J{a+h)-f(a+k) = (h-k)f'(a)+ 

13.2. If dn IS given by Taylor’s theorem so that 
/(a+A) =/(«)+ V'(o)+|Jr(o)+ +.^Lfn-Ha)+^^(a+e,h). 


prove that, provided ^6 0, then 0^ --> l/(n+l) 

13*21. is contmuous m the mterval (cx, 6) for any ot greater than a, 

and if/(x) ->/(a) as a; a, prove that f(x) is contmuous m (a, 6). 

18.3. Fmd the root of the equation z+e^ =: 9 3 correct to 2 decimal 
|daceg, given that a; ss 2 is an approximate solution. 

13.31. If 0 IS small show that an approximation to a root of the equation 
nnsp « IS 7r{l"-0+0*-(l+9rV6)0»}. 

18.32. Fmd the positivp (non*zero) root of the equation Ssma? » 2s; 
OOKreot to 2 decimal places. 

13.4. If y*+y— a? « 0 show that y = a?— a?»+3a;*(l+€»), where 
asar-M-O. 


18.4L H y 

18.5. Show that the conic of closest contact with y 
theongmis 


^ show that y = l+»+|«*+f«*(l+<*)» where c^-^0 

<iaif*+6ai;*-|*<w^ at 


a*y «= aV+a*6a;y+(oc— 


18.51. Taking the tangent and normal at a pomt P of a curve as axes 
show that the parabola of closest contact at P is (ydpfdi^ix)^ m 

and dpjda are the values of the radius of curvature and its d eri v ativ e 
^at the jpomt P of the curve. 

13«6. If p and p* are the values of the radius of curvature and its 
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' dMlvit>tive at the origin, show that (bi the neighboiirbood of the ongm) 
the equation of a curve touching the at the origin is 

SB s« a — y «s s*/2p— pV/6p*+.„ • 

13.001. Prove that the sequences ^x(l^x)^ and a?*(l— «) are both 
interval-convergent in (0, 1 ), and that the sequence nx{ 1 — is not interval- 
convexgeat in (0, 1). 

13.01. Prove that 

«»®®*“8in(*«n«) = «8mflc+||Sin2a+|j8m3a+..., 

•T* SB^ 

^^^ooB{x&mx) = l+a;oosa+^,cos2a+^,oo83Qt+***« 

2! ol 

13.62. Xf |a,|(:r)| < Un, a < rr < 5, and 2 tin is convergent, prove that 
2a|i(ap) is interval-convergent m (a, 6). 

13.03. If ^(x) 18 differentiable n tunes, prove 

J «o+OiC+OtC*+-‘.+a«.xC*^‘+c*»(a,i-f €e), 

0 

where r ! o,. = 2^q0)^Bin*^6 dO and c* 0 as c -► 0. 

0 

13.04. The curves y = /(sc), y = g{x) have contact of the nth order 
exactly at the point x ^ a; prove that the curves cross, or do not cross, 
at a; » a according as n is even or odd. 

13.7. If 2) IS interval-convergent m the uiterval (0, oo], and if for 
each value of r, Vf{x) vv as l/x 0, prove that 2 tiv converges and that 
if Ifp^ 0 then 

f-O 

13.71. If, for each value of r, and 2|Vf(»)| is interval- 

convergent in the ipterval (0, oo], and if l/p^ 0, prove that 


fi {l-f v,(n)} n (l+w^)» 

jf where H ^ denotes a^a|a,...a|t and JJ Of denotes lima]La|...Op, 

1 f>i 

13.72* Prove that 

13«8. If f(z) is differentiable twice m (a,a+A) and 0 < r < 1, ahow tbat 
the ewOT in takiog/(a)+r{/(o+A)— /(o)} for/{a+rik) a ir(l~r)fcy'(o+a) 
fat a emtain $ in (0, 1). 

Iv 2+V2 . . 

Heaoe> oonaidering sins in (iw^iir) prove ^to *« «*<» 

hmUrnu^/mt. 

t3.81. KO < n < 0 — 8 , prove l(o— 1 | < 8 *»» > ii,.wh«Mfi,ili 

(if S9» 



ip6a EXAMPLES 

Jb ocmtSnuotui ia (0,o), and /(a) =» 0, and if /»(«) “= 

» i^Mnra is intBrval-oonvergeat to/(n) in (0,o)- 

If fWther /{») baa a derivative /'(*) in (0,o), and if /'(o) “« 0, prove 
ilHA/a(s) is interval-convergent to /'(a;) in (0,a). 

18.82. if jr m prove that there is a point c in (0, x) anoh that 

, as* . . 

where i2(c) = j^|(2n+3ne— c*)e~*^l-l-^ |, 

and deduce that 

18.83. (i) If f'(x) -> I > 0, as X oo, prove that ^ I. 

(ii) If ff'(x) > A > 0 when a > 0, and 0^(x) i as a: -> oo, and if 


^(as) = J {1/eW dt, ^as) = fl(as)^(as) 

df(x) 

prove that 1, as aj -> oo. 

18.9. The fimction/(a?) is said to be potnt-diffcrentiable at a point x c if 
there is a number ^ such that 

•LLJL.JU. as x-^e. 
a:— c ^ 


The number ^ is called the point-derivative of f(x) at x «= c. 

If f(x) is point-dilferentiable at x == c, with point-derivative and 
If an < c < bn and bn—an 0, prove that 

f(bn)-f(an) 
bn— an 


13.91. If f(x) is point-dilferentiable at each point x of an interval 
(a, b), with point-derivative <^(x)y and if ^(x) is continued in (ap b), 
prove that for any two points a» p in (a^ b) there is a point y between 
« atut p such that f(p)_f(«) = (p_o)f'(Y). 


18.02. If f(x) is polnt-differentlable at each point x of an interval 
(a, b), witii point-derivative ^(x), and if ^(x) is ctmtinuoiis in (a, b), 
prove that f(x) is interval-differentiable In (a, b), with interval- 
derivative 0(X). 


14. Prove that 


XIV 


14.01, Sn/(n*+f»)- -iv. .02, 2^1/V{m)-^4. .08,^^2r/(nHr*)-^log2. 
14.1. Prove that 

.7r/8V8. 

r«*l 



EXAHFUSS 


14.2. Show that 
14.21. Evaluate 






dx •*> *645 with aa mror leaa than 4/10*. 


J die oorreot to 8 decimal places. 


r Biiiic 

14.22. Evaluate I — to 5 deoiznal places. 


t*r 

14.3. Prove that 


sinm; 

I n« ' 


Jl^ 

12 


a5(«—7r)(a5— 27r) 


- oosnsB w* 1 ^ ^ ^ 

■nd 2, -;jr- - ' 0 < * < 2v. 

14.4. lf/(:K) is positive, continuous, and steadily decreasing as x increases, 
prove that ^ 

m+/(n+l)+...+f(N)- l/lx)dx 

n 

n p 

lies between zero andf(n); hence show that if f(n) -> 0 then 2/(^)“" J /f®) ^ 

1 1 

18 convergent. 

Ill 

14.41. Show that l+s+o+—H converges to a limit between 

<6 0 91r 

zero and unity (this limit is known as Euler^s constant, and denoted by y). 

14.42. Iff(x) is positive, continuous, and steadily decreasing as a; in- 

» ? 

creases, prove that 2/(®) J /(®) ^ converge and diverge together. 

1 X 

14.6. The arifhmetie mean of a function /(x) over an interval (a, 5) 

is defined to equal ^ f /(x) dxj ^(b—a)f and the geometric mean of f{x) 

over (o, h) is defined to be so that log . 

Evaluate the arithmetic and geometric moans of x* over (a, 6). 

14.501. Find the values of the arithmetic and geometric means of sinai 
over (0, Jit). 

14.51. If <ff(x) « /{a(l— a?)+5a?} prove that and 

14.52. lff(x) is continuous in (0, 1) prove that A^^i is the limit of the 
arithxi;^etic mean of the n numbers /(0),/(l/n),/(2/n),...,/{(n—l)/n), and 
that is the limit of their geometric mean, 

14.6. lf/(£i;) is continuous in (a, 6),/(a;) > 0 throughout (a, 6), aad/(c) > 0 

h 

for at least one point c in (a, 6), prove that f/(a;} dx > 0. f 

« 

14.7. If x^i « +A&», 050 > 0, prove that 



464 
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H 8 Q 06 iho«r that 


1) J (l/») dx «■ U>g«!«. 


14.71. If x^i = a;J{l+^(l+ir||)}, diow by meam of the tnnsfomiatioo 
y = */{H-V(l+»*)}, 


]EtaDce show that 


W-t-t 


I 1 


14. 8* Prove that a continuous function attains both its arithmetic and 
geometric means. 

14.81. If/(«,y) is continuous in a < a; < &» c < for all values of 

n 

b greater than o, and if the sequence J/(a5,y) dx is interval-convergent in 

a 

00 

(Ct d)y then jfix^ y)dxia continuous in y in (c, d). 
a 

- N N 

14.82. If « Joj) > 0 and J {J Un(x)} dar = 2 J ^n(^) ^ ^or all Ny then 

a a 

00 00 

if both the limits J (2 X J ^ exist, they are equal. 

a a 

Show farther that the condition u^{x) > 0 may be relaxed if, m addition 

N N 

to the remaining conditions, we have J 2 |^n(^)| do; ~ 2 J l^n(^}| da? for 

a a 

00 00 

an N, and if tiie limits J ^ |un(3’)| da; and ^ J |t<ii(a;)| dx exist. 

. . 

14.9. If a » of,..., = 6 18 a ;>-chain of a function /(x) which 

' 

is,S6ini>oantinaous in (a,&] and if <S, £ /(Or)(‘^r+i~<>r)* prove that the 

r-O 

seqnenee 5, is convergent. 

14.91. If o » of, = b and aaz bf, » 6 are both 

p-ehaios of a semi>ooutinuou8 function /(x), and if /S^ » <^)« 

^ ** prove that and i8* tend to the same limit. 

We define the integral over (a,b)of afimctlonf(x)8eml>coitttnnotts 
in (n, b}, te be die limit of the sequence S, » ^ 

b 

inbqinl is denoted by f f(x) dx. 

« 

14.91. If/(x) is 8emi>cQntinuous in (o,6], and if a < e < 6, {nove that 


j/(x)dx + J/(x) dx » J/(x) dx. 
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SXAUFLES 

14.63. aad g{w) ue aemi.o<Milaiiuous in (a, 6] prove tint 

, J/{«)«to + J {<»)&! =» 

a a « 

14.64. Jff{x) is eemi-o^inuous in (a, 6] and if m, ace boonds of /(») 

^ » 

m{b—a) < J/(a!)da; < Af(6— a). 

a 

i 

14.941. If /(a?) is semi-oontmuous m (a, 6] prove that ^f{x) dx is Sk oon« 

tinuous function of U in (a>5). * 

14.95. If f(x) is positive, non-decreasing and semi-continuous, 
and g(x) is continuous, with a finite number of roots, in (a, b), 
prove that there is a point c in [a, b] such that 

b b 

/f(x)g(x)dx-f{b)Jg(x)dx. 

a c 

14.96. Prove that 

CO 

1 1 

cota;« — 2x > ;• 

1 

(Use Example 13.72.) 

14.961. Prove that —1— =s ^4-2® v. * 

smo: X Zmt 
1 

14.0A2. PiYivA thAt 


\ 


14-a 


At. . 


flr 

sman* 


0 < o < 1. 


16. If a;cosu+Sfsmu > 


XV 

: 1, V — irsinu— pcoBU prove that 
, 8hi ^ ^ 

9x^ dx dy 


15*01. Thmsform the equation by the substitution 

u aa x+ny, V =a x-^ny^ 

where » is a constant, and hence show that B « /(«+ny)+frta?-*ny), wheri 
/ and g are arbitrary fiinetionB. 

18.M. Pwve that if - 6^W(y) **»“ aSy " **' 

16.68. iriogH » o4+|3»*/f~|log<> >how that 
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MS EXAMPLES 

1S.0A. tt»m roosSam^, y »> rsinSsm^, t = rhos^, mi M {a » fiuaie< 
tioa SB, y, $, prove tihat 

^BSt M BS cos^ BS 
oosfi^+am^^ » 

® +<50S ^ =r Q0 • 

15,05. lf/(a;,^) is differentiable m (a^A)(h,B) and /(a,b) ss/(AtB), 
A prove that there is a point (a,j3) on the lino segment jommg (a, 6) to (A, S) 
% ^ auoh that (a-a)/Ja.j3)+(lS-b)fp(<x,JS) = 0. 

15.1. Show that if z denotes either of the functions ilog(a;*-f 
tm-nmaim (8z^*(ez\» ! 

fe) +y = +*^)- * 


15.11. If =: 0, show that 

/^\ /&\ /^\ 


- 1 . 


15.2. If P(x, y) is a polynomial such that P(0, b) ~ 0, Py{0, b) ^ 0* 
show that a solution of the equation P(x, y) = 0 may be found in 
theformy = b+aiX+...+an-.iX®-i-f x“(aii+a), where a is a differen* 
tiabie fimction of x such that a 0 as x 0 . 

If 2x*+xy— y*+x*— xy*+y* = 0, determine y as a power series 
in X as for as the terms in x^^ (i) near the origin, (ii) near the point 
(0, 1). 

15.21. If/(ir,y) is contmuous m {(x,h){y,d) for any ot greater than a, and 
any y greater than c, and if m the mterval a < a? < b,f{x^c) is the eon- 
tinuous mterval limit off{x, y) as y tends to c, and m the mterval y <y 
/(o, y) 18 the contmuous mterval limit of f{x, y) as x tends to a, and if /(a, c) 
is the double limit off(x, y) as ar tends to a and y tends to c, prove that 
f(x,y) 18 contmuous m (a,6)(c,d). 

15.3. If s = e^(x+y)+e’^g(x--y) show that 


dx» 


— Q%'‘|‘2(l‘r— I ' r " » . 

0y^ay* 


15.31. Denoting by 7*^, for any prove that, if r* « «*+y*, 

then 7*f « l/r, V*(l/f) == l/r», 7*logf = 0, and V^tan^^/o? « 0. 
Evaluate 


15<4> P^nd the loena of tiie points at which a curve of fimnSy 
^jt,y) tn A touches a curve of the family i^x,y) = 

A ftauty of eicdes passes through the fixed pomte (p.O), (g,0) and a 
finiQjr of panbcfias touches tiie ic-axis at the origin, each TMW’n h o ll a havittft 
the for vertex. Show that the pomts where a aide of one foBoi^ 
linuMlde a parabola of the seermd. fa another perabcia. 
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18*41, Prove that &xe centre o/ curvature at the point {Xpy) on the 
curve 4^^^9y ) »» 0 is 

18*42, Prove that curvature of the curve ^(x^y) » 0 is jt given by 

k as TC^afa;^}— 2^a!y^a,^y+^yy^J}/{^S+^}*. 

Find the curvature at any point of the curve 
sinas+siny = c, 

16.43. A variable parabola through a fixed point has a given circle of 
curvature at that point. Show that the focus of the parabola lies on a 
fixed circle, and that the directrix passes through a fixed point. 

16.44, If P, Pj, P| are points on the curve y = /(a?), show that as Pj and 
Pi approach P, the centre and radius of the circle PliPy approach the 
centre and radius of curvature of the curve at P. 

16,5, If y =/(®,ii) and/(y,v) ==/{a?,u+v), prove that 


du 



and deduce that dyjdu is a function of y alone. 

16.61. If/, OL, p are differentiable functions of x, y, prove that 

= I « j8 / . d[tx,p) 

p9 /x y) 

Pv fv 

16.62. If /S = ojS— ly*, where a, /5, and y are differentiable functions of 
X, y and Xp y are functions of t such that S ^ 0, prove that 


^ d{(Xpp) 
y(y~ay.~jSy^) ” Sy dix^yY 

16.521, Hocpppy are linear functions of x and y, prove that 

OL P y 

«« Px Yx 

<Xy Py yy 

is constant. 

18,63* If (Xpy) lies on the conio (afb, 0 ,fpgphXx,yp 1}< » 0, prove that 


j 


(fo 

(te+my+n)(te+6y+/) 


A log 


PT 

pjp/. 


lAuepPT, PT'aretheperpendioulan&omapomtFof theooniooototlw 
tangents at the ends of the chord Ix+mif+n = 0, and A is a certain 
oenstant. 

10.6. If u, V, w ore tae three values of t ‘which satisi^ 

P—(2x+g}fi+(Si^-^yz)t—z*/y 0, 

using the anbetitution^ » w+o+w. ^ =* uv+tw+iou, ( « wets, prove that 
a(w,»,w) 8(8ie+6y)s* 

0(«,y,s) «!(*•— »)* 



r 


EXAUPLSS , 

10.61,. Show that under the tanmeliuination it <b «*— j/*, v « SOsff the 


eouatioa 


,a*jBr .s*H eB m 
y*sr-**^ ■*^-*'■ 0 ? 


/ 0 0 \ 0 fl . 

{“ 0 e ® 0 m) 8 » ■“ ®‘ 

15e62e Prove that, iff{x,y) is twice differentiable, and if x+y » (u+v)% 
as then 


16,621. If w and z are differentiable functions of x and y prove that 

/ « W/al^ / V Ua?/ V W / «* 

16.63. If u ^ aoi+hy+c and {x, y) lies on the conic ~ 2kxy prove that 

[ ^ ^ 1 ? 

J u(&u~-lKr) 2 ^ 


15.7. If H is a differentiable function of x, y, show that under the trans- 
formation X « Mcos^, y =:= tism^ we have 

a** ay* au* "^w* a^* au * 

Hence show that if g is a differentiable function of x, y, s, then under 
the transformation x ~ rsm^cos^, y rsm0sm^, s rcostf the ex- 

a*g a*g a*g , 


0*^ 1 a*jBr 1 0*H 2 0H oot0 BH 

. 0r* "^r* 00* '*'r*Bm*0 0^ "^f 0r ■*" r* 60 * 




16.71. If « is a function of ai. y and 


as 

(A» 


a*s 

" bxdy* 

* ^ 
ei?’ 

and if Z vx+m—z, X ^ 

n, T = 9 and 



n 0Z 

11 

0*Z 
" ~ 0X** 

B^Z 

® “ 0Z0r' 

ST*’ 

prove that 

r 

t' 

a « 

” “5 “ J1 “ 

r<— a*. 


16.72. If 

2T a= o**+6^+c»*+2J^+28«*+2fcay 



udMWe a, 6, t, f,g, ham fimotiona of independent variablea u and », and if , 
6T BT 8T 

0y* 0*' 

a 

pear, that |w+0V+*» -■ sr. 



EXAMPLES 


Show that x, y, z txkoy each be expressed as a function of p, q, r, and t; 
and establish the identities 




/m 

\Sp), 


/m /ar\ ^ /m 

\dtt)x,ya 

/ar\ idT\ 


— ■ 

ntovided that the determinant A I a A gr is not identically zero. 

h b f 

9 J 0 \ 

15.8. If 8^ is the sum of the nth powers of the roots of the equation 

£ -- 0 prove that 

= -(n+l)(n+2)(«+8){». 

0 

15.9. If l(x) = J *1 d<, aj > 0, prove that there is a functional relation 

1 

between l{xy) and l(x)-\-l(y) and hence show that l{xy) = l{x)-\-l{y) provided 
« > 0 , y > 0 . 

15.91. If /(a) is its own derivative and/(0) == 1 prove that 

/(«+3/) ^f(x)J{y). 

16.92. lff(x) and g(x) are differentiable functions such that /'(a?) == g(x)^ 

g'{x) = —/(a;), and/(0) 0, or(0) = 1, prove that 

f(x+y) =f(x)g(y)+f(y)g(x) and == gix)g{y)--f(x)f(y). 

1 K 09 


a- 


1, 


- , ,da5 s= -rtan"“^a— in' 
a;*-|-a* a 


and hence show that 

o* 


J (**+a*)* 2o* 8a»4a»(l+o*; 


AYtrl HaHiiaa f.ViA vaIiia 




15.931. If /(a?) is contmuous in (a,6) show that /(a;) is the nth derivativi 

0 

15.982. If/(a;,y) is continuous in a rectangle JR, and 

\nx.T)-My)\ < Jlfir-yl, 

where M is constant, for any (x,y), (z,T) in B, and if ^(«) » b 
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where (a,b) is a point in R, prove that we can find a rectangle B* con- 
taining {a,b) and contained in B, such that ^n[x) ia interval convergent 
in B*, and that y = lim^n(a!) is the unique solution of the difierential 
equation ^ 

in for which y = b when a; = a. 

15.94. A function f(x, y) is said to have an x^point-derivative 6 at 

(p. q) 

f(P.q)-f(P.q)^e as P-.P. 

p-p 

similarly, f(x, y) has a y-point-derlvatlve ^ at (p, q) If 

as 0-q. 

O-q 

If f(x, y) has an x- point-derivative u(x, y) and a y-point-derivative 
v(Xy y) at each point (x, y) of a rectangle R, and if u(x, y), v(x» y) 
are both continuous in R, prove that f(x, y) is differentiable in R. 

16.95. has pomt-denvatives /y(a;,y), and /„y(a?,y) m 
some region B, and if fxyi^fV) is continuous m R, piove ih&ifyg.{x,y) exists 
and equals / 2 ,y(ic,y) throughout R, 

15.96. If /(a?,0) ==/(0,y) = 0 for all rr, y and if /(r,y) = —sin— for all 

y X 

non-zero values of x, y, evaluate the pomt-dorivativos f^y and /y* at all 
points (x,y}; prove that/g-y and/yg. are continuous and verify that/^ = /y* 
everywhere. 


XVI 

16. If c is a meudmum or minimum value of f{x,y) subject to the condi- 
tion g(x,y) — 0, prove that, m general, the curve g(x,y) = 0 touches the 
curve /(a?,y) == c. 

16.1. Prove that if xy+yz+zx = 1 then the maximum value of xyz 
is Vd/9. 

16.2. Fmd the maximum and minimum values taken by 2x+y as the 
point (x,y) describes the ellipse 19a^+10a:y+7y* = 1. 

16.3. A long rectangular metal sheet, 18 inches wide, is used to make 
a gutter as follows: the outer edges are bent up, to make equal angles 0 
with the base, about lines parallel to the longer edges distant x inches from 
the edges. Find x and 0 so that the carrying capacity of the gutter may 
be a maximum. 

16.4. Find the stationary values of x*+y*+z* on the surface 

»*+y*+«* = y(2+«)+l. 

16.5. If m and n are integers greater than unity, and h is positive, diow 

that the function n+ 1)6— a:— y} has a maximum, though not at 

theori^* 

19.6. If aV (a!*sma— p)(y*8ina— p),p > 0, show that, for positive 

values of x and y, the function xy{x^+y*) has a minimum when xp^y. 
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provided that ot lies inside the interval {|(12n*>7)7r» i( 12 n+l) 9 r) for some 
value of n« 

16.7. Prove that if x+y+z *= 1, ic*+y»+»* = 1 then lies 

between | and 1, the first being a true minimum and the second a true 
maximum value. 

16.8. If F(a?,j/,s) m a5*+y*4-s*, prove that the stationary values of F, 
subject to aaj*+^y*+C2J* = 1» max+nxy = 0 satisfy 

Zt(l-oF)*+ml(l-6F)*+nt(l-cF)* = 0, 
apart from stationary values at points with two coordinates zero. 

16.9. If S(Xt y) — ax^+2hxy+hy^+2gx+2Jy+c, a ^ 0, and if the conic 
iS 0 is a rectangular hyperbola, prove that the function S(x, y) has both 
a maximin and a minimax value at the centre of the conic S 0. 

16.91. If a, b, c are constants, and ^ varies, sliow that the envelope of 
the family of circles (a;— c)(a;— ocos^)4-i/(y— 6sin^) = 0 is the curve 

(a;*+2^«— a*){(rc— c)*+y*} = o*)2/*. 

16.92. Show that the envelope of a family of parabolas, which has a 
fixed line for directrix and a variable point on a fixed circle for focus, 
touches each member of the family at the points in which it is cut by the 
line joining its focus to the centre of the circle. 

16.93. If a family of curves is given by ar ==• a;(a, t), y = 2 /(a, t) as u varies, 
show that the envelope is x x(a,0» y ~ y(ot> ^)> where u is a function of t 
satisfying d(x, y)ld{<x, t) = 0. 

16.94. Show that the envelope of the family of curves ^(x,y,a,6) = 0, 
where a, 6 are connected by the differentiable relation A(a, b) » 0, satisfies 

the equations i = 0, A = 0, 

d(0, Of 

Deduce that the envelope of the normals to the curve 0(x, y) == 0 is the 
evolute of the curve. 

16.95. PM is the perpendicular from the point P, (cos0, 8in0), to the 

y-axis. Find the equation of the rectangular hyperbola which touches the 
circle x^+y^ 1 at P and the y-axis at M, and show that the envelope 

of the hyperbola, as P describes the circle, consists of the circle itself, the 
y-axis, and the curve traced by the points in which the hyperbola is cut 
by the line x = --2cos*ff. 

16.96. If 4 > 0, P > 0, and n > m > 0, prove that the function 

i4{x-*»+y-^+ (aJ+y)-^}- B{ar«+y“«+ (« 
has a maximum value on the line y = x. 


17. Prove that 


XVII 


f e^mbydxdy = 


i 

where JR is the square (0, 1X0, 1). 
17.1. Prove that 


I dc J f(x,y) dy ^ j dyj f(x,y) dx+ j dyj f(x,y) dr. 
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and tlMtt the triangular regbn of integration is of unit area mtb centroid 
•t(li,2). 

17.2. IfiZuthetrianglewithsidesalongthelineBx =: 0,y 0,ic-|-y b 1, 

prove j (*+y_i)* dxdjy = 

17.2. If F{x) is the integral of a function /(x) such that JF'(0) » 0, prove 
that J/(a!*+y*) dxdy == irF(l), where 0 is the circle = 1. 

17.4. Find the area bounded by the four parabolas x* — a:* « PiP, 

y* •» ft*, y* * ?,*; 0 < p, < pi; 0 < g, < q^. 

17.6. By integrating 2o/(o*— y*8in**) over the rectangle 0 < x < 

0 < y < 6, where b < a, prove 


f, 0+6 si 

J'^I=5S 


bsino; <he , b 

; — = flrarcBin-. 

osma?ama? a 

f •** I if _ 1 /, 


17.6. If 12 is the interior of the ellipse = 1 (excluding the foci)y 

or 0* 

and if f| are the distances of any point (x,y) from the foci, show by 
means of the transformation = cchucosr, y = cshusint^, where 
c* s= a*— 6*, that 

17.7. Show that in the repeated integrals 


inverting the order of integration changes the value of the mtegral. 

17.8. If w„ = 

0 


r 

I — e“* dx, prove that uj < Wjn+i" 



SOLUTIONS TO EXAMPLES 
I 

1. If* > 0, 11+<»1 = 1+* = 1+1*1; if -1< * < 0, 

|1+»1 =x l+*s= 1— (— *) = 1— 1*1 < 1+1»|; 

if * < —1, ■write — * = 1+j/, y > 0, then 

|1+*1 * l-y| = y < l+(l+y) «= 1+1*|. 

If » > 0, y > 0, l*y| = »y = |*||yl; if * > 0, y < 0 then sey «= — *|y| 
and BO |*y| = *|y| = l*|(y| etc. Hence |»/yl|y| = \{«ly)y\ •= 1*1, and ao 

l*/»l « l»l/i»l- 

It follows that |l+y/*l < l+|y/»|, l*l.ll+y/*l < |*l(l+ly/*|) and so 
|*+y| < 1*1+ ly|. 

Furthermore, 1*1 = l(*-y)+y| < l*-yl+ ly|, whence |*-yl > |*1— lyl, 
and lyl = ly-*+»l < ly-*| + l®l, whence l»-y| = ly-*| > jyi-i»j, 
and therefore |*— y| > lhl— |y|l. 

1.01. Since * — + 1*1 or * = — 1*1, and * > — 1*| therefore * » +1*1 
and BO * > — *, i.e. 2* > 0, whence * > 0. 

1.1. 1 X ‘*r| X Kl by L 

2ar+«n+i i:«M+|o»4,|, 

r. Itt-fl , n+1 

and so if 2 < 2 Pr I 2 < 2 rrl* 

i « i ' 1 

1.11. 9^—1 = 0(f), n > A(r), and l/p^ < 1/A(f), n > /«(f), bo that 

= 0(»’)» » > /*(»■)• 

1.2. If oi'" -v J < 1 then oV" < fc < 1, 1 < ifc, n > »,, and so a, < fc», 
whence the convergence of X o„ follows by comparison with the convergent 
geometric series X k*. 

Further ( 1*"| /n")*/" = 1*| /n -*■ 0 for any *, so that X *"/n* is absolutely 
convergent. 

1.201. IKhllll < K-l|->0. 

1.21. Let<„= l+l/2+1/8+...+l/n, then for any n, 

0 < S||,'~S|i = l/(n+l)+l/(»+2)+...+l/2» > n/2n » 1/8, 
which proves that «« is divergent. Furthermore, 

i/(2^Hi)+i/(2^*+2)+...+i/y > i/2^+...+i/y « iryv = 1/2, 
and so 

1+ f{V(*^Hl)+l/(2^*+2)+l/(2^-»+8)+...+l/8^> l+*i/8>8f 
(bvii>2N— 1. 
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I.SIL n/(n*4-l) > l/2n so that ]SW(»*+1) diveiges by eoniwriaoa 
with 2 !/»• ' 

Furthar, if o*=l/n(n+l) then o»n/o, = n/(n+2)-»- 1, themfose 
is absolutely convergent for |*| < 1 and diveigant fbr 
|a| > 1. If X = 1 the seiieB becomes 2 lMn+1): but 
l/n(n+l) = l/n-l/{n+l) 

BO that 2 = 1— l/(n+l)-> 1 and 2 1M«+1) ia convMgent; if 

* *= — 1 the series becomes 2 (— l)“Mw+i) which by the foregoing, is 
stbaolutely convergent. 

1.22. Let«n+, = n!/(a-+l)(x+2)...(«+n), % = 1, then (*+n)«,^,.j = m», 
and so (®— = n«,— (n+l)M*+i, whence 

(*-l)2«,+i = l-(n+l)!/(x+l)...(ir+n); 

therefore if X # 1 then2“r+x ~ l/(*“l)“(^+i)V(*~i){®+ !)•••(*+**)• 

1 

If y > 0 then 

(l+y/2)(l+y/3)...(l+y/n) > l+y(l/2+l/3+...+ l/n) > Nyji 
if» > 2W,and so 

«!/(x+l)(x+2)...(x+n-l) = l/(l+y/2)(l+y/3Ml+y/n)-»-0. 

y s= X— 1 > 0. Thus for X > 1 the series converges to l/(x— 1). If x < 1, 
write 1— X == s > 0, then 

nl/(x+l)(x+2)...(x+n-l) = n!/(2-s)(3-s)...(n-*) 

= l/(l-*/2)(l-s/3)...(l-z/n) 

> (l+sMl+2/(j>+l)}...(l+s/n)/(l-s/2)(l-2/3)...{l-r/(p-l)}, p > z. 

for 1/(1— s/r) > 1 + 2 /f, r > 2 , 

> 2 {l/j»+ l/(p+ 1 ) + ... + l/n}/( 1 - 2/2)( 1 - s/3)...{ 1 - s/(p- 1 )} 

and so the sequence n!/(x+ l)...(x+n) diveig;es, and therefore 2 diverges. 

1.221. If ajh^ -> 1 > 0 then \l > ajb„ > n > r, i.e. 116, > a* 5^ |16«; 
when 2 «• converges «« 4 .i+o,^^,+...+o,+p = 0(k), and so 

6«+x+6«.i+...+6*f 2 « mm) 

so that 2 3* converges, and similarly, when 2 converges, so does 2 
If 2 diverges then we can ibid a > 0 so that for a cortam ji„ 

and tiierefore > (2/3/)*, so that 2*s diverges. 

Similsrly, the divergence of 2 follows from that of 2 

1.23. (r-l)/n(n+l)...(»+r-l) 

«= l/n(»+ l)...(n+r- 2)- l/(n+ l)(n+ 2)...(n+r- 1), 
therefore 2 i/**(’*+l)...(»+r— 1) converges to l/(r— l)*(i'— 2)f Since 
«(«+l)...(«+r— l)/n^-*. 1 the convergence of 2 //»' fdlowa Iqr 1.381. 
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1.8. Let Sn as 00 — ai+o,— l)*an, then 

but 

rading with or +ap^p according as p is even or odd. Since 

On decreases, each bracket is positive and so the sum is positive. Further- 
more, 

~ ®fi+l (®n+t““®fH4)““(®ii+4"“®n+»)““***» 
ending with On+j)) o** “"®ii+p according as p is odd or even, 

which is less than Thus Isn+p—^nl < ]S(“*ir®ii 

converges. 

1.31. Since a„ > n > therefore steadily decreases, and 
®W®y+D (®W«iV^.i)(®JvW®y+i)***(®^+r--i/®^+r) > (l+^/^){l+ft/(^+l)} 

...{1+Aj/(JV+P- 1)} > l+A:{l/2^+l/(2/+l)+...+ l/(2^+p-.l)} > ^kn, 
ifp> jV(2*— 1 )t and so a^^pjaff -> 0, i.e. o„ -> 0, since N is fixed. 

1.32. Since converges, therefore for n > n;^, and N > n 

®tt+i+®fM.i+*-+ay < 1/10*; 

but ap steadily decreases and so 

®iM.i+®ii+i+—+®iv > w)Oi\r «= 

Hence if ^ > 2n, sothat 1— n/J^^ > I, then Najf < 2/10* so that ^ 0. 

1.4. For n > 10, 4(n!) > 3.4 5.6.7.8.9.10**-* > lO"-*; but 
l/(n+l)!+l/(n+2)!+,., < (l + l/2+l/2*+...)/(n+l)! < 2/(n+l)I 

< l/10»-» < 1/10*+^ if n > jfc+4, 

21/rl « 2*718281828.,.. 

1.401* If Up as (n!)V(2n)! then 

®»+i/«ii « (n+l)V(2n+l)(2n+2) « (l + l/n)V4(l + l/n)(l + l/2n)-> i* 

1.402. Let o„ a= 1/n* then ajup^i as (l + l/n)l as say. Hence 
pi as 1+ 1/n, therefore p,^— 1 < l/^p+ 1) < l/2Jfe, n > X;, so that p,-^ 1* 
Thus 2 ^ absolutely convergent for t<| < 1, and divergent for \t\ > 1. 

When « » 1» 2 2) l/»^** which diverges smee 1/n* > 1/n, and when 

t «■ — 1, 2^11^ ~ 2(““*)*/^*i which converges since 1/n* steadily de- 
creases with limit zero. Taking t ==> 2x, we have 2 2*^Vn* is absolutely 
convergent for \x\ < 4, convergent for x » --4, and divergent for a; > 4 
or « < —4. 

1 . 41 . 

tp end f 01 being different for different n and m, and if to any p corresponda 
such that » p. LetSn sa 00+01+— +«iif K ** Or0+®n+®fi+***+fi^f 

mp * inax(it0,k|.,it,...,X:0h 9s » niax(r0,ri,r„...,r0). Then > ti, end 
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for m > ^ contains all a«, at.....O|i and perhaps forther Op’a forp > n, 

and so I^-s,| < |o,H.il+|o^,l+...+ |Ofc,l -*<> »>>«» 2 l«el converges. 
Hence if a we have Oand bo that a* 

1«5. For inBtanoe» xyz — hxn(a;)J^),i(B)A » hm(2^),g(B)Ja;)n » etc. 
1.50L {plqy^a(plq)^ =» {p‘^l^){pV^) =* ““ pm^nj^n 

= (p/g)«H-n etc. 

1.61. For any n, 0 < < a^o+l and eto 

<i>(«o+l)*’-V10«, JV>n, 
which proves that (x„)^ converges for a fixed p. 

1,611. For fixed m and n, {x^)^ -> (x^Y^ -► by definition. Hence 

(»*)"*.(«*)*» a;"*. a?". But, by 1.6, (a?*)*^ (a;^)* = -> a?**^** so that 

aj^.a?* = 

Further, for n = 1, (a*")** == a^ = a;*"*^, and if (x^)^ == a:®**^ then 
(ajwjp+i ss a:**. (a?®*)® = a:®*.aj®®* ■= whence by induction (a^)® = a?®*® 

for any n. Similarly, for m = 1, (ay)*® = ay = a;’®y’®, and if (a?y)i^ = a;*>y*> 
then (ajy)^^ = (^)(^)^ = xy,x^y^ = aj*^+^y®+i, so that (ajy)*® = a:*®^/*® for 

all m. 

1.6. ^(2®+l)+^(2»+2)+...+^(2®+i) > 2®^(2®+i)and 

^(2®)+^(2®+l)+...+^(2®+i-.l) < 2®^(2®). 

If 2 2®^(2®) converges then 2®^(2®)+2®+^^(2®+^)+... 0 and so 

^(2®)+^(2®+ 1)+^(2®+2)+... ^ 0, 

which proves 2 ^(n) converges, if 2 2®^(2®) is divergent then we can find 
ct and p» so that 2®+V(2'^*)+2®+V(2®+*)+...+2*^(2a»«) > a and so 
^(2®+l)+^(2®+2)+...+^(2*^) > Ja, which proves that 2^(^) <liverges. 
The same mequahties prove the converse theorems that 2 2®^(2®) con- 
verges when 2 conveiges, and diverges when 2 diverges. 

1.61. If ^(n) = 1/n®, then ^(n) decreases steadily if a > 0. 

2®^(2®) = 2®/2®® = (1/2®^!)®, 

so that 2 2®^(2®) conveiges if a > 1 (for 2®“*^ > 1 if a > 1) and diverges 
if <r < 1. If a < 0, 1/n® > 1 and so 1/n® does not tend to zero. 

1.62. Let p sss that > pUn, 

n > m. If 2 converges then 

'ttn+U,i^.j+U,H.j+...+tt|^li < P"*'(^n+^n+l4* — +V,i^p) -a 0 

so that 2 converges; and if 2 diverges then we can find ct and so 
that VA+<^ii+i+—+t>fti > p(*^A+^iH*i+—+^j>ii) > therefore 2 ^a 

diverges. 

1.63. If xss l+pin+BJn^'^\ |6,i| < JIf, A > 0, )8 < 1, then 

nfujtt^j.,— l)->fl < 1 
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and n(«,/M^x— 1) < 1, n > m, i.e. uju^i < (l/n)/(l/(n+l)) ^di«Qoe £he 
divargeiioe of foOows &om that of 2 !/**• 

Jip > I, thm 

««»/(»+ 

» (n/(n+ l))+/5/{n+ l)+fl,{n/(n+ l)}/n»+» 

= H.{OS-lW(«+l)+W(«+l)]M/n- H-6Jn, say; 
but 6, e= (j8— l)n/(n+l)+{«/(n+l)}fl«/n*->’/8— 1 > 0, and so for n > m, 
««,/(n+l)tt^i > l+J(/5— l)/n, whence by Ex. 1.31, n«,-»-0. 

Since nuj(n+ 1)m«+i— 1 = bjn, where 6, -*• /3— 1 > 0, therefore 

»««/«»+x-(»*+l) = (H-l/n)fc, > &, > J03-1) >0, n > »», 
and so *»«»—(»+ > 1(/S— l)Wii+i» 

Hence 

i(j8-l){M,+l+«,„.,+ ... + U,^.,) < n«,-(»+J))M^p < !!«,-► 0 

and therefore X ^ convergent. 

1.64. |«o*/(»+l)«iH-xl == 10ii/o*+il/(l + l/n) -»• R. 

\(aJ{n+\))Ha^J{n+2))\ = |oJa,+,l(H-l/(n+l))->E. 

1.7. Since 611+1 — therefore 

< A;*(6«-Oo) 0. 0 < A? < 1. 

But for any 6n+p) is contained in &^)» therefore 

0<an+p-<»ii<6^-an~>0, 

and similarly 0 so that both and 6,^ are convexgent. If 1 

then 6*— Z = (6n~’0+(0n'~^) -► 0 so that also tends to Z. 

1.71. 0S+1-6J+1 == i(an+6»)*-o«6^ == i(aii-6i,)* > 0 so that > 6^ 
for all n, 

<»n+i-o» = < 0 

therefore a,| decreases, and 

bn+t-K = V6,(o,-6,)/{Vo,+V6,) > 0 

SO that 6|» increases, and therefore (^n+pO^i) is contained in (6,1, a«) fmr 
aUn. 

Furthermore, 

“ that « b^-b, > 0, 

i.e. aii+i— &II+1 < i(0||— 6«), whence the result follows by 1.7. 

1.72. All Om > 0. If o}— O q » k then for all n, and so is 

equal to the positive root of » it. If c^— < A; (so that Oq is less 
than the positive root of as*— a; » As), choose 6o greater than the positive root 
of as*— as A; so that 6$— 5o > As, and define 6f»^y ^ +V(^ii+&)* Since 

« o,+* therefore =» o»fi-o«; but 

— — (aj— > 0 
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and 60 for all n. Similarly for all n. But and 

80 that and b^ tend to the same limit I (say) by 1.7. Since «= a^^+k 
andaJ^i->>P,an+ib-^2+ib therefore = Oandl > 0. IfoJ—OQ > k 
then the roles of and b^ are interchanged. 

1.78. All a. are positive. If al+a^ = k then ~ Oo for all n. 

If d^+c^o < ^ 

« W(l+Oo)}— Oo — — (aJ+Oo— A:)/(1+Oo) > 0 and so > o®. 
«ii+i =* *j/(l+an+i) = *(l+a«)/(l+*+an) and so 

“ ^*(Of n-i Oin-a)/( 1 + + 02f^2)( ^ ^ +Oan-i)» 
thus dtn^i’-^cttn ^as the same sign as and is therefore positive 

fidnoe Oi— 0(1 > 0. Also Ojn+i— Oj^ < W(l+lj)}*(Oan-i— 0 |(i«. 2 ). 
Furthermore, 

O|-Oo ~ -(al+a^-k)/{l+k+ao) > 0, 
a^-oi == A;(aJ+ao~l;)/{(l+Oo)»(l+lj)+(l+ao)^} < 0, 

aaii+8"“Om+i ~ ^*(0|fi+i‘“0tn-i)/(l+^+0in4.i)(l+lJ+0afi-i)» 

80 that for all n, > Om* Oii^z < (^%n+v whence 

Ofn < ®aiH-i < ®in+8 < ®a«+i* 
i.e. (Oan^ifOaH+t) is contained in {a^nf^2n+i) for all n. 

1.74. (a-iCiH-i)/(o+a?iH^i) == {(o~a?i»)/(o +«»)}* 

= {(o~a?o)/(o+a?o)}*’‘'^' -► 0. 

Similarly {yM-a)l(y^^+a) = {{yo~o)/(yo+o)}**^' 0. 

1.75. x^f n > 2, is uniquely determined when Xi are given. If 07,1 » /,i 
and x^ «= ttn satisfy 0:^.1 = i(«n+^*^fi+i) so does x^ = at^+bu^ for 
any constants a, 6. For n > 2, the equation is satisfied by Xd a* if 
of » i(a+ l)f i*o* ifass lora~ — | and so it is satisfied by 

Choose a, 6 so that x^ » a+b{^i)^ also for n = 0, 1; we find 
a =s («o+2aJi)/3, 6 = 2(®o— aJi)/3. 

Hence («o+2»i)/3. 

1.76. Since 6»+i|/|6«+i— 5,i| < h < 1, therefore 2(6n+i~M 

«— 1 

abecdutely convergent, and so £ ^ ^ convergent. 

0 

Henoe, riooe («.+«— c,h.i)/{c«+i—Ci») ■= ?/P > 0, therefore 

“ ?/!>< 1 

80 that converfles: let A be the limit of e.. 
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P‘W«“fl®«+x *“ P«»+1"“9®« ** followB that 
JWiH-i-aen+i “ POi-qct 

and ao l>Oi-S«o * li™i(pc^,-gc^i) = (p‘-g)A. 

1.77. Let y, y* ootre^nd to x, x* then 

«•_« = o^*+P o»>+P _ 

^ x*+Y x+Y ~ (x+y){x*+y) • ' ' 

The values of x for which y ^ x satisfy 

a?*--(a—y)a?— JS = 0 

and so A and fi are self-corresponding; taking y* A and y* » /i in turn 
in (i) we find ^ ^ 

^ y+M 

y— /A“y+A *a?— jii’ 

Hence since 0,^.1 = (i>®n+5?*)/(®n+P) roots of the equation 

(n— n)a?— < 7 * = 0 


are x = ±g, therefore 
and so 

Tf tntn O f.hon 


p-g On-g 

«.-g /p-g\" g»-«. 

a-+« 'p+o/ a«+g 


|£z9|“= l£/2zJ * 0 . «.W fc|<l. 

and so On •-> +g. 

Tf nln ^ n fliAn 

|E±2l"=|P^ ^ 0 . «!n«. P/2± |<1, 

\n — a\ \nln^' 1 — 

and SO a,|-> — g. 

If p == 0, then a„^.i == gV®fi> s® ®»h-i whence 

Ui = gV<*o; therefore a* converges only if oj = g*, and if Oo » { 
then q for all n, and if Oq ~ ~g then a,| = — g for all n. 

1.8. Let |p|+|g| — r and let » nQax(|ao|a |ax|,...a |a«|). Then 

i»«+ii < 

If r > 1 , then » max{n^ |a^,l) < ty.^ and so lo,| < /i, < r«|o,I aoc 

therefore converges for |z| < 1/E, R>r. If r < 1, ther 

|<*m.|i < Ms < Z*’’*^* converges for |x| < 1/E, E > 1. In tiu 

inter^ of convergence, if $(x) is the limit, then 

(l+j)®+f»*)s(*) = 2 ®«*"+p2*«**^*+?2®*®*^* 

=» 0.+(«l+pfl«)*+ 2 = 0»+(<»l+P«»)** 

1.9. !£/(«) is mcreaamg, fra any x and n > *wehave/(n) >/(x),wfaenoi 

I > /(*). Hence 0 < Z-/(n) < 1/ife, n > V|,. But l/jf(n) < 1/N forn > nj 
and 80 g(n) > for n > n,^, whence 0 < < l/*» n > n„ Le 

/Mnll -a 1. Similatlv. if f («1 ia decreaainR. 
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The exampld of a function (^{x) such that ^{x) as 0 fr a? is a whole number, 
^(x) » 1 if 2n < a; < 2n+l» e^id ^{x) » jf 2n+l < a; < 2n+2, with 
9 (n) a; n+|, illustrates the neoessity for the condition */(as) is increasing 
(or decreasing)* for ^(n) = 0 and so ^(n) -> 0, but tff{g(2n)} « 1 and 
<^ig{2n+l)} a: so that <fi{g{n)) is not convergent. 

II 

2. Let a? > 0, Z > 0, X-x = 0{2*j+l); if a; < l/10**+i < 1/10** then 
X < 2/10»*+i < 1/10** and so Va? < 1/10*, VZ < 1/10*, whence 

|VZ-Vaj| < 1/10*; 

if as > 1/10**+^ then 

|VZ-Va:| = l(Z-a:)/(VZ+Va;)| < |(Z-a?)/Va?| < 10*/10**+i = 1/10*+^ 

2.1. If g > jp*, then x*-\-2px+q a: ^x+p)^+^q—p*) > 0. 

2.2. ia continuous for any r and the sum of any number of con- 
tinuous functions is continuous. 

2.3. a? = 0 gives Oo — b^; then 

~ x{bi+hfX+.„+b^x^^) 
for aU X near a; = 0. Hence provided x ^0 

ai+a2a;+...+o,^a?"**^ = di+htaj+.^+ft^^ay^-^ 

This equation holds for all values of os near as = 0 except perhaps a; » ( 
and so, since its members are continuous, it holds also for as a: 0, whence 
Oi a: bi and so on, and therefore Oo+Oi*^+—+®ii»" = 6o+6ias+...+6,jap» 
for all values of a?. 

2.4. Divide (a, 6) into a finite number of intervals fj^. As » 1, 2,..., 
such that |/(Z)— /(as)| < ^8 for any as, Z in the same interval tj^. Let C| 
be the mid-point of ij^\ then either /(cj^) > 8 or g(ci^) > 8. If the formei 
then/(as) > }8 for all x in and if the latter then g(x) > }8 for all as in 

2.6. For any positive A, and any a, in [a, 6], {Afir(a)+cr(j8)}/(A+l) liee 
between g(a) and g(/3) and therefore, since g(x) is continuous, is a value oi 
g{x) for an as between cc and j3 and so different from zero. Suppose thai 
g(a) > 0; take A = \9(P)\ / gia)^ then g{p) # — |fl^(i8)| and so by 1.01, 
gifi) > 0. Similarly, if g(oc) < 0 then g{p) < 0. 

2.6. Let X be any endless decimal in (a, 6), so that a < as < 8; but foi 
any n, (as)||— 1/10* < as < {x)^+l/l0^ and so 

(as)^j-l/10« < 6, {as),j+l/10« > a. 

. If a < (x)n < b for any n then /{(as),,} » A, and since by continuity 
/{(as) J -►/(«) therefore /(as) « A. If (as)„ > b for some n, then (as)„ > b foi 
4B^ greater values of n, and (a?),,— 1/10” (which is less than 6) is greater than 
^ far BXi n such that 1/10” < (8— a), and so /{(»)„— 1/10”} « A; bui 
/{(af)»— l/10"}->/(as) and so again /(as)** A. Similarly, if (as)« < a 
A «/{(aJ)ii+l/10”}-^/(as), i.e./(as) « A. 

If fix) » gix) then /(as)— g(as) ss 0, which being true for terminatiiig 
decimals is true for all decimals, /(as)--g(as) being continuous. 
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2.7. We have =»= ~(aii+Ott--^)/(l+an)J ^ aJ+Oo— it < 0 then 

> »in+* (see 1.73) 

and 80 is negative^ A; is positive* whence it follows 

sinoe is continuous that a root of A; lies between am and 

2.8* We have l|/(X)|-|/(a;)ll < |/(X)-/(a;)l < I/IO** for any », X in 
same sub-interval so that |/(a;)| is semi-continuous. 

Furthermore* for any a? in (o*6] we can find r so that ojr < x < af+il 
hence 

1«*0 I 

< ’^5*I/(4+i) + 1/10* = X. »y- 

•-0 

Thus /(a;) lies between /(a)— X and/(a)+X, where X is a constant. 

2.81. We can find r, a such that af < c < and ai < ajf+i and 

therefore c, ojf, d is a A;-chaui of/(aj) in (c*d]. 

2.82. If /(a?) is continuous in (a* 6) we can find af, r = 0, 1,,..* such 
that f{X)—){x) = 0(Aj) for any a?, X in same chaed sub-interval (affOif^i) 
and therefore, a fortiori^ for any a;* X in the same half -open sub-interval 

2.83. Let af, r = 0, 1*..., and 6}?* r « 0* 1* 2,,..* be A;-chains of the 
functions f{x) and g{x) respectively. Then if c}F* r = 0* 1*.,.* Aj^ consists of 
all the points of, bf, it follows that <^* r == 0, 1*...* A^ is a A;-chain for both 
f(x) and g{x). Hence if X, x both lie in (cf * c}F^.i], then 

{/(X)+i7(X)}~{/(a;)+g(a;)} = {/(X)-^/(a:)}+{g(X)~p(aj)} 

= 0(A?)+0(A;) = O(Ar-l)* 

and 8o/(a:)+jr(a;) is semi-continuous; similarly 
\f{X)g{X)^mg{x)\ 

= |/(X){flr(X)^g(a;)}+g(a;){/(X)-/(a?)}| < M(0(A:)+0(A?)) « M0(k^lh 
where M is a bound of \f{x)\ and lfir(a:)| in (o*6], so that /{a;)g(aj) is semi- 
continuous. 

m 




3/-r = T- 


l—a?* 

^(1+ap*)— a?V2’ 


and therefore (y+J)^y' = (l+^) tf' = 2V2|j-J^,] 


Idy 

mogy “ - ^ - *‘^'* 1 ( 1 -**)*/ 2^(1+**) ” (l-ai*)v'(l+»*)’ 

3.1. Since p{a\ « 0, p(x) is divisible by x—a; let j>(») as (»— o)g(*) thei 
p*{x) as (*— «)j'(*)4'j(®)- B*!* P^(*) 0 “ ®» ''*'hffl>c6 q{x) i 


(!-»*) 


(l+a!*)^^ 


1%«v , 
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3*2. J{ w ^ I9 

/m) '^f([2x^ll/2x) = l/2[l~{l--l/ac}] « *5 
if ^1< a: < 1, /{ff(x)} ==/(irp) « 2(ix) = a:; 

if a? < —1, 

f{ffm -^f(-[2x+l]/2x) ^ ^l/2[l^(2x+l)/2x] = a?. 

On the other hand, if ^ < a: < lthen^{/(a;)} = aj;if — < a? < 
if ® > 1> fl^{/(«)} = ff(0) = 0 ^ a;; if -1 < a? < ~i, ff{/(it!)} = a; and if 
® < — = 0 9^: a;. Observe that sr(a;) is monotonic increasing but its 

values are confined to the interval [—1, +1]* Bud Bo/{ff(x)} =. x for all a? 
implies g(/(x)} «= a; only for a; in [— 1, + 1]. j 

3.3. If p, r, a are differentiable fimctions of x then the derivative of \ 

^ ^ |, is p'e--^q*r+pB * sa ^ ^ ^ ^ Assuming the theorem \ 

ifor a determinant of the nth order, then if Pi, P j,..., P„^i are the co-factors \ 
of Pi, P|,..., Pf^i in a determinant A,|^.i of the (n+l)th order, so tliat ^ 
An+i = i>iPi+J>tP»+-+J>iH-x^n+i. it foUows that 

whence since Pl> P2f«M -Pn+l are determinants of the nth order, we deduce 
the theorem for determinants of the (n+ l)th order. 

3.4. Observe that u'r ^ rUf.i, r = 0, 1, 2, 3, 4 and so the derivative of 
kJwj— 3wo«inj|4‘2«f is 3«J«2"~3nJw,--6«ottf+6wfno = 0, etc. 

3.6. Since /(a?) is differentiable flr(a:) ==/'(a)4'0(r+l) for any x such that 
0 < a?— o < 1/10*, k depending on r, and so g{X)—g{x) = 0(r) for any a?, X 
in (a,a+l/10*). Furthermore, f{x) being differentiable, is continuous in 
(0,5), and in (0+ 1/10*, 5), a;— a > 1/10*, and therefore {/(a?)— /(o)}/(aj— a) 
is continuous in (a+l/10*,5). Hence we can determine A depending on r 
so that g(Z)— g(a;) = 0(r), for any a;, X in (0+ 1/10*, 5) satisfying 
\X--x\ < 1/10*. Accordingly, gr(X)—g(a:) = 0(r)forany (a?,X)in(o,5)such 
that \X-x\ < 1/10*+*. 

3.6. If ^(a;) » g{A(a:)} then ^(a;) is continuous; but g{pr) has a continuous 
inverse g^Hy), y lying in {g(o),^(6)}, and so A(a?) = g^^{^(x)] which is 
oontinuouB in (o,5). 

3.7. (l+a?+a^)-i « (l-a;)(l-««)*-'^ « (l-aj)(l+aj»+»H...)i etc. 

3.3. If X and a; are both not greater than unity then 

{P(X)-P(a?)}/(X-a?) = X+x = 2af+(X-a;). 

If X and X are both not less than unity then 

{P(X)-P(aj)}/(X-a?) « 4-2»-(X-a;); 
if X > 1 > 05, let X— 1 « a > 0, 1— a? =s jS > 0, then 

{r(X)--P{a;)}/(X-aj) - (4X-X*-2-a5*)/(X-a5) 

«. -{a*+/3»-2(«+j8)}/(a+j8) « 2-(a+j8)+29^/(«+j?). 
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Hence 

« |2j8-(a+j5)+2aiS/(a+j8)| < 2{oL+p) « 2(X^a:) 
and sixnjlarly if X < ^ < a? and a:— 1 = a > 0, 1— X = jS > 0 then 
|{X(X)-X(aj)}/(X^a:)-(4-2a;)l 

= l2a-.(a+/8)+2aj3/(a+j3)l < 2(a+i3) - 2(a:--X). 

Thus if ^(as) = 2aj when a; < 1 and if>{x) = 4— 2a? when a? > 1, we have» 
for any pair x, X 

\{F(X)--F(x)}l(X^x)^^{x)\ < 2\X^xl 
whence X(a?) is differentiable in any interval, with derivative ^{x). 


3.81. /(a?) is continuous for a; < 1, since a? is continuous, cuid f{x) is 
continuous for a? > 1, since 2— a: is continuous. K a; < 1 and X > 1, then 


if 1— a? 
But 


/(X)-/(a:) = 2-X-a? = (l-.a;)-.(JX:-l) - 0(p-l) 

0(p) and X— 1 =. 0(p). Thus /(a?) is continuous in any interval. 


/(^)-"/(l) 

X^l 


{2-X)^l 

“” X --1 


and 


a;-l ‘ 


and so 


a:-l X-1 


however close X, x may be. Accordingly f(x) is not differentiable in an 
interval which contains the point a; = 1 in its interior. (Note that /(a?) is 
differentiable in an interval (a, 6) if a < 6 < 1 or 1 < a < 6, smce a? and 
2— a? are differentiable in any interval.) 


3.9. The function F{f(x)} is differentiable in {i^(A),X(B)} with deriva* 
tive F'{f{x))f\x) = 1, and so JP{/(a;)}— a? is constant; when a? = 0, 
Jf^{/(a?)}— a? = 0, and therefore F{f{x)} =* x for all x in {-P(A),X(B)). 

Furthermore, since F'{x) > 0 in (A,B) therefore F{A) < F{x) < F(B) 
in (A, B), whence F{f(F{x))) ~ F{x) in (A,B); since F(a:) is monotonic 
increasing it follows that f{F{x)} = a? for all x in (A,B), which completes 
the proof. 

3.91. By periodicity, 

/(X+a)-/(a?+o) f(X)^m 
(X+a)— (a?+a) ** X— a? 

and so/'(a?+a) * /'(a!)+0(j}) for any p, whence result follows. 


4.1. (a) 
whence 


IV 

y « loga?/logy, therefore ylogy « loga: and ^(logy+1) 
dx 


1 


Ifxil+logyh 
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(8) ylagx =s xktgy, therefore ^(log*— -) = logy--, 

wxi\ yf X 

whence ^ m (y»logy— y*)/(a!ylog*— **). 

(c) e* = loga;/(logx+logy), (logas+logy)®* = logas, and bo 

^ »: y(6-*-l)/a!{l+y(log®+logy)}. 

4.2. If for some o, /(o) = 0 then /(*) = /(»— o)/(a) == 0 for all x. Thus 

either /(a;) =* 0 for all values of x or |/(a?)| > 0 for all a?; in the latter case* 
differentiating /(aj)/(y) first with respect to x and then with 

reelect to y, we have/'{a;+y) ^f*(x)j(y) and/'(a?+y) =/(«)/'(y), wheice 

^f'{y)lf{y) =/'(0)//(0) = k (say) and so A.(log/(a:)-fcB) « 0, dnd 
therefore log/(a;)—A:a; ~ log/(0); but takings; = y = 0in/(a5+y) =/(«)/w) 
wehave/(0) — /(O)*, whence since |/(0)| > 0,/(0) s= l»and8olog/(a;) *= 
i.e./(a;) = e^». Similarly yg'{xy) = g'{x), xg'{xy) = g'(y), whence \ 

= yg'iy) = g\i) = h say, 

and so y(s;)— A;logs; ~ y(l); but y(l) = y(l)+fif(l), so that y{l) = 0, whence 
g(ic) SS klogZe 

4.3. n* = n(n— l)(w— 2)+3n(n— l)+n and so 

2 nVn! = 2 l/n!+3 2 l/n!+2 ^ 

similarly 

n* = 0 in+a,n(n—l)+ 03 n(n— l)(n— 2 )+*»*+»jbW(w— l)—(»-‘^+l)f 
where Oj^ « 1 and, for any r, 1 < r < ib, is the remainder when 
Oi— ©^(n— 1)— ...— a|._x(n— l)(n— 2)...(n— r+2) 
is divided by (n— l)(n— 2)...(n--r), so that each a,, is an integer. 

4.4. f'(x) = < 0, g^(x) = e"*a;'»(m—a;)/(n— f»+l){n!) > 0, 

and so /(a?) decreases and g(x) increases; but f(0) g(0) l, and so 

g{x) > 1 > f{x) and in particular e^g{m) > Furthermore ^ 

n 

differs from 2 
0 

which is less than 1/10*^^ if (10/m)*+^ > 10^+S i.e, if 

n+l> (p+3)/(l~logioW). 

4.3. log(l + l/n)/(l/n) « log(l + l/n)«--^log,e « L If ^(n) = l/n(logn)^ 
then ^(n) steadily decreases and 2 2*^(2*) = (2 l/n*’)/(log2)*’. 

4.61. Since Dlog(l+0 *= therefore I 4 . 0 {j»} i^dien 

t « p(g); therefore — -► 1, i.e. (l+Sn)V^ -> e. Similarly, 

log(l-«)/« - -n-0(l>). etc. 



386 


SOLUTIONS TO EXAMPLES 

4.611. Write a+6/n = ajn -> 0, then (l+a/n+6/n*)" «= (l+e„/n)^; 
let ss {1 +«»/«•)*/•», then e and so a^ logen a, wh^ce e!{* e^* 

4.62. \og{l+Uf)IUf == 1 since «y-> 0, etc. 

4.621. If a; = 0^^ =: 0, if « > 0, = e®^*®**. Por x > l/e*', loga? is 

continuous and so is continuous and we can choose fjLj^ so that 

|X*»— a»»| < 2/Ajm for x > e“*, X > e-*, |X— a;| < For 0 < a? < e*"*, 
af® < 1/e*®® < 1/I»n and so |X*®— a:®»| < 2/A^» 0 < a: < X < e“*. Hence 
if a; > 0, X > 0» jX^^—a^l < 2/A»n, |X—a;| < min(/i]fc, e~*) and so a:*® is 
continuous. 

4.63. 

and so loga^/a„^j.p^i < 2 log( 14 -M/ri+^); write == Mlr^^\ then 2^* 
r>m 

converges and so 2 log(l +Wf) converges, to a (say). Then < e*, 

whence e“* for any p and so does not tend to zero. 

4.0. If)3 > 0,ajan+i = l + (P+0Jn^)/n > l+ijS/n, since j8+0„/n^->)3, 
and 2 Ofi is convergent by Example 1.31. K)3 < 0, 

««/««+! < l+ejnM < 1+M/nW. 

and so does not tend to zero. 

4.7. Tho cases )3 > 1, /3 < 1 have been considered in 1.63; there remains 
the case ^ = 1. We have 

(nlogn)ojo„+i-(n+l)log(n+l) = (l + l/n)nlogn-(n+l)log(n+l)+ 

-f {0nlogn)/n^ ^ — (n+l)log(l + l/n)+(®nlogw)/n^; 
since |tf„t < M and (log n)/n^->0 therefore (ff„logn)/n^->0, also 

log(l + l/n)~>0 

and nlog(14*l/») = log(l + l/n)® -> loge == 1, hence 

nlogn(ajo^i)— (n+l)log(n+l)-> — 1, 
and so, for n > m, nlogn(a||/a^x) < (w+l)log(n+l), whence 
< (l/wlogn)/{l/(n+l)log(n+l)} 
and the divergence of 2 follows from that of 2 1/tilogn. 

4.8. We have (“) / >= -{1 +(m+ l)/r+ff,/r»}, 

where 0f ~ m(m+l)/(l--m/r)->m(m+l); 

thus for sufficiently great values of r the coejG0oient8 are alternately positive 
and negative. Hence when a = 1 the series alternates, and by 4.6 we have 
convergence for m+1 > 0 and divergence for m+1 < 0,andwhena« — 1 
the series is (xiltimately) positive, and by 4.7 we have convergence for 
> I, i.e. m > 0, and divergence for m < 0. 

Whan m> -l,y (”‘W converges for a? » 1 and so by Theorem 2.6, 


00 
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^ ^ oontinuouB in (0, 1) and (l-fa;)’” is also oontinuow in (0, 1). But 

for any m, ^ (^)*' = (1+®)“ in (0, 1]; let », = n/(nH- 1), then 

2 ( 7 ) “ ( 7 )^** “ “ hm(l +*«)'• 

= (l+lim®J" = (1 + ir = 2". 

Whoa «t > 0, 2 couveiges for ® = — 1 and so 20 of IS con- 
tmuous m (—1,0). By 4,621, (!+«)’» is continuous m (—1,0), ’whence; as 

above 2 = (1-1)“ = 0. 


4.81. If y > 0, > l+y, whence y— log(l+y) > 0 and so 

jD»log(l-l/af)==log{(a?- !)/«}+ l/(»-l) = l/(a;-l)-log{l+l/(a;-l)} >to. 

4.82. If = nlog(l+ 1/n) then = 6n^i— and so \ 

i«» = 6,Hi-*»i-*“loge-lo8l ^ l-logf 

4.9. jD( 1— a;)e® = — a;e® < 0 when a; > 0, and jD(l+a?)e“‘* = — aje“« < 0, 
hence for a? > 0 (1— a5)e® < e® = 1 and (l+a:)6“* < e® = 1, and so 
1— » < s-® < l/(l+aj). Then write a?* for a?. 


4.91 . 2 sh inx sh j[(n + l)a;/sh 

= (ei'w~e-*®*){e*(»+i)®-eHk(*»+i)*}/(el*— e~*®) 
= {eC«+i)*-e*+e~«*-l}/(e*-l) 

= e*(e«*-l)/(e*-l)-e-«{e-»»-l)/(e-*-l) 

= 2^”'- = 22shnr, etc. 


5.01. If a; > 0, Z)[a?|* = Da^ »= 3aj», and if a < 0, 

D|a(® — D(— »®) = —3a;*. 

If X, —a; are positive and negative respectively then 

X-{-x) Z+» X-\-x' 

hence if Z = 0(4), x = 0(4) then X*— asZ4-®* = 0(34—1) and 
2 ®* 


X+* ^ * 


.2*» = 0(24-1) 


SO that 


|X|«-|-®|» 

X-(-*) 


0(24-2). 
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Hence if ^(x) ^ x > Ot and ^{x) » —da;** x < 0, and ^^(0) =» 0, then 
^(x) » 0(2A;— 1) when x » 0{k)f and ^(x) is the derivative of |x|^ in any 
interval. (Note that ^(x) is conUnuotta.) 

jD|x| ass Dx » 1 if X > 0, jD|x| == jD(— x) = — lifx<0;if ^(x) 1, 

X > Ot and ^(x) — 1, x < 0, then ^(x) is not continuous, and so |x| has 

no derivative, in iib. interval containing the origin. 

I>llog(l+x)| = Dlog(l+x) == l/(l+x) if X > 0 and 

i)llog(l+a!)| = D{-log(l+*)} = 

if X < 0; but no derivative in an interval containing the origin since 
l/(l+0)== 1, -.l/(l+0)==: -1. 

D|smx| = jDsinx = coax, smx > 0,and JD|sinx| = D(~sinx) = ->cosx, 
sin X < 0; no derivative in an interval containing the origin since cos 0=1, 
— cosO = —1. 

2)el*l = Ue® = el®l, x > 0 and Dcl*l =- Der^ = — e"* = — el*l if x > 0. 
No derivative in an interval containing the origin since e® = 1, —a® = — 1. 
Notice that although for example |x| = x when x = 0 it does not follow 

that jD|x| = 1 when x = 0, for = ± 1 according as X is positive 

or negative and so there can be no function (f>{x) such that 

l|l^-^(0) = m- 

for aU X near 0. 

5.1. smSx = 8]n(x+2x), etc., and 3cos3x = I^sinSx. 

6.11. 0 < sin^ < sin = 1 and 1 = sin®JiT+cos*Jir = 28in®iw 

since cos^ = sin(|7r--j7r) = sin^Tr. 

28ini9roosi^ir = sin fir = C 08 (J^— Jrr) = cosJtt; but asoosfir > 0 therefore 

28in|ir = 1. 

28m-]^cost^ = sinirr = f and sin*tVir+cos*]Af7r == 1, whence 
(sin-j^+cos-^)® = |, (sin-^— cos^)* = f; 

but tan^^ < tanfrr = 1 so that cos sin > 0, whence 
sinf|ir+coa = Vt» cosAw— sin^^ = Vf, etc. 

6.12. Use 8in(n+f)x— sin(n— f)x = 2cosnxsmix 

and co8(n— f)x— co6(n+f)x = 2smnx8infx. 

6.2. If the formulae are true forn = p then 
ma{p+l)x = ainjpxcosx+cospxsmx 

» |l+^^)Jcos*^X8iax— 
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and 

ooa(p+])ic ^ cosj^xcosa;— sinp^esin^t; 

&» cos*»+ia5— + ^^J|cos*»“%sm*a:+ {(g) + (^)|cos»^*icsin^— ... 

= co0*^^a?— ^)cos**“^8m%c+ ^)co8^®a;8in^— ... 

whence the result follows by induction. ^ 

Observe that both cosna; and sin(n4-l)^/sina; contain only even powers 
of sin a;. 

6.201. Cq(oosO) = 1 = cosO, Ci(coBfl) = costf; if for n = 1, 2, 

(7||(cos0) cosntf, then 

Cjfc+i(cosfl) = 2costfCi.(cosfl)— Ci.i(cos8) 

= 2cosffcosAjS— cos(A;— 1)® = co8(fc+l)ff. 

Hence On(cos0) = cosnO for all values of n. Similarly 
SnicosO) ~ &m(n+l)6/BmO 

for all n. 

6.202. IfUJas) = iS;j(a:)~C<|(a;) then I>„+*(ar) = I)„(a;); fiirther- 

more» xS^^^iix) = 2x,xSn(x)—xSn^i(x)» Now Di(a) = Si{x)--Ci{x) xS^^ix) 
and D^ix) = S^(x)-‘Ci(x) ~ 2«* = xSi{x), and if dJ^x) ^ a:S„_i(a?) and 
D^i{x) =a xS^{x) then Dn+ti^) = ^n+i{x), so that, by mduction, 

D^{x) == xS^^ix) 

for all n. Accordingly (7„(a;) = 5„(aj)— 

therefore xHSJpc) = x^^8f^^l(x)‘--x^Sn^Jt{x), whence by addition, since 
xCi(x) = x^Sq^x), 2 a?’*C7,j(a:) = Taking x = coaO^ we find 

n 

2coB"flcosnfl = cos"l?8mn8cot®. 

1 

( 2r7r\ 

a+— j, r = 0, 1, 2 ,..., (n—1), therefore the 
2r7r 

equation cosm; = cosncx has the solutions x =?■ «+— = Or (say)* r #= 0, 

I,..., (»— 1 ), i.e. the equation C^{oo8x) ~ cosna has these solutions, whence 

( 2rjr\ 

a+— j = cosotp f » 0, 1,..., 

n—1, andso 

Cli(y)— cosna « A(y— cosa)(y— coBai)(y-co8a,)...(y— oo8an..i) 
or 

oosniT^eosna 

s» A(cos X — cos a)(co8 a?— cos ax)(co8 rr — cos oci). ..(cos z — cos On^i). 

To determine the constant A we equate the coefiioionts of oos**a; on 
both sides; if An is the ooefflcient of x^ in the polynomial of the tith decree 
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Oa(») then A, = 1 and, from 6.201, ■= 2A»<.x whence A* «= 2»-* and so 

A *s 2"“‘. 

Smoe cosna = 2"“%--cosa)(y— ooso^)...(y— oo8a».i) for all 

values of ^ in (— 1, 1), by 2.3 the two polynomials aie equal for aU values 
of y. 

^ = i(®+3 ^ » = 1. 2. 

whence CJy) = |(®"+ p) all n. Accordingly 

i.e. 

a?***— 2a;“ cos na+ 1 

= (a*— 2jj cos a+ 1 )(a?*— 24? cosaj + 1 )(a?*— 2a: cos aj+l)— 

(a?* — 2a* cos + 1 ). 

Writing a = 27r/n, so that or, - 2(r+ l)7r[n and na = 27r, we obtain 
(a?**— 1)* -- (a;— l)*^a'*— 2a:cos^+lj^a?*— 2a;cos^+lJ... 

^a?* — 2a? cos 2 (n — 1 ) ^ + 1 J ; 

but oos2{n— r)- = cos— and so 

1% ti 

1 =1. (x— l)^a;®— 2a:co8^4-l)«-(i®*~2a?cos^^+lj 
if n =s 2m+ 1 and 

^ (a;— l)(a?+l)|«*—2a:cos^+l)...(a:*— 2a;co82{m— l)^+lj 

if n s=5 2tn. Taking <x ~ w/n we obtain similar expressions for «"+l. 

5.22. If |a7| < 1, let x - cos0, then 

D^coand — P^cosntf/Acosfl = nsinnfl/sin5 

BO 

Dg.{x^t^{x)} s= na:*-' cos nP+a:"n sin nfl/sin 5 

« n4:*“'(cosn5sin5+sinn5cosfl)/ain® 

«= na:*-'sin{n+l)0/sin5 « na?*-'iSfn(a?). 

Since the pdynomiaJlB Da{a?*C«(a?)} and are equal for all « in 

( — It 1}* they are equal everywhere. 
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5.3, Since 

sin^ « (sin*®)* = J(l— C 08 2id)* = Kl— 2co8 2it;+|(l+co84ir)} 

= icos2a?+too8 4» 

and 008 2a? lies between 1— 2a?*+2a?*/3 ond 1— 2a?*4-3a?V3--4a7V45 and 
cos4a? lies between 1 — 8aj*+32a::^/3 and 1— 8a?*+32«^/3— 266a?®/45, there- 
fore Bin^ hes between 

|«(j_-a;a+a;V3)+(i-fl?H4a;V3-’32a?«/46) = fl5*-32a?V^5 
and a?*+aj^/3— 2a:V46)+(i— «*+4a?^/3) *= «*+2a;V46, 

OB 

5.301. Since 1 > cos- > therefore 

n 2n* 

by Example 4.611. 

6.31. (Bma;/a?)* > (1— a?*/6)* := 1— a:V3+a:^/36, if a:* < 6. 

cos a? < l--ajV2+a?^/24. 

If 0 < |a?| < Jtt then a?* < 12 and so a?* > a;*/12 whence 
xHi-i) > (a?Vl2)(t-i) 

and therefore 1— a;*/3+«V20 > 1— a;*/2+a?V24. 

6.32. 1/n > sml/n > 1/n— l/6n* and so n < l/sm(l/n) < 6n*/(6n*— 1)^ 

whence 0 < {l/sm(l/n)}— n < n/(6n*— 1) 0. 

6.33. (i) If /(a?) = smay—ajcosa? then /(O) = 0, /'(a?) = a:8ina?> 0 in 
[0, Jrr) so that /(a?) increases from zero ; 

(u) if /(a?) = el**co8a? then /(O) = 1 and /'(a?) = el‘^*(a?co8a?— sma?) < 0, 
whence /(a?) < 1, 0 < a? < 

6.34. D{(1— cosQ/Q = (^smH cos^— !)/«*, and 

2}(fsini+cosi--l) = tcoBt >0, 0 < < < Jw, 

and so (1— cos^)/^ steadily mcreases as < mcreases between 0 and inr; 
writing t ^ xln, it foUows that n(l— cosa;/n) steadily decreases as n in- 

/ x\ afl 

creases (n > 2a;/flr). Hence since limn^l— cos-j < ** therefore 

2 K— l)»n{l— cosas/n) converges. 

6.4. Take a? = 0, then/(0)+/(y) «/(y), i.e./{0) «= 0. Also 

r(x) - r{{x+y)l{l-m(l+t^)l(l-^)^ 

wbmo 0 /'(O) »/Ml+y*). ie. I>J/(a?)^/'(0)tan~ia?} » 0 and so 
/(a?)— /'{0)tan’*‘x =» 0. 

5.6. Binoeco8(n+2)0+co8n5 « 2co86coB(n+l)0, therefore by Example 

1 . 8 , 


1 -f* r cos 0 "f" f* cos 20 -f“ •• • 


1 — roos0 
1 — 2f oos0+r* 
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and since 8in(n+2)5H-Binnfl => 2ooB08in(n+l)0, by Example LS. 

both aeries being a]k>solutely convergent for |r| < L 

g „ cs* Icosnorl costwj . 

6.7. Since < -r and > -5 is convergent, therefore 7 — ^ is 

fi> Vr fl* 

absolutely convergent, If |Z— a;j < l/j^» then 
cosna;| 


fl>* n* 


2 1 , xri , ^ cosna? x' cosnZ 

jj5(co8n*-oos»X)+ 2 > -p 

ir+i ff4- 

1 2^+1 

X N+l 

<2^4<^^-«i4<s. 

1 

so that 2 2^^ jg continuous in any interval. 


VI 

6. Differentiatmg with respect to a the identity 
2a 1 1 


we find 


x*—a* x—a ®+a* 

2 4o» 1 1 

**— a*)* (®— o)*'^(*+o)*’ 

whence, taking a = 1, 

4 1.1 1.1 


(®+l)*^®+l ®-l^(®-l)* 
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vn 

If ay I »(l+^)then§. 0, * 96 0. 

7.02. Since /y =* 1 therefore /V+/V = ^ 

V - / V+3/ V+3/V+^^y = Pg+f/, 

whence dividing by h the result follows. 

7.1. Differentiate the relation 2/(1 +a;^) » 2 three times in succession. 

7.11. Denote the derivative of y by y'; then we have 

kg' » (l+y')cos(a?+2/), hy^ = — (l+y')*sin(»+S/)+^cos(aj+y) 
whence ^(1+yO = --hyil+yy+kyY* ©tc. 

When a? = 0, siny = ky; since for 0 < y < Jtt, 1 > Bmy/y > 2/^, the 
fore amy-^ky = 0 has no solution, except y =■ 0, when k > 1 or A? < 2/ 
and so the condition A; > 1 ensures that y =* 0 when a; = 0. By Theor 
7.4 the coefficients of a;, x*l2U a;^/3!, ar^/4! in the expansion of y are the 
values of dyjdx^ d^yjdx^ d^yjdx^ d^yjdx^ when a? = 0. 

7.2. (i) Partial fractions, (ii) Leibnitz’s theorem, 

(iii) sin’a^cosa; = J sin 2a;— J sin 4a?, etc. 

7.21. Denote by by Pi. Then =* ajcosj/, 

5=t oosj/— aj^siny = cosy— 2y sin y, and if == P2nSiny+(?2n<50sy then! 

*= ®[(^an-Qan)siny+(CJn+P2i»)co8y], and if 

«*ii+i = »(P|ii+iSiny+Q2n+iCosy) 

then 

= (Pfii+x + 2yPJ«+i - 2yQ )sin y + ( + 2y CJn+i + ^Pgn+i )cob y 

whence the result follows by induction. 

Hence from Zan = Ptn^^iny+Qm^^sy derive, using the foregoing 
results, 

“ ®bi y{P2n““ Qtn + 2y(PJi— %i, — i2n)} + 

+cosy{Qi,+P,«+2y(«J,+PJn+P2'n-««)) 
and so Pt^, = Pii,-eaii+2y(PJ,-2(?J,,-P,J. 

7.211. The first derivative of tana; is l+tan^a;; if for some n the nth 
derivative of tana; is p(tana;), where p(f) is a polynomial of the (n+l)th 
degree, then the (n+l)th derivative of tana; is p'(tana;)(l+tan^) which 
is a polynomial of the (n+2)th degree, whence the result follows by 
induction. 

7.22. yt « y, 

j/j ax e^«««{oosasin(af8ina)+sinaoos(aPBina)} « 6*^«sm(a+^sliitt), 
y, ax e^<^«sin(2a+a;Bina) 
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and 80 

y,-2yicosa+yo 

= »{am{2(x+x&m (x)+8m(x sin a)— 2 cos ot sin((x+a; sin a)} 

= 2e«W‘^{sin(a+iiJsma)cosa--sin(ot+a?sma)oosa} =» 0. 
Differentiating y*— 2yicosa+yo —On times we have 

yn+*~2y^iC0SQ£+y^ = 0. 

When a? = 0, j/o = 0, j/^ == sina, y* = 8in2(x and if y„ = sinna then 
Vn^i ^ 2cosasinna— sin(n— l)a = sin(n+l)o(> and so — sinna for all 
n» whence by Theorem 7.4, 



7.23. Use Example 3.1 and induction. 

7.3. By 2,6f'(x) is of constant sign in [a, 6]; if/'(ar) is positive in [a, 6] 
then f(a) is not a maximum and f(b) is not a minimum, i.e. /(a), f{b) are 
not both maximum nor both minimum. Similarly if f'{x) is negative in 

7,31. If a, j3 lie in [a, 6] and /(a), /(j8) are both maximum values of /(a?), 
let ag,..., ap be the points between a and p whore /'(a?) == 0; since /(a) 
is a maximum, by 7.3, f\x) is negative in [a,ail, and similarly f\x) is 
positive in [a^p, jS]. Furthermore / '(a?) is of constant sign in each interval 
{(Xff Lot p be the least value of r for which / '(a?) is positive in (ov» o^+i); 

then /'(a?) is negative in (ap_i,ap) and positive in {ocp,oip^i), and therefore 
f{x) has a minimum value at a; ocp* 

7,41. If y = {a—b)x/{x+a){x+b) — a/(r+Gr)~6/(a? f6), dy/dr = 0 when 
x^±:^{ab), d*y/da;* — (Va~V6)/^(a6)(Va+V6)^ if ar = +^(a6), and 
d^ldx^ (Vo+V6)/^(o6)(V(af— V6)®ifa: ~ —^(^6); hence the maximum value 
is (Va— V6)/(Va+V6) and the minimum is (Va+^f>)/(Va— V6). 

7.411. If /(a?) ==■ a?*(a?*— 4), thon /'(r) ~ »*“*)» = f(5a:*+art) 

When f'(x) = 0 then a:* « 1, i.e. a; =■ ±1, and f''(x) is positive for any 
value of X. Thus f(x) is minimum when a? = 1 and when a? = — 1, and 
since /(O) =« 0 and J{x) < 0 on either side of the point a: = 0, /(O) is a maxi- 
mum value. 

‘ 7.44. /(as) = Rin^co8 3aj, 

/ \x) ss 3 sin^r cos x cos 3a;— 3 sin’r sin 3a; -- 3 sin^a; cos 4a;, 
f\x) s= Bsinarcosaycosia;— 128m*jjsin4a; 

» 38in2a;co84a;+6cos2a;Bin4a;— 6sin4r, 
f"*(x) «a 30cos2a?cos4aj— 24sm2a;sin4a?— 24cos4a;. 

When /'(a>) =» 0, sina; » 0 or co84a? =« 0, i.e, a; « nw or a; «= J(2m*f I)«r* 
When 05 « fiw,/^(a?) « 0,/*'(a;) « 6, so that a; = nir is a point of inflexion, 
for all n* Whwa? ^2m+l)ff» 

f\x) « 38ini(8m+l)ircosJ(2m+l)tr‘-128inH(2«*+l)wsmJ(2w+I)ir, 
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!•«. f^(x) ssf — 12Bin*|(2m+l)irBin)(2m+l)9r; 

bat 8in|(2fn+l)9r is +1 or according as m is even or odd; therefore 
f^x) < 0 if m is even axid/^(a;) > 0 if in is odd. Hence/(a;) has an inflexioii 
each point a? iitt, a maximum at each point i(4m+ l)ir and a mininnHft 
at each point J{4m+3)7r. 


7.5* Let AB » Xf jLABO ^ 0, then ;r*oo80 is constant and {AO+ZBC)* 
is proportiona] to (sm0+3cos0)Voo80 = seo0+6sin0+Bcos0; the finrt 
derivative 

8ec0tan04‘6cos0->8sin0 = (<*— 7«+6)/(l+«*)t 

=:(<+3)(f~l)(«-2)/{l+<*)i, I 

where t ~ tan0. When 0 < ^ < 1 the derivative is positive, it vanishoi^at 
# l,iB negative for 1 < < < 2, vanishes again at^ » 2, and is positive jbr 
t > 2, Hence (AC+2BC)^ is maximum when ^ 1 and minimum wh^ 

t =: 2. Observe that /(«)* and f(t) are maximum and minimum together, 
when/(0 > 0,for/(r)*~/{<)* - {/(T’) -/«)){/( 2’)+/(0} and so/(T)*-./(A* 
and/(T)— /(^) have the same sign. 

7.6. Denote ^e^ofoctors in A of u,.* t;,.,... by T^, Uf^ and the co- 

factors in r by IV, Ur, ^... . Since ajietermmant with two identical rows is 
xero, we Ioav^D^Tq = IJ,, ^ Oq = and IV « Uq Ufi t~i**** • Dnt, 
as r = o. U, = 0, i.e. (Dar,)l7, = 0, whence 

D^iyr.) = 0. etc. 

7.7. « = tan-** then (1+**)^ = 1, and differentiate n times by I^eib* 

ax 

nita’s theorem. From (l+**)y^,+2n»y,+n(n— l)y»_x = 0,taking*=s 0 
and denoting the value of y, at * — 0 by we 6nd = ~a(n— l)yj^_i; 
buty* « 0,yl =» landsoyj, = O.yS^i = ( — l)"(2n)!, whence byTheotem 
7.4, y = 2 (- 1)»»*"+V(2n+1). 

7.71. y : sin-**, ^ » 1/^(1—®*), ^ sr */(l— **)l whmoe 




diffemitiate n times by Leibnitz’s theorem and proceed aa in 7.7. 


7.8. By the binomial theorem 1/(1 +»•) = 1— |a»| < 1. 
Furthermore 2(*~l)^***^V(3n+l) converges for — 1 < a? < 1 and so 
« 2(-l)^\\x\ < 1, and Dg.tan-»»« 1/(1 +»•) 
and so tan~‘a?— 2(— 1)^»+V(2n+1) « constant « 0, \x\ < 1, and by 
eoutfamity the result extends to d; » l. Similarly 


D«sin*^ « (1- -«•)-* 


I 


1.3.5...2n— 1 

sgm 

2.4.e...2» 


-z?. 


2 


1 .8.g...2n~l 

8.4.6...2n 


jplS+l 

St+T 


, Sto., 1*1 < 1; 
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smoe 2^ ■ -^ ■'■■ " 1 " gjqrj converges by the Gauss test at « =» ±1, the 

result extends also to a; » ±1. 

7.9. {px+q)*/{ax*ijlt2bx+c) is positive or negative for all x near — g/p, 
according as og*— 25pg4'Cp* is positive or negative. 

7.91. iix’+9Ba;+C*-*A(ad;*+26x4-c) is a square if 

^(A) - (B~A6)*-(2l-Aa)(a-Ac) = 0; 
for large values of A» ^(A) and A) have the same sign as b^-^ae, which is 
negative* and t^A/a) » (B— A6)* > 0* so that ^(A) has a root greater than 
A/a and a root less than Aja; let Aj* A, be the roots so chosen that 
A'^\^€t ^ 0* A’^\^€l < 0. Then 

w4a?*+2Ba54*G— Ai(aa;*+26aj+c) == (pa?+g)* 
and A»*+2Ba?+C— A|(aaj*+25a5+c) = —(rx+s)*, 

where p — -^(-^—Ajo), r = -^(aA|— A), etc. Hence 

{(2l«*+2Ba?+C)/(aa?*+26a;+c)} = Ai+(pa?+g)V(a«*+26a;+c) and 

= Aa— (ra;+a)*/(aaJ*+26«+c), 

whence by 7.9 result follows, 

7.92. Since P{x) is a polynomial of the nth degree, therefore P(a+^) is 
a polynomial in A of the nt^ degree, say 

P(o+A) s=r Co+CjA+Cg^j+c, 4-.,.+C||^. 

Then, differentiating with respect to A, 

A* A^~^ 

P*(a+A) =: Ct+Cfc+i A+Cjfe^.t +gn * 

whence P*(a) — c*. 

7.921. Since f(x) g(x) for |a;| < r, and since the power series are 
differentiable for |a:| < r, therefore /*(a?) = g^{x) for \x\ < r; in particular 
/"(O) » g*(0). But/"(0) = On, g"(0) « and so » &,i for all n. Hence 
f{x) ^ g(x) for all x such that \x\ < B. 

VIII 

8.01. l/y(x+2)+^(x+l )} « V(*+2)-V(»+l)- 

8.02. J daj/jc(l+«*) » J d»/«*(l+«®) = i f dt/t(l+t)t t =« as*. 

8.03. 88ina;4'4oosa; » |(sina;+co8a?)+i(cosa;*->8ina;). 

8.04. Write 2e* » y*+l, then integral becomes J 2dy/(y*+l)* 

8.05. Write 20r- 15 » 49 sin^, 64- 2(h!» 49 cos*9 and integral beecmea 
(«/10)J{rin.»floo.»/(8-4oo8fl)}<ie = (4»/10)J{(o<»»8-ooB8)/(4o<»8-«))d« 



-(441/128) J <19/(6-40048). 



a06 SOLUTIONS TO EXAMPLES 

8.06. Wnte x = l—t and expdpd <!—<)*. 

8.07. Wnte y =. 

^ ^j(f-9) V/-V|7 

BO that »+- « -M— e-i = « 2(f/g- 1)-» 

^ y V(/- 8 ) 

and therefore 

= (fg'-S'g)NW-fi)% 


whence 


li«„« _ i ^ _ /g-rg V(/-g) 1 /g-/v 

(fa yefa VW— g)*} 2V/ 2V(/g) /-g 


8.08. Since 


f 1 j f l-®« . 1 f 4*» . 

J J «»+i 4J 

4nM,H.i = (4n— l)u„+a;(l— »*)“•«, n > 1. 


we have 
Since 




1, x +1 , 1 , 


therefore is determined for all n 

f .■.■■^- (fa == - f ;g*j.Lr-?*j(fa 4. f f* - - (fa 

J (!-*«)* (!-*♦)« * 

== tty— 2 u|+t< 4 « ate. 

8.1. J(l+»*)»/«r-«/*(fa = J(l + l/!e*)V«*-*(fa/®*= -2j(<«--l)V<e,eto. 

8.2. J (loga!)*+’^ (fa = a!(log »)*+*— (ife+ 1) J (logx)* (fa. 

8.81. Wo have g{g*(*)} = ® and g'{g*(»)} =■ \ID^g*(x), and tlieref(»«» 

whan ( » g*(x), 

t //{gW}g'W # = J/[g{g*{*)}]g'{g*(*)}{Aig*(<»)) «*» =* //{*) <*»• 

8.8. If 

yi « (»*-.8*+10)/(3®»-10®+9) = J[l-(14*-21)/(8**-l0»+9)] 
^ y ^ - 7(®- 1)(*-2)/(8*»- 10»+9>»} 

hanoa tha maximum and mmnxram values y* aro y* >» } when xm I 
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and j/t wt —i when 2. By Examfle 7.91, }— y* is proportional to 
(s— 1)* and y*+2 is proportional to (is— 2)*; m £eu:t 

|~y* e 7(®-l)V2(8**-l(te+9) and y*+2 = 7(a!-2)*/(8**-l(te+9). 
Now . 

{(a!-4)/(8**- 10»+9)V(**- 8*+ 10)}^ 

= (a!-4y(3a!*-10a!+9)/7(a!-l)(*-2) 

= fV(3**-10» f 9)/(a!-l)-fV(3**-l(te+9)/(®-2), 

writing (x—4)j(x—l)(x—2) m partial fractions, 
= f/V{|[|-y*]}-f/VWy»+2)} 

whBUoe 

Vl4 J (a?— 4) dxl(3x*-- lOx + Sx+ 10) 

- 3 J (22//V(t~S/")-2V2 J dylyl(y*+2) 

= 3sm~VV(l)~'2V21og{y+V(y*+2)}. 
8.31. If y* ^ (6a?*+2«-7)/(6:tH12a?+8) == l-6(2a?+3)/(5a:*+12a;+8) 
then == 26(a:+l)(a:+2)/(5a:.*+12aj+8)* and bo the maximum value of 

J/* 18 when X = —2 and the mmimum is —4 when a: = — 1. Then 
l^yt « 26{fl:+2)V4(6arH12a:+8) and 2^*+4 = 26(a?+l)*/(5a;*+12ir+8). 
Hence 

{ll{5x^+l2x+%)^{5ai^+2x-l)}dxldy « V(6®*+12»+8)/{26(a?+l)(a?+2)} 

- l/ 5 V(y*+ 4 )-l/ 10 V(J--y *)4 
whence the value of the mtegral i8 ilog{y+^{y*+4)}— ^sm“*(2y/3), 

8.4, If a?+iy/(a;*— a*) = ^then 

a*) = a^/t and log{»+-^(a;*— o*)} = log^, 

1 #29! 1 

a*) ctt “ T*" 


and 


f ^ f a*)}* d® 

J ai-V(**-a*) V{ie*-o») ~ J ~ V(**-o*) 

~ o*J < ~ 2 o “ 2 o* 



X 

V(«»-a*) 



dx 

{st?+ 5 /(a?*— o*)}® o*) 





4o* . 6g« 4g* o*\ 
-?-+ir“ir+iii 


d( 


1 L , 4a* 2o* 4 o* 1 oJI 

Igr+l F'^s t*-? fih 


etc 
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IX 


9.01. Jd*/(l+»») = tan-»|-tan-ii = taii -4 = 0-681. 

J {x*/^(l— **)} dxtaj em*8 d$, * « sm0, 0 < < Jir 
= i J (1-COS29) d$ « i(0-Bin^oo8tf). 

If am9i I, Bm0| s= f l^ien 8m(dt— ^ and so di— 0i *= 0-284: 
fixrtihermore, sindioosdi = sindjoosdi and so 

J {a!VV(l-**)}d® = i[8-8in8oosfl]®| = 0-142. 

9.02. f — r d® =* f ^ dt — 2t, a? = 0 < < < jL. 

J a?)} J sin^cose ** 


Therefore^ if 0 < a < 1» 


=: 2sin“*a— 2Bm"Hl/Vn)-> 28in“V», 


f — !: -a; Ssin-'fl 

J ^{x{l--xy 

lln 

and 

i-a/m 

J “ 2Bi*‘-iy(l-i))-2»in->a-i-^-2sin->o. 

Hence I ■ ^ — r. dx = tr— 2sin~*a+2sm“*a = ir. 


9.1. n J 8m"~‘dtBn(n+ 1)0 d9 &= sm”0Binn0 

«nd n J {sin(n— l)0/sin*+*0}d0 — — smn0/sin”0. 

9.101. Sinoa 

Bin(— 7v/6) = — Mn{wf Jir) <= J and Bin(7ir/S) = 8in(|4r) «= V|, 
and ainoe sini is differentiable everyvrhere, and in particular in (— 77r/6> 
In/i), therefore all the oonditiom sufficient for the transfonDation an 
satisfied. 

? 

9.11. J d«* 

s 

« [— l**"Ur*‘]“+|(n— 1) J 






{(n-f l)l/*«-»}<te » nI(l/E»+*-l/y*H) < 
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00 

as M izicreases, cherefore J dx exists* end fiurthennore, ^ 0 

0 

as N increases. 


00 * 

».12. j da)({l+tl‘)P(l+e^) 
00 


2a 

J X dxl.J(2ax—x*) 


= Je«<te/(l+c*)»>+i = [-l/p{l+e«)»]* = l/2»p. 


2a za 

: J oda:/-^{a*— (a— a;)*}— J (a— a) (a— a;)*} 


= [a8in-i(a:/a--l)]J“~[V{a*~(o-a;)*}]^ «= 

r 

J ( 1 — a;*)*^da 5 — J cos***+^tf dtf* a? = sin 0 
= 2nl/(2n+l)l. 

j* (l+a;*)“* (te = [ cos**“*fl dO, x == taufi 


•> 


I = {(2n-3)J/(2n-2)l}(Jff). 


9.13. l+2(oos2a;+cos4a;+**«+<^os2na;) = sm(2n 4*1)^/8010;, 


whence 


i 


i 


r« 


{sin(2n+l)a;/sina;} dx ^ | 1 do; « 4^, since | cos2nc da; =: 0, r > 0. 

0 

Also 


and BO 


1 


8m<4-sin3<+...4-Bm(2n— l)t <» (smttf)*/8in( 

(Binn</amt)*<ft = T T{Bm(2r— 1)</Bint}(2t s fMr/2. 
r-li 

9.2. /smacfa/(l— 2!E008«+a:*) = |sina((£r/{(x— cos«)*+sin*a} 

= [tan-H(»— 0O8a)/8m«}]^j 

as taa-H(l— oosae)/sina}+taii~K(l+ooBa)/si&a} 


=> taii~^(tan|a)+tau~Veotla); 

if mr < |«< wr+iir, then tan~Htaa|a) =* tan“*{tan(ia--tMr)} =» |a— fM 
and i“4-«w}) — iw— ia+nw and veloa d 

integral ia iir; if mr— |«r < |a < mr, tan'^tan^ot) « mr and 

tan'^ootia) = taa~H*“i{l*’-'l«+(»»--lM] ■“ 4«r— 'la+(»— l)ir 
and the valna of the inteKral ia — Irr. 



im 


BOLVTJO^S to l83 (, ^pn aBp 


Su*— 1 • " 111 •|^ii«i|idl|i(^ 


Su— 1< 

; 

I / s 
•*“^vS+I* 

i "'‘'’"yi~i«‘+*i“~^“y(Ti7)/(T^) 

■k'-yo<*“-'>-7(T=i)(iTj) 

and so when a? 1, eht; ^ 0, and therefore v =s 0, and when a; » 0» 

•=--(y(i4i)+yo. 


whence 


/ ■ (yrf iWy(r^)+y(ra))' 


/i 


(1+*)V(1-*)(1-A*) 

V 

Taking k ^ cos 4a we find 

1 , l_j ( 1 cos2a \ 

(14- ar)V( 1 — a?){ 1 — a: cos 4a) cos 2a \sm 2a ^ sin 2a/ 

u 

— soc2a!logoota 

9.21. J dte/*\ {!—**) = J * da!/**^(l— **) =- — J dy/(l— y*)*, 

y* * I-**, 

= -iJdy{i/(i-»)+i/(i-y)*+iAH-y)+l/(l+y)*}. eto. 


21 


9.3. 


21 


whenioe 


/ »= J «/(») da? = J {2l-^y)J{y) dy, y « 2i-a, 

0 0 

Bince/(y) =/{Z+(Z-.y)} «=/(2^-y)y 

21 

0 

I 21 


I - * ^/(y) dp^llj + l /(y) dyj = tty, 

0 I 

iin4 imte |f «« SB-« then Jg « ^{s)* « and so J 2lt/(x)daf. 



* f^n. 


7 If 

(tt/(oiM*ia-*(*tsja*|«)^ tmtmlg. 






i [008M4lQg{<l+«taiD|o)/(l>->«M^^j|^|^^ 
«" 2ooBeoa]Qg(aeoa, "‘ '■ ’ 

.Of; «eo««ec(a-^*) w •ec%(co8a+^ 

» Dte8ecalog(ooBa+dnotaas). 

Writing » 4= la+y, aeexeeo(a-x) =» seo{io+y)8w(Ja-y), whioh ifl mi. 
eban^ by replacing y by —y, so that 8ec«sec(o— ») is symmetries! aboiti 

» =: ia and therefore, by 9.3. J xaecx8eo(a-x) dx = acoseoalogseco. 

9;32, Write B—x = X;cos*0, a;— 1 = k^*6, 0 < 0 < ^n, than, 

TO find fc = 4 ; when » = 2,sinff=Jand8o(? = iw, and when » « 3. 
8m *a J/V2, 0 =r Integral becomes 

2 1^2 sin cos 0 (W/(8in cos d) 


** 


-4' 


{(sin0+cos0)*— 1} dd/{amO+coQ0) 


(8m0+coB0) d»-V2 f d0/Bm(0+i7r) 
If 


V3-1-V2 


6>/U 




= V3— l+V21ogtan67r/24. 


9.p8. We most show that 
0< 




BUJOLX i 

< I ^ = (l/n-l/i\r) < 1/n (since si] 
iftr 


dx is oonveigent; let N >'n then 

ain« < X, X > 0), 


vhi<& proves that 


f 

i * 


dx converges. 


3,34. Write a b tan<. then integral becomes /logCl+tanflA, 
dt^W-aeo^ *= !+*•, Bnt * 

: , 1-f-tanit a (sinl-foosQ/coBf 4s V2eos(f-^^)/eosf : 


^ lofA/S «+ ^ lo«P04{i*-*) |*lo8oat# A 


»|irfc«a- JlDgooe»*»-|logooi»<l«, vKillat « «« |trH> 
s= J«rlog2. 

«o * t 

9,85, Since f ^(a:) die exists we can detennme JV so that J ^(i^) <fe < 1/i, 

n > but m (^»»)> f|^{x) > ^(n), and so {n— 2/)^(n) < l/fc» i.e. 

n^n) < n/{n—N)h < 2/A;, 
if n > 2N, and so n^(n) 0. 

1 OB « 

9.36. jf(xt)dt^ ^ J /(«)^ = 0 for all a?, and there- 

fore J\ J/(tt) du = 0 , 1 e./(a;) = 0. 


9.4. 


} } 
j dxUl+^x) < J dx « 1/n; 

J a?*~^da?/{l+V«) > J a?**“’^(l-*Va?)da? ~ l/n“-2/(2n+l); 

0 0 

^ J dxl(l+'Jx) = J dy/(l +y), y ~ Va;, 


{(l+j^t»i-i)/(l+y)} dy- J dyUl+y) 


1 

-/ 

= J (i-y+»*- .••+»*"■*) f <*»/(!+») 

viienoe 

l/2n-l/{2»+l) < l-JH-J_.„ + i/(2»»-l)-log2 < 1/to 
n&d BQ l—i+i”*" -* log 2. 

9.401. J (sina;/«) dx = [—omz/xi^— J (o(»«/«*) <!»; 

but ^ 


j J (ooe«/ai*) <i»j < J |oo8«/**| dl® < J (1/**) dx, aiaoe |om«| < 1, 


- llA-lfB. 



, ’.1 

' if 

< l/j|+l/B+l/4-J/»-. *M. 

1b pnvlieiilar |f (idn»/«)4B < 2/n lo tliat J {taa,»l»)^ ia eoaT«i|$(itife, 

aDid 5 (4 b9s/«) d» fiacuta. 

« 

l/« « 

9.41. Kar») *= | (1/1) * = ^ «(-tr-») <lw, « = Ijt, 

m 

‘=“- 1 w**> ** = -^*)- 

K*y) = f (1/t) * = / (l/«) «a+ f (1/0 dt 
1 1 « 

~ J (1/0 dt+ J {llom)x du, t = a^, 

1 1 
= 2(«)+%). 
a 

l(X^) = J (1/0 J (l/ttV)yMV-l ^ 

C 

= y f (l/«) du ■= y?(a!). 


y = (l+*+**/2!+...+ir*/fc!)e-*, 

whenoe tlie reeult follows by integrating. 

9.51. sb«/e9-sh3a/8eV4.... 

sc |(e«-4— «»(«-«/S+e»««-«/6— ...)— J(e-('‘+W— «-»<«+Ji)/3+«-»<«+W/6— .„) 

■=» |[tan~V*~ft— tBn~*e“<*+W] provided e*~^ < 1, «"<■+* < 1, 

Le. — /S < « < /}, 

« itan->I(««-fl-«-«-»)/(l+e-W)] = Jtan->[(e--e-<')/(«»+«-^)] 

= ^taa~'{8h«/<di/3}. 

9.59. Siaoe («— «)(«— ^) « ox+b, r^lacmg x by —Ifx, we have 
( 14 -«a)(l+jb)) » l-f-oai+bsB* and so 

k)g(l+(t!>)+bi>!*) “ Iog(l+a*)+log(l+/3ie) 

» («+^)»-4{«*+j8*)*»+*(af*4-/5*)«*- 

provided — I < aw < 1, — l < jte < 1, i.e. if |a| > |^| then ae* < !/«• or 
a w> IjAa, and If |a| < |jSitbeaa^< l/jS*or»as i/fi. 


i 1, 
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Take a = j 8 = then (a^+P^) =» 2 ohntf and so 

a?chtf— j^a5*oh2fl+J«*oh8ff— ... = llog(l+i»J«®)(l+®«“^) 

s= Jlog(l+2aJoh6+«*) 

provided < a? < eH^I. 

0 . 53 . Since cos(n+ 2 ) 0 + cos n 0 » 2 cos 0 cos (n+ 1 ) 0 , therefore by Example 

1.8 

2aj**icosn0 = {cos0+(oos 20—2 oos*0)j 5}/( 1—2® cos 0+®*) 


and so, changing the sign of ®, 

COS0— ®cos 20 +®*cos 30 — ... = (®+cos 0 )/(l+ 2 ®oos 0 +®*) 

the series being absolutely convergent for 1 ®| < 1 . Hence by integrating 
from 0 to ®, |®| < 1 , 

®ooa 0 — J»*cos 20 +J®*cos 30 — ... = Jlog(l+ 2 a?ooB 0 +®*). 
Similarly, since 8 in( 2 n+ 6 ) 0 +sin( 2 n+l )0 = 2 sin( 2 n+ 3 ) 0 cos 20 , therefore 

sm0+tsm30+<*8m60+««sm70+... = 1 -27^8 20T<^ 

== (l+Osm 0 /(l- 2 «cos 20 +«*), \t\ < 1 . 

Hence replacing t by ®* and mtegratmg we have 

e 

®sin 0 +Jic*sin 30 +Jaj®sm 60 +... = J (l+®*)sm 0 d®/(l— 2 ®*co 8 20 +®*) ^ 

_1 f( Bin 0 8 ^0 \ 

2 J \1— 2®co80+®**^1+2®cob0+®*/ 

0 

s= J[tan~^{(*— cos 0 )/ 8 in 0 }+tan'“^{(®+co 80 )/sm 0 }], by 9 . 2 , 
= Jtan'"^{ 2 ®sm 0 /( 1 — ®*)}, |®1 < 1 . 

9 . 531 . By Example 1 . 8 , 

cos 0 +fcos 20 +r*oos 30 +... = 1^1 < 


and so 


Bin 0 +rsin 20 +r*sm 30 +... ^ i_ 2 r^s 0 + r» * 


0 


, , rain 


l-roo»B' 



SOLimONS TO EXAMPLES 


405 


9.532. Write O = C{r) = ^ 8 «= 8{r) ^ ^ sinn5; amce 

ii>o n>o 

|cosn0| < L |smn9| < 1, therefore the two series are absolutely con- 
vergent for all valc^ of r and 6. 

0\r) = 2 ^cos{n+l)tf = CooBd^SsmO, 

8'{r) = ^ ^^8m(n+l)g = Osintf+^oostf. 

Write c = c(r) = cos(rsin5),s = s{r) = 8in(rsinfl)8o that DfC =» — ssin5, 
DfS ~ csintf. Then if J ^ J{r) ^ Cc+Sa and H = JBr(r) = Ca-^Se we 
have 

J*{r) = {C oobB-- 8 emd)c— Ce6m0+(O Bm6+ 8 coa$)a+ ScsmB 
= oos5(Cc+iSfs) = Jcos0. 

Hence = 0 and so 

jr^-TcoB^ = constant = J(0) = 1, i.e. J = 

Similarly = constant = H(0) = 0, i.e. H = 0. 

Therefore e^®®*®co8(r8mfl) = Jc+Ha = C(c*+a*) = C 

and 6^®®®®sm(rsinfl) = Ja--Hc = iS(a*+c*) = 8. 

? 

9.64. Let J^(a5) = j ff>{x) dx then -P(n+1)— jP(n) = J <^{x)dx; but sinoe 

a n 

^(«) steadily decreases, ^{n+ 1) < J ^(») dx < jf(n) and so 

n 

Thus 2 converges and diverges together with 2 {f’(n+ 1)— F{n)); but 

"|W+1)-W} “ F(n) = J ^(») dx; 

0 

fl 

J x^tr^dx = — (i:!)[e-*]J = (ibl)(l— e-*) -► *!, 

and so 2 converges. 

9.6. We have 

J+cosa!+cos2a;+...+cosna? = sm(n+i)a:/2sin Ja?, 0 < a? < 2ir; 
let X lie in [0, 2n] and integrate from tt to a;, then 

j +sm a?+ J sin 2»+ J sin 3a?+ ... +i sin na?| 


s j Bm{n+i)x dxl^Bmix] 


1 oos(n-H)a? 1* 1 f cos(n4-i)goosiag 
L2n+1 6in|a; 2(2n+l)j sin*|a; 


sin*|a; j* 

integrating by part 


< |^^^{co8eo ia9+}ir ooseo^a?} 0 for a fixed x. 
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Tte of series ^ 

E»umple 9.681. For ^ I*"! < 

band side of this equation is continuous for 0 < r < 1, when 0 < a? < Siti 

and since 1 2 sinfa;| < l/|sin|a;|» and 1/n 0, therefore by Theorem 1.91S 

I 1 I 

XT' sinfiiT , 

the senes > — — is convergent* Hence 

2 sijwa? _ _ tan""'(oot Ja;) = tan“Hten^(lir— Ja?)} « 

sinoe — Jw < irr— < Jtt when 0 < x < 2n> 

Similarly from Example 9.531 we obtain 


2 cosn a; 
n 


— Jlog(2— 2cosa5) — — log(2sinJa;), 0 < a; < 29r. 


9.61. If 0) — i(<— ir)+sm^+?i^4-...+55^ then by the first proof 

^ ti 

f 0.6, 

i^Wl < (oo80cj«+jirco8eo*lt)/(2n+l) = i</(2n+l), say 

benoe, integratiiig &om aitoir, 0<x<2n 

|r(<— «•)* . 0082* oos3< cosn/l*| if ,,,..1 , 

[— j cost p — ... — jjj-J = J ^t)d\ < vhJ(2n+l) 

which tends to zero for a fixed a;. Thus 

‘ cosna: (ac— v)* V (— 1)*^' (aj— 9r)* 


2 cosna? _ (a;~7rr 'ST (— 1)^ 
n* 4 n?" 


— er, say. 


This equation holds for 0 < a; < 29r; since both sides of the equation axe 
continuous in any interval (Example 6.7), the equality holds also for a; « 0 
and a; » 29r. Taking a; » 0 we find 


r n*^ Zr n* 4 • 




2(2n+l)*“8’ 


Since 

2 ^: 

C (2n+l)*+. 

and 



z 

1 # n* ** 

Thus 

1 

oosna? as* 

.. »* “4 


2 1 1 y 1 ^ 

(2n+l)* 4Zn*“l2’ « 


2^6 




+■5-* 0 < X < Sir. 

*1 X n srinV; 
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but ^{x) n and so 


jrcte = 2 I m^ddB 


which is a polynomial in c of the nth decree. 


9.68* If F{x) as J dy J ^y) dy then F{a) = F(b) a= 0 and 


F'(x) = 


whence integrating from a to 6, the result follows. 

9fa a a+e a m 

9,64. J 4>(t) = J + J ^(t) * J ^ + I ^ 

since f^(x) has period a, 

0 

= J ^(m) du, 

for 

9.7. In [0,|w], 0 < sinx < 1, and so 8in*"+^» < sin*»a? < sin*"^*a?, 
whence 

^ if t 

J 8in***+ia?da? < J 8in**'a;d3; < J sin**^^a? da?, 

i.e, 2ni/(2n+l)l < {(2n-l)l/2nl}Jw < (2n--2)l/(2n-l)I. 

Denote {2»>/(2n— l)l}*(2/ir)— 2» by so that 0 < 0, < 1; thOTefore 
|ir = {2nI/(2n-l)l}V(2n+tf,) 

for all », Le. 

{(2»+fl.)/(2n+ l)}iir * {2ni/(2n- l)l}*/(2»+ 1). 

Since 0 < < 1, therefore (2»+0.)/(2n+l) -*■ 1 and so 

{2ftJ/(2»- l)l}V(2n+ 1) -»► K 

. 2.2 4.4 6.6 2».2» 

>*“i:8*8:6‘63**'2»-1.2n+l*“‘ 

Sinoe 2n/(2n+l) 1, it foOowa also that 2»i/(2a— l)l>^ 

9A fir^das < f (l/**)d»™ l/«—l/n< 1/mandao Jer^deooimKgBa 
, * M e 

Vran Sfaninple 4 . 9 . 

1~»» < er** < l/(l+»») andao 
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whenoe 

«o n n/Vfc 1 J 

J dx > j 6 *^ da? s« VAj J e*"*** d* > VA? J da? > Vifc J ( 1 — V)* dai 

^ \ "" =={ 2 A?I/( 2 jb+l)l}VJ 

Fuxthennore, 

n fi/Vl! n/^ « 

f «-^ (& = V 3 b J e-*»* <te < Vfc J { 1 /( 1 +**)*} da < Vfc J {l/(l+aS*)»} cb 

0 0 0 0 ^ 


= {( 2 fc- 3 )I/( 2 *- 2 )l}(^,) 

and BO J 6 -«*d* < {( 2 jfc- 3 )l/( 2 fc- 2 )l}(wVifc/ 2 ); 

0 

00 

thus 2 fclVlfc/( 2 ii!+l)I < J e-«* da < (KM( 2 ifc- 3 )J/( 2 *- 2 )I, 


whence 

V 

_ , Aj 2 ^i 1 . f V ft rr 

®“* 2 ifc+T( 2 ifc-l)rVi!“*'*'^ 

, 2 i! ( 21 (:-l)i ,, ,1 ,, 

80 that J e-** da? ~ JVtt. 

9 . 9 . In the interval (— 1 , 0 ), a? == — Vy ^ ( 0 , 2 ), x = +Vy, hence 

2 0 2 -l/n 2 

J a? da?/a?l = J a? da?/a?i+ J x dx/xi = lun J a: da?/ad+lini f a: da?/a?l 

-i 0 -1 ifn 

-lim J^dy/ 2 yt+lmi /^dy/ 2 yl = 3 [y»]|/,,+ 3 [y»]*,. -> 8 (l+<( 2 ). 

If y ss a?*— ea ;+13 then (a?— 3 )* ~ ^—4 and so a ?— 3 = — V(!^— 4 ) when 
a? lies in ( 1 , 3 ) and a ?— 3 = +^J(y—^) when a? hes in ( 3 , 7 ). Hence 
dxfdy ^l/ 2 ^(j^— 4 ) when a? lies in ( 1 , 3 ) and y hes in ( 4 , 8 ), and 
dxidy as +l/ 2 ^(^— 4 ) when x lies in ( 3 , 7 ) and y lies in ( 4 , 20 ). Hence 

^ f J 

j (a?*— 6 a?+lS) da? ea J (a?*— 8 a?+ 13 )da? + J (a?*— 6 a?+ 13 )da? 

* s so 

« I V(y-*) ^+*1 <*y/V(y-4)+ip(y-4) dy+2 J dy/V(Sf-4) 

-«(y- 4 )» 35 + 8 [(y- 4 )*]J+*[(y- 4 )l^+ 4 [{y- 4 )*f 
« y+ie+i^.f+ie ~8 » 48 . 
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9.91. We prove first that the sequence l+J+i+...+l/(n— 1)— logn is 

convergent; for 0 < J (l/r— 1/«) doc < l/r— l/(r+l), and 2 !/(♦'+ 1)} 

r 

ffl *-1 J n-1 

converges so that 2 J (1/r— 1/«) d® = 2 J da? » 2 1/^— logn 

r 111 

converges, to y (say). Next we prove that 2 + 

converges; if 0 < a; < 1 the expansion of log(l+a?) is an alternating series 
of steadily decreasing tenns, so that a?— a?V2 < log(l+a?) < a?V2+ic*/3 

and therefore 

0 < rlog(l + l/r)-l + l/2r < l/3f*. 

Since 2 converges, therefore the positive series 
2[^log(l + l/f)~l + l/2r] 
also converges, to S (say). 


logn! == 2^^S^ 


— 2 [log(^+l)— jf logafda?j+ J logs; da? 


n-l 


=* 2 [l/2r— {rlog(l + l/r)— l + l/2r}]+nlogn-'(n— 1) 

"*ri’ i/r-lognj —"sV 108(1+ !/»•)— 1 + l/2r}+ 

+ l+Jlogn+nlogn— w, 

And so logn!— log{(n/6)Vn} -> y/2— S+ 1, 

whence n!/(n/e)**Vn say. 

The value of 0 may readily be determined from Wallis’s formula (Ex. 9.7). 
For 




( 2 »!)« 


2n+l {2nl(2n-l)l}*{2n+l) 
a: liro 


= lim; 


2«*(n!)* 


(2n!)*(2n+l) 

[n!/(n/e)">^]*n/2 _ C* 

‘[2nl/(2n/e)*»V2n]*(2n+l) “ 4’ 

Hence O » ^(29r), since 0 is positive, and so 

n!/(n/s)V(27m) 1. 

Thus for la^ values of n an approximate value of n! is (n/e)V(2im). 
r ~ 

9.92. 

J aIUQBLIIX} ^ , 

vain) 

7 fl) ® 

dy <-> 2 J <r»* dy « aAt, 




* 

bjr Sk«nq;>le8 9.8 aad 1.9. litioe J e~^ u a Btxiotly inoreumg funo^^ 
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8.03. In (0,1], !+« < 1/(1— I), whence log(l— f) < --(*+i<*) and » 
«**(!-«)• < ff-*"**. Hence 

1 1 V(J*) 

^ J e*‘(l-<)* <» < -Ai I ff-**** * - V2 J du, ( » t4V(2/n), 

m 

< V 2 J du = 

lh(0,l-l/ifc), 

t ( 

-iog(i-<) = J = J < t+ifi+ikfl 

O 0 

8inoe < X; and therefore 


fSrom which 




1 

^ ^ J 0 ** dt'^ *Jn J e**(l— i) * df 
0 0 

i-i/fc 

> Vn J 

a-i/j>v(in) lua-i/w* 

-V 2 J .-"*.- 1 ;^ f . 




er*»dt>. 


tt = «,/(in), V >= 1«^, 


taking k « n*, since J e"®i; dv -> 1 and n^/n* -> 0, i,e. 


Vn J 


Accordmgly 


whanoa 


Je-»»y*dy. x = ny, 
=»e-*J^'Je»<(l-#)»d«, y=l-<, 

0 

•> |, wring Example 9.01. 
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9.94. J£ a >0. j dt « Wa]\fj^ < l/an« 0. aad so 

k 

J t§«ieHdeezi8tBfoB|tDjX». Furthermore, if vis an integer greater than a+1 
0 

then < vl/f^ so that 0 and 


f 


«‘tr* dt < vl/{v-(o+ l)}n»-»-» -> 0. 


Thus J ^e~* dt exists; but 


J (ft = [^ *^] 0+5 J * 


and therefore J t^^er* (ft ss ^ J dt, i.e. r(a) is defined for a > 0, and 

0 0 
r(o+l) = ar(o). 




r(J) = lun j d$ = lim j u~^.e‘'**.2w du = 2 J e“^* du =« Vff. 
If mis even 


^m-f 1^ 


m-r 

|_TO-1 *»-3pi 

^m-3) 

1 2 i 

1 

i 2 ) 

f- 2 • 2 

1 2 J 


m— 1 m— 3 


andif mis odd 






= (w-i)i/ 2 »<-«. 


Thus, if m and n are both even, 




(»»+n)i/ 2 H*^ 
(to— 1)1. (n— 1)1 
“ (TO+n)l 

Sitnilady, if one of to and n is odd, or both are odd, 

*r(=fl)r(<^V^=±=±-V<=«'. 

idHDoe tiw result foOows, by the formula of { 9.81. 


X 

10. d/yldx n> y'/c' IS Bin8/(1 — oob9); 

aabtangent «• ydxidijf » OasinH^taniO, 

•ulwflcinal » y^vAi^ *■ «ad c+ada9«ia9r 
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10.11. Area « i j {xy'—x'y) dt » 2 j (2sin(oos2t— oosteinSt) dt, etc. 

X 

10.12. Area = i j nfltU (since y — tee), 

-1 

== i j\4/(l+«»)»-4/(l+«»)+l}<ft, etc. 

10.13. y = te, area == i f aV/(l+<*)* dt = [-a*/6( !+«»)]“ = oV«. ^ 

0 " 

10.14. Area<=|Jr*d0 

iw-iM 

= lim( 25a*l2) J 8ec*fl/( 1 + tan*fl)*} dd 

0 

= lim[-26o*/lO(l+tan»0)]J*“*'" = 6a*/2. 

10.16, y = to, a? == 3i/(^+2), etc. 

10.16s Area ss } f (2cos0--l)*d0, etc. 

10.2. Since y = 9?u;+c is the tangent to t/ = /(x) at a; =sr we have 
/(Xo) = ^ so if =/(»•)— mx—c then 

^(*.) = ^'(*o) = 0 
and result follows by Example 8.L 

10.21. /'(x) = a~126Va?*, = 36b»/x*, 

therefore 

as e-y'*— ^ {(ox*— 66x— 126*)(ax*+66x— 126*)}. 

The cubics have no common factor, since & # 0, and each cubic has either 
one real root or three real roots of which one must be sitnple, that is each 
cnxbio has at least one non-repeated real root, and y*' changes sign, and 
vanidies, as x passes through a non-repeated real root of each cubic. 

Sir Sir 

10.81. Area » | J 3(8inVcos*^+oos*^8in*0 1 sin*2^ dt, etc. 

Ssr IT 

LeogCb w J 3(o<»*lrin*l+eos48m<l)l df s: 3 Jsm2lA— 3 /tinSefft >>>. 3, 

0 0 fir 

nnoe tiw positive root of Bin*toosH is — sinteost in (iir,v) and 

S» w 

f (sin*2()l A » 2 1 («n*2<)l dt. 



SOLXmONS TO EXAMPLES 


418 


10.311. Area = i f dt, length = | (2<*— 2<+l)e“** dt. 

’ " V(»*+»') = + V(I +008 «)* = 1 +008 1 

Sir 

and oosfi « xft ^ cos^, whence r = 14 -oos 0 . Area = | J {l+eoB$)* d6 


AnH lAnflrfVi 


* f {r*+(dr/(W)*}*dO = V2 f V(l+cose)d 6 

2 w 

= 2 J (ooB.*}ft)idB 
0 

7 2 ir 

~ 2 J COS dff — 2 J cos Iff d$f etc. 

0 ir 

10.33. If ±T are the values of t for which ch< = 4, then length of arc 

T T 

= J (9h*2t)*d< = 2 J 8 h 2 t* = [ 2 ch*flj = 2(16-1) = 30. 

~T 0 

Length of arc of y = 2 tan* 2 ;+ 1 logoos*a? is 

j {l+tan>.r(sec^— = J seca;(l+ 4 tan%)d!i; 

0 0 

Iv in 

= 4 J sec’x da?— 3 J seca? da?, etc. 

2 ir 

3a* f 

'0.34, a? ~ Jaoost— acoB% areas= - 7 - I smHdt = 

2<r 

length = a j* 3{sin*^cos*^+sin*<(oos*^— |)*}*d^ 

2 fr W 

« |a J ^(mnH) d^ = 3a J sinf d^ = 6 a. 

10e85« The curves intersect where (a?*— 1 )* == 9a?*/4, i.e, where eithei 
a?*— |a ?— 1 « 0 or a?*4‘|«— 1 — 0 , whence a? = ±2 or a? = ±J. Further 
(a?*— 1 )*— fa?* is negative between —2 and — f, positive between — | aac 
+f, and negative between +| and + 2 , and so the total area containec 
between the curves is 

J {!*»-(*»- l)*}<fe+ J {(af»-l)*-i**}(te+ 1 {!(B*-(»»-l)»}d* 

^•lul fa nol fH]ual to J (at*— 1)*} datj 
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10.36, Take a? « asin% y == aoo8*l» then length of a quadrant is 
88in/ooB£^(a*8in*^+6*cos*^) dt 

e 

10,87. ^ = J o{sin*^+(l+oos0*}** =» iasin^t 

and y*lx* smtlil+fiOBt) ^ iasx^U 

whence s 4a8in^. 

10.4. We have r » ath|0, whence 

8 B 

e =s J o(th*Jfl+ Jsech^Jfl)! dfl = o J (1— j8eoh*J6) dB «= a9— r 

e 8 9 

and = J sech**^ dB = JaV-ar. 

10.41. tan0 =: dyidx = foarl^ whence x « and 

da;/d0 = Stan0secV/da*, 

and therefor 

« ^Jseo^d** = ^ J 

and ao 27a^ 8seo^. 

The radius of curvature ^ ds/d^ » (S/Oa’lsec’^tan^; furthermore 
P(7 » ^/oos0, PH :» a;/sin^ and so 

HP^/PO = («*/y)oos^ooseoY = ada'^coseo^^oos^, 

which is proportional to tanYcos^cosecY = sec^tan^. 


' = ia'ff’-ar. 


^ 10.42, Let g » ycoBip-^xem^, then p » 

dg/d^ sa — ^sin^— a;oo8^+p(dy/d8)cos0— p(da;/d8)8in^ 

*» — ysin^— a;cos^ 

and 80 g+dV<^^J^ ®= — p(8m*^+oos*^) — p, 

* Bat g* sa p* and so gdg/d^ » pdplchjf, whence {dqldf/)* » (c^/d^)* and 
q^qld^+idqldhf,)* « pd^/d^+(dp/d0)*, 
and therefore qd^/dif^ » pd^fd^. It follows that 
g^+gd^/d)^ » p*+pd^/d^, whence |g+dVd|^| *» |p+d^/d^|* 
1£p9SB sin^log(8ec^+taa^)— L then 

dpjd^f » oo6^1og(seo0+taa^)+tan^ 
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dnd =s 800 *^, 4»©- dalAft « p « 8ec*^» whence « » ton^. The 

reflection in the tangent of the centre of curvature is the point a;+psin^» 
y^pooB^; but dy/cb ^ sin^ and so dy/d0 « sec^sin^ » tan^sec^, 
whence y == seo^-l:i| 9 onstant, and therefoxe 

y-^-pooBili = seo0+constant-~sec^ « constant. 

10.43. (i) Cfurvature « <Py/dxy{l+{dy/dx)^}^ = («+l/®»)/{Ka*+l/ic^)}» 

=: 8aJ®/(aJ*+l)* =» 8if, a? > 0, 

and so dnldx == »*(3— 6a:i*)/(aj*+l)® whence the point of maximum curva- 
ture for a; > 0 is a; = when aj < 0, ic = |aj|*/(aj*+l)* and so a? *= — Vf 
is also a point of maximum curvature. When a; # 0, /c > and wh^ 
a; 0^ K = 0» so that as == 0 is a point of minimum curvature. 

(ii) 2 / = te, y' = x+tac', ^ = 2a;'+to^ and so 

xY^xTy' = 2a;'»-.a«c^ = 2e-**(l-2f+2<*). 

Furthermore x'^+y'^ = 6’^*(l--2«+2«*) and so the curvature k is given by 

ic = 2e*V{l-2^+2«*)*, 

k' == 4e«(2«*-6«+3)/(2<»-2<+l)* 

== 8e«(<-«i)(^~<,)/(2<*-2<+l)», 

« J(3-V3), = J(3+V3). 

Since 8€*7(2<*— 2i+l)* is positive for any t, k' changes jBrom positive to 
negative as t increases through ^ and so the curvature is maximum when 

*(3-V3). 

10.44. Denote dar/dy by x\ d^jdY by a?^, then 

2oy « a:'(o— a?)*— 2aaj'(a— aj), 

2a = a:i'(a--a;)*— 4aj'*(a~a?)---2(a~a?)aja:*'+2a!a?'*; 

at the origin a; == y = 0, whence =r 0 and os' 2/a and so the radius of 
curvature is o/2. Next write a? = a+X, y ~ F then aF* = X*(a+X), i.e. 
a(X*-F*)+X« « 0: denote now dF/dX, d*F/dX»,... by T, F^..., then we 
have in turn 

2aX*--2aFr+3X* « 0, 2a-2aF'*-2aFF*'+6X == 0, 

•~6aFT^-~2aFr^+6 « 0, 

whence, taking X « F = 0, we find F'* ~ 1, FT^ = 1/a, i.e. on one 
branch F' a= 1, F"' == 1/a and on flbe other F' = — 1, F^ =* — l/o, giving 
the same value (l+l)ta == 2^a for the radius of curvature of each branch. 

10.6. Since OQ is perpendicular to FQ, p « rsin^ and ^ » r*— p<; but 
p*+(dp/d^)* = g^+(dqldt^Y (yoos^‘-4Jsin^)*+(ysin0+*cos0)* 

as af*+y* as f* 

and so ^ sa |d^/d^|. 

10.61. The parabola is y* »» 4aa;. 

PO aa {l+(dy/daf)»)t/l<*^/«2»*l « |BeoV/W«*»*)l. 


whence 


where 
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But ydyldoi » 2a and yd*yldx*+{dyldxy === 0, i^tiienoe 
8eo*0/((i*y/da?*) = —ysec*^/tan*^. 

Furtheiif PO «* y/oostff and the distance of P from the focus (a,0) is 
{(as— o)*+y*}* » as+a. Hence PGjPC == sm*^; but 
tan^ == {dyjdx)^ = 4a*/y* = ajx 
and so sm^ ~ a/(a;+a). 

10.52. We have aj*+y* = a*(a— 

X = — (aa?+ 2 /)» y = «— ay, »*+y* = (1 +«*)(»• +y*), 

X = (a*— l)a;+2y, y =■ — 2a»+(a*— l)y. 

Hence the total length of the spired is 

00 

8 = ^{(l+o*)o*(o-3)*} 

0 

and so a* =- (l+o*)(a— 3)*, a > 0, a 3. 

Hence a^ s=. (a— 3)(2a— l)(a— 1) 

aa 

( d8\* <Pa 

S +«^,-(2a-l)(a-l)+(2a-l)(a-3)+2(a-3)(a-l). 

Accordingly a is mmimum at a = ^ and 0=3, and maximum at a ~ 1, 
The curvature k satisfies 

ifS ^ (l+a*M«*+.V*l : n 4./i*^aVa— 

(xy—xy 

Haaoe at the pomt t ^ 1/a 

eV = (l+a*)a»(a-3) 
dK 

and ~ a(a— 3)(3a®— 6a*-f2a— 3); 

if ^(a) == 3a*— 6a*+2a— 3 then ^(IJ) = — V> ^(2) = 1 so that dxfda 
vanishes at some pomt a between and 2, and as a increases through ae» 
dx/da changes sign from positive to negative, so that k is maximum when 
a ^ ou 

10.6. Let a? « Xoosa+Fsma+a, y = Xsma— Fcos(x+5, wherea, 5 
axe constant, then | 

dyidx « (dyldX)l(dxldX) * {sma-(dr/(0:)oosa}/{oosa+(dF/«Z)sma} 
and 

cPy/da?» {d{dyldx)ldX)l(dxldX) = -{d*F/dZ*}/{co8a+(dF/dX)sina}*, 
whence 

(d*y/(fr?*)/{l+(dy/cto)*}l== -(d*F/dX:*)/{l+(dF/<LS:)»}l. 

10.61. Since x « — (asm^d+esm^^), » acos9^+coos^^, therefore 
a?y— iy » a*d+c*^+acooe(^— ^)(d+^) 

« o*d+c*^+a<?cos{fl— ^)(^-d)+2acdoo8(^— 19), 

« a*^+c*^+acoos(^— 2cn^— 2i^, 
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since w —0) ^ 6^, and so the area enclosed is 

h 

4 J (asy— acy) eft = 4[a»ff+(c*— 26o)^+aC8m(^~ff)+2cr0]^ « ^o), 

since $ and ^ return to their original values. 

Thus the area enclosed is proportional to the change in 0. 

This example illustrates the principle of Amaler'a planimeter The plani* 
motor consists of two rods OA, AC smoothly jointed at A, and of lengths 
a» c respectively, A wheel of radius r is centred at a point B on AC^ such 
that AB ~ and is free to rotate about AB as its axis. The point O is 
fixed and O describes a closed curve^ the wheel rolling on the plane of 
the curve, neither rod making a complete revolution. Taking any two 
perpendicular directions through O for axes, if 6 and ^ are the inclina- 
tions of OA and AG then the coordinates of C are x acos0+ccos^, 
y a asin0+csin^. When the wheel turns through an angle 0, the velocity 
of B is rij/ perpendicular to AC; but the velocity of B relative to A is 6^ 
and the velocity of A, perpendicular to AB, is adcos(9— ^), thus 

= odcoa(0— 

Hence the area of the curve described by C is proportional to the angle 
through which the wheel rolls. 


10.7. dyidx = shxjc, whence 

ae m 

=s J ^{l+^*x/c)dx = J chxledx = eshar/e. 
Volume = J wy* dx — ttc* j ch*j?/c dx = (7rc*/2) J (l+ch2x/c) dx 








— wc*f+7rc*sh(a?/c)ch(a;/c) =« 7rc(cf+«i^). 


10,71. Curvature = e®/( 14 -e**)t = ic, dx/dx = e*(l— 2e**)/(l+e**)t, 
point of maximum curvature is given by ~ 4’ ^ — logV2. 

Curvature at this point is 2/3V3. 


10.72. Let B, C ho tlie points (0,c), (0, —c) th^ the perpendicular 
, bisector of BC is the a^-axis; if the vertex of the parabolas is the point 
(o,0) then tho equation of the feunily of parabolas is y*l(x--a) » constant* 
The equation of the family of circles may be put in the form 
(aj*+y*— c*)/« = constant. 

On any parabola (»— a) = w any circle 

l+2(y/»)^-yV**+o*/** = 0. 

At a point where a circle and parabola meet at right angles the dopes m 
of the drde and of the parabola satisfy mm^+l »» 0. 

Since m =« (y**— »•— c*)/2{ijy, mf =» yl%{x---a) unless y « 0, we have 

«= 0, Le. 4ajc+y* « c*, 

wfakdi k the equation of an ellipse. Furthermore, y* » 0 belonge to the 
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family of parabolas ^Kx'-a) » oonstaot, and y » 0 outs every cirole 
throng Sf O at right anig^es. 

10.73. If P is the point (x^y), and T is (a?i»0), Q is (jr|»0) then 

X = —ydxjdy, sti—X =* ydyjdx 
and so TQ « |«|— «il ~ \ydyldx+ydxldy\. 

Hence ydyjdx+ydxjdy = -^dald^^ ^ 

the ambiguity of sign arising from the fact that it is only the positive 
values of the two sides which are equal. But tanip = dy/dx and so / 

j/tan^+y/tan^ == ±dsldifi = ±(dyld^)(d8ldy), 
whence ±dy/(i0 = ysec*08m0/tan^ = ysec^, 

and so (l/y)(dy/cf^) = ±8ec0, whence logy = ±log(sec0+tan^)+lo|go, 
and therefore either sec0+tan0 = y/o or Bec0+tan^ = o/y. But T 

sec0+tan^ == (l+sin0)/co8^ = (l+tan*10+2tan J0)/(1— tan*J^) ' 

= (l+tanlV;)/(l~tani0), 

whence either tan)^ = (y— ®)/(y+fl) or tan^ = (a— y)/(a+y). 

From y/o = tan^+sec^ we have (y/o— tan^)* =“ sec*^ = 1+tan*^, 

BO = »*—«*. i.e. {l/(»-o)+l/(y+o)}^ = l/o, whence 

log(y*— o*)— a?/o =s constant *= logo*6 (say)^ i.e. y* = o*(l+5e*/®). 
Similarly, if o/y = sec^+tan^ then y* = o*(l— 6e~®/®). 

10.74. dy/da; = tan«, d*y/da?* — sec*ar, 

K = |seo*«/(l-i-tan*«)l| = [cosa;!, — Jtt < a? < cosa?. 

Furthermore 

r ” 

a « j +>J(l+taia^x)dx = J seca?da;, — Jir < a? < Jtt, = log(secsr+tana;). 

10.75. F— y = (o— a;)dy/da; and so 

dF/ds « dy/ds+(o— a;)(d*y/da;*)(da:/d«)— dy/dff = (a— a;)(d!r/da)(d*y/<*»*)* 
Thus (a-^x){dxlds){d*yldx*) = constant = c. Write dyfdx = p, then 
ds/dv =x ^(1+p*) and so dpidx =: d^Jdai^ = <S/(l+p*)/(a— «), 

Le. {l/V(l+P*)}dp/d« « c/(o— a:), whence 
" log{p+V(^4'P*)}+slog{o— a?) ass constant » clogo, 

since p » 0 when a; » 0; therefore 

l-|.p* » {a/(o— »)}“— 3p{o/(a— aj)}®+p*, i.e, ^ « {o/(o— aj)}«— {(o— af)/o}*, 
and therefore 

« oP/(o-l)(o-a?)«-H(o-a?)«+V(c+l)a^-2^^ 
parovidedc l;ifc «> 1, 

Ay «:«: -alog(o-aj)+{o-a?)«/2o+alogo-Ja. 
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10«76. Take the tajogent to the eirole at 0, aad OA for x- and y-$adB 
Mpeotively, then the circle is « 2ay and the tangent at A is y » 2a, 

a being the radi^ of the circle. Let (r»d) be the polar coordixiates of 
P. 0 < ® thin r « QT OT— 00 s® 2alsm0^2asm6t and so the 
Cfi^rtesian coordinates of P are x 2a cot 0— 2a sin 0 cos 9, y «= 2a'^2a6in*0; 
hence the area between the curve on which P lies and the tangent at A is 


It 

j {2a-^y)dx =s jj (2a— y)^d0| = J 2asm*0{2acosec*0+2acos20}d0 


S 

= 4a*Tr+2o* 




cos20)cos20d0 


10.77. At X 


= 4o*w-o* j (l+co84tf)<W = 3wo». 
0 


h, dy/dx « a®, d^yfdx^ = Oi. 


10.78. y* = a;*(a;-2)/(aj-4) = a?*+2a?+8+32/(a;-4) 
therefore, 

ydyidx *= ar+1— 16/(a;— 4)*, {dy/da?)*-|-ydV/<^* = l + 32/(a:— 4)*, 

2{dyldx){cPyldx*)-\-yd^lda^ = — 96/(aj— 4)S 
whence at a: ss 0, y ~ 0 from the last two equations [dy/dx)* =s 
d^jdx^ = and so the curvature is (V2/8)/(l+J)l « 1/2.3* = 1/6V3. 

10.79. Any circle through (— 1»0), (3, 0) has the equation 

(«— l)*+{y— c)* = c*+4, i.e. {(»— l)*+y*— 4}/y = constant. 

dy 

Normal at (a?,y) to circle is {X—x)+(Y^y)-^ « 0 which passes through 


the origin X = F = 0 if circle 

2{«— l)/y— {(a?— l)Vy*}dy/cte+dy/cfa?+(4/y*)dy/da; * 0, 
whence writing dy/dx = — x/y, we have y*(®^2)+«(x+l)(x— 3) *= 0. 
10.791. 2{s^+y^){x+y dy/dx) « a*(y dy/dx— x) and differentiating again, 
4(x+ydy/dx)*+2(x*-|-y*)[l+(dy/dx)*+yd*y/dx*l 

« a«[(dy/dx)HydV«fc*-l]. 

whence taking X « 0,y ^ a we have 2a^ dy/dx a’ dy/dx, so that dy/dx »» 0 
and tbenfim 2o*(l +adV/‘to*) = o*(adV/d**- 1). 

ad‘tflda^ = — S, 

ao tiw ourvstoM is 3/a. 


10.70S. For the oyoloid x » a(l+Bm<), y » a(l— oost) we have 
<^/dx s. amf/(14-00B() » taia|t 
and d^/dse* » i8eo*it/a(i+oost) » l/4aoos*it. 

Henoe the oentre of eunratore (Jf • F) is given by 
X • o(«+ab<)--4aseo*ittaaitoos*i« - o(<+nn<)-a»«n* •* o{<-sm#) 
F n> (i(l~oosl)+4aaee4toos*i« » Ai+a(l+«OBt) 
ao that (X, F) lies on an equal oydokl 
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10.703. On any curve ef the family* Z^+Tydyjdx » 0; on the circle 
ss a* x+yAyjdoi » 0. Thue a circle and a curve Of the family inter* 
fleet at right angles at a point (x^y) satisfying (— 3asV2y)(‘~^/S^)+l 0 

i.e. 8aJ*+2y* « 0. For contact we require 3a?* = 2a?, i.e. either a? » 0 oi 

t- 

Observe that one, and only one, curve of each family passes througl 
my point; for if a? and y are given then c and a are determined uniquely bj 
the equatiops c = a?*+y*, a = 

10.794. i = +>/(«*+y*) = V{(2-8ecH)*+4tan*0 = sec*« 
and so a as tan^. Furthermore 

tan0 y/jt « 2tan</(2— sec*<) = 2tanf/(l—tan*0 tan2£ 
whence sec*^.^ =: 2Bec*2^ and so ^ = 2. 


The radius of curvature ~ 


10.795. 2 ~ as a?*— 1/a?*, therefore 


and so the required surface area 

1 1 

10*8. On the cycloid a as 4taakL^j and so the centroid is given by 

£ s ^ ® J a(7r— 2+1) as (tr— |)a, 

(1— oos2^)cos0<20 s: 2a J 2a/3. 

10.81. Oaif =* obx, dyldx « sha; aad t = shz and therefore 

■ . • B , ■ 

2 SB J* x{klf^)^dxl j {hlf^i^dx ar J* xBeeii*xdxl j aeoh^ dz 


•ad 


B z— loKshz/thz as z~(y/<9oKiri 


j “ j* (1/oh*) dxj th« 

J {di*/(l+di%c}d»/th* « (y/«)t«a~*(di*) a. (y/rytaa*^. 
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When « « n, yja «« (e^+er*)He^^€r^) ^ 1 and 

tan'^^shn «= sin*"’^ tljin Jrr since thn-> 1, so that $-> fnr; alro 

al *= n--f(e’*---e“*^)/(e*+r-*)}log{(e*+e-*»)/2} 

« n--.{(e«--e-»)/(e»+e-»)}{n--log2+log(l+e-»»^^ 

' « 2n6“*/(«*^ +«"*)+thn{log 2— log(l+ «““*•)} 

« (2n/e***)/(l +e-*») + thn{log 2— log(l +er^)) -> log 2. * 


10*811. ® ~ xydxj^ydx = J a^sma^dfl^^j^sinicda; == 1, 

S = i J J y<te == i(lir-l) = }ir-i. 


10.812. Let the fixed tangent be the a;-axis» and the equation of th« 
circumference ~ 2aaj, i.e. the pair of curves = +^{2ax*^x^)^ 

y ss y^=s — ^(2aaj— a;*). Then y = 0, since yj = yj and 


Sa 


5 = J 2x^(2ax’-x^)kx dxj j 2^(2axsi?)1cx dx 


= 2a* J 32sinVco8*ffdd^2a* J 168m*9co8*dd[9, x « 2a8in*9» 

« 5o/4 

and so the centroid is distant 6a/4-~a ==: Ja &om the centre. 

10.82. J 2iryd9 = V^j j *)}( J *)• 

a A II a 

10.83. j ity*dx= |2w^ J dxj j y tf 

10.84. In the parabola y* = 4ax, da/dx = {l+{dyfdx^i = 2{a(a+iB)}l^^ 

andso „ „ 

S^jZnyx^dxl^ttny^dx 

8 a 8 s 

sas J aj{a(a+a?)}ld!r^J {a(a4-a?)}*d» 

2*^ 

=> 8J 2(«*— o)«* dtj 14ol, ^ = 0+*, 

« [lH8**-8)]JJ'/86ol = 58c,--. 

10.9« If /'(») > 0 the r»di«8 of curvature haa the value 

_i_ / 1 . 1 . r / 
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and < 0 its value is but tr Has the same sign 

B»S%x) and |(rj equals the radius of curvature, and therefore 

+{l+[/WW/»- 

Furthermore oos0 = !/+{!+ [/'(»)]•}* 

O = »-/'(»){!+[/ W}//'(*) * 

both square roots being positive, 

= a;— otan^cos^ = crsin^. 

= y+ocos^. 

10.91. « = aco8*<, y = asm*< 

and so x* = —Sacos^^sint, y' ~ Sasin^fcost. 

Length of a quadrant 

r lw |ir 

(a?'*+y'*)^ = 3a J emtcosidt = ^ J sin 2^ 

0 0 0 
Radius of curvature 

- {l+(dy/d»)»)l/(d*y/d»») =. a:'{l+(y 7 a?')*}»/I><(y 7 «') 

= sec^.3acosVsin^/sec’< =: }asin2t; 

hence maximum radius of curvature is {a. 
Area of the surface of revolution 

» }ir |fr 

= 2w J yds = 2jr I y«' de = 47r J ys' d« 5= 12iTa* J sin^^cos^ dt = 12iroV3* 

10.92. The transformation is given by 

X = ajcosa+ysina+A:, Y == arsincx— ycosa+2. 


ij [Xr'^X'Y)dt 


-i 


i j {(rcoosa+ysina+A:)(a;'sina—y'cosa)— 

— (a;8in(x--y co8a+{)(s;^oo8(x+y^8ina)} dU 

i f (x*y-^xy') dt+i{kBmot-^looBoc) J a?' d^— KAjcosa+isinoe) |^y'<tt 


w* I J (»'y— a>y') dt for x{ti) « «(«0), y(«i) y(<o). 


sixiee the curve is dosed* 
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10.93. Theevoluteia 

» as (^*-f-(4a*;t*+4a*)2a/4a* ==» 3c^*+2a, 
y =■ 2(^— (4o*^*+4o*)2fl^/4o* =s —ion*, 
i.e. 4{a!— 2a)» >= 27ay*. 


10.94. The evoluto of the curve t sa «(«), y = y(e} is 
X = »-y'(*'*+y^)/(®'ir-*'y'). T “ y+*'(»'*+y^)/(*y-*'y'). 

But ^ sa 008^, y' = sin^ and so as* sa y* =» oob^^ so 


that X = as— sin0*, F = »+oo8iA^. and therefore 

wff 



- a:— -Tj^-Sin^, 

OB dif^ d$ ^ 


dY 


d^addi , 


dJC dY 

jjjsn.ee ^ ss sin^s ^ ±co8^y that sign being chosen which make 
do do 


^ positive. Thus cos T cos sin T sin ^ « 0, i.e. cosCT*— 0) = 0; but 

do 

— TT < T— ^ < AT and so T « Jw, choosing that sign which leaves W in 
(— Jw, Jtt), i.e. T* =s ^+J7r if sin^ < 0 and T Jtt if sin^ > 0, 
Furthermore 

5 = Jgds=±Jggds=±J^#=±^, 


choosing the upper sign if <2a/d^ is positive, and the lower if ds/dip is 
negative. 

10.96. Cartesian coordinates of P relative to 0 — coordinates of N 
relative to 0+coordinates of P relative to N, and so 

xp =5 esh^oos^— coh^sin^y yp =» csh^sin^+cch^cos^, 


and similarly 

ojq e sh ^cQs^+coh^sin^, yg ss esh^sin^— coh^coB^. 
Denoting differentiation with respect to ^ by a dot, we have 
apg SB 2cch^oos^y yg = 2och0sin0, 2Bg =* 2c(8h^oos0— ch^^sin^), 
imd yg 3S8 2c(ch^oo8^4'sh08in0). 

Hence ** 4o*ch*^ = »i+yi» 

and the evoltde is 

X « a?g-j>g = a?py X «= yo+i^9 =* yp- 


Furthermore a 


2ejoh0d^ ' 


2csh^, and 


ft—c* SB c*sh*^A4‘e*oh*0— c* *» 


2c*shV ®» 
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10.96. i s= — (*+y)« ^ *= »— y and £=siy,^» —2x, therefore 

ss= 2(«*+y*) *= 4e^**, 


w 

« = 2 = 2. 


i 


i^dso 
Furthermore 

#*— ajy == 2aj(a!+2/)— 2y(®— y) ~ 2(«»+y*) « a*+j/* 
cmd therefore the oentre of curvature (X, Y) is given by 
X = y = y, r = y+x = — «• 

Hence the locus of (X, Y) is the spiral on which {x, y) lies rotated about \ 
origin clockwise through a right angle. 

10.97. Let the vertices be numbered in order from 1 to n. InitieJly ' 
side nl rests on the line, then the side 12, then 23, and so on. The polygd 
turns about the vertices 1, 2, 3,... in turn, turning through an angle 27r/^ 
about each vertex. When the polygon turns about the vertex r, the vertex 
n describes an arc of a circle of angle T^ln and of radius m. The diagonal 
m subtends an angle 2nrln at the centre, and so the length of the diagonal 
is 2a8in(r7r/n). Hence the length of the path of the vertex n, in one 




revolution of the polygon, is 4a ^ - sin 


n * 


But 


w— 1 " 

2 ~sm— I sinjrcfer, 
n n J 
1 0 


by Theorem 9.141, 


= [-cosa;]' = 2. 


Thus the length of an arch of the cycloid, the locus of a point on the 
« circumference of a rolling circle of radius a, is 8a. 

The area bounded by the path of the vertex n, in one revolution, and 
the line cm which the polygon rolls, is the sum of the areas of the n*- 1 
sectors with centres 1, 2, 3,..., n~l, angle 2ir/n, and radii 2asin(r3r/n), 
r » 1, 2, 3,..., n— 1, together with the sum of the areas of the triangles 
12n, 23n, 34n,..., (n— 2)(n-l)n, Le. 


2 1 Shr 
2* n 


^ . n 4 . 2w 

4a. Bin* — 4- — a* SU — 

n^2 n 



bat 


J = iir and 

0 

Mud BO the area bounded by an arch of the (peloid and the baae line is 
2iio*-Hio* * Sjto*. 

10.68. l*et (obj?) be a eartmt point on S*, and d^iote differentiayoii 
irith nqpeot to the arc length o «* o(t) of 5* by a dot, and differeati«^cm 
odth ceqpeKdt to the paxameter « by a daah. 





S0LXJn035TS TO EXAMPLES 
Any point (X, Y) on the tangent to S* at (a,j8) satiafies 

X S» OS+fiftty F ^ 

where |g| is the diillance firom (a^jS) to (XyF). 

Let the points P, correspond to g » gx» ? respectively, and k 
Xx S 5 = a+gxa» e^* 

The normal to 8* at (a,j3) is (a5—0£)d+(y— j8)iS = 0 and the normal t 
8 at (X,F) is (aj— X)X'+(y— r)F' = 0, and so the normals at Pt, P« and i 

* = Xi' Yi XxXJ+FxI • ' 

Xi Yi X,XJ+F,y 

6c ^ I 

fJow XX'+YY' ^ aX'+|8F'+g(dX'+|3F'). 

and oX+jSF = owx+]5jS+9* since d*+jS* = 1, 

and therefore 

(aX'+jSF')^ = aS+jSjS+l+g—aX— jSF = H g since ocSi+fi^ = 0. 

In the determinant A, taking oc times the first column and jS times tl 
secend nm me mira coium 


Xi 

Yi 

?i(l + 

' = 

Xi 

Yi 

«i(i+ 

Xi 

Yi 

9»(1+ 


Xi 

Yi 

9i(l+ 

6l 

$ 

0 1 



Q* 

n 


a'F' P,(/S'X-.a'F)-(j8^X-a'jr ) 


Wf 

refore 

for either maximum or minimum and so it~it 

XI 

11.1. (i) (U— l)*y«r» 3s x+xcosx; consider (2>— 1)% = »,s == y6~*ttheB 
S a. (1 + 2D)(B at a?+2. 

Ckmnder next (D>- 1 )%! >=> ainox; 

(Z>-l)*(2}+l)*sincBr » (J>»-l)*8ma» =» (14-o*)*smoiB 
and 

(1>H*1)**)&<» ««> (Z)*+l)Bina«+2DBino* ■=» (1— o*)8ina*+2«ooBa». 
Ilhns a mfattkm of (D— l)*z » ainotr is 

a M {( 1 — a*)Bino«+ 2 a«osaxKl+<^)~*> 
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diffecentiating with respect to a we find that a solution 

~ »/r%nanm 

18 

u » dzjda --2o(l+a*)“*smcMf--4a(l--a*)(l+a*)"*8ittfl®~- 
—2aw(14*«*)*“*8inaa:+aj(l—a*)(l+a*)"-*cosaa?+2(l+a*)^*oo8aa?— 

— 8a*( 1 +a*)~* COB (MB 

and 80 a solution of — ojcosaisye-* = — J[(l+a!)8iiia?+oo8»3* 

Thus* the general solution of (i) is i 

y = (2l+Ba?)e**+e*(a?+2)--ie*(8ma?+co8a+a?[nnaj). I 

(ii) Since (I>*+2)*+ l)cos oa: = (l—a*+o*)cosaa?, therefore a solutionW 

= cosoaj IS 8 = oosoa;/(l— o*-f-o*), whence a solutionW 
= — «8in<MJ is \ 

u ss= dz/da = — [a?smaa?(l— a*4-a*)+(4a*— 2o)co8aa?3/(l--a*+«*)* ^ 
and so a particular solution of (u) is y ~ a; sm a; +2 cos a?. 

Since 

i^+fi+1 = (<*+«+ = {(«+J)*+(V3/2)*}{(e~J)H(V3/2)»} 
it follows that the general solution is 

y ss e**{-4cos JV3aj+JBsin JV3a?}+e“i*{(7co8jV3a!+B8injV3ap} 

+a;Bina?+3co8a?. 

(iii) Transposing e®* we have (I)*+4)*ye“** — 8ina?+Bm2ap; a solution of 
(D*+^)** =* sina? is s = sina;/9> and a solution of (J!>*+4)*2 » sin 2a; is 
s «s ap*sin(2a?+37ir)/4*.2! = — a;*sm2a;/32, hence the general solution is 

y » e**{(2/+Jlfa:)sin2a?+{P-f-C^*^)cos2a;+j8ina?— ^Jfa:*8in2a?} 

e*«{(BH-Jlfa;— ^a;*)sin 2a;-j-{P-f O»)cos 2a?4*i8ina?}. 

11.2. dz/dx » 1-hdy/dx and so xdzfdx slogs or (1/slogs) dzjdx » l/ap» 
whmice loglogs sa loga;+logc, i.e. logs ex, and so x+y » 

11 . 21 . dz/dx « xd^lds^+dyldx--dyldx ~ xd*y/ds^ 
xdzfdx * (2«*+3)s, i.e. {l/s)(fo/dte = 2x+Zlx, 

and so 

logs = a;*+31oga;+log2a, whence xdyjdx-^y =» s « 2a**e^, 

Le. dyldx^ylx ~ 2aa^€^; the integrating factor is eri^l» = ** 1/a?, 

therefore y/x^a^ 2»e** da? « oc**+6, and so y a* aa?e*'+6a?. 

11.3. dyjdx ss (dyl(U){dtldx) =s {llx)dyldi, 
d*yldx* « (-l/a?*)dy/d«+(l/a?*)d»y/<i«*. 

i.e. xdyidx « c^/df, a^d^ldx * « d^ldl*--dyld$; in fact if 2>*y denotes 
dBy/da?B and A^y denotes d**y/dt» then a?*»I)*y » A(A-^l)(A*-2)...(A*-fi+l)yp 
for if this is true for Pt then 

« D{(l/a?*^)A(A-l)...(A-p+l)y} 

« -(p/a?«H-i)A(A- l)...(A-p+ l)y +(l/a!*'+»)A*(A-- l)r..(A-p+ l)y 
« {l/»»H-i)A(A-l)o.(A-p+l)(A*-p)y. 
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Hence (aj*D*— »D+l)y « (A*— A— A+l)y « (A— l)*y^ and the equation 
becomes (A— l)*y « e*, i.e. A^^ye*** «=» 1, whence 

y « = aJ{-4+Bloga!+J(loga?)*}, 

11.81. dzidx = — =» — ys, 

d^zjdx* == ’--zdyldX‘-y dzltbs = •-z(dyldx---y% 
and so d*«/daj*+s(2+3y) = 0, whence dhldx*-‘Zdzlda!+2z *= 0, i.e. 
(D*— 3I)+2)» =a= 0, and so s « A^+Be^; therefore 
yz =tt -^dzldx =5 —ile®— 2Be** 

and so 

y « ~{^e»+2Be**)/(-4e»+Be*») == -(26*+c)/(e*+c) =:= -.2+c/(e^»+c), 
c « il/B. 

11.4. Write dyjdx = p, then d^jdx^ = dpfdx^ and so (dp/dx)^ 4p, 
whence either dpjdx == — 2p^ or dpfdx == 2p^; if the former pi = o— a? and 
if the latter pi =« a+a?; but p =* 0 when a: = 0 and so a 0 and p = «* 
in either caee» from which it follows that y = since y » 1 when 

a? » 0. 

11.41. Write dyjdx = p then d^yjdx^ = {dpldy)dyldx = pdpjdy and the 
equation becomes p dpjdy = 2 sin 2y, whence p* = — 2 cos 2y +a; but p » 2 
and y « Jw when a; =» 0 so that 4 = 2+a, i.e. a «= 2, and 
p* a= 2(1— cos 2y) *5 48in‘y» 

whence p « 28iny, the positive root being chosen since p ^ +2 when 
y ^ { tt . Hence coBecydyjdx 2, 0 < y < 9r> whence 
logtan|y « 2x+a = 2x 

since y » Jit when « = 0; therefore tan^y =s e** and so 

siny 2e**/(l+e«*) = 2/(e**+e'“*») == sech2a:, 

and 

cosy « (l-e«»)/(14.e<*) = = -shar/cha?. 

Hence whenO < y < iir,aj < 0, and when Jtt < y < tr,a? > 0; accordingly 
y as coB’’^(— th2a:) = w— cos"“*(th2a?). The solution y = 8in’*^(seoh2a;) is 
valid only for a? < 0, and when a: > 0, y = tt— 8in’”^(seoh2aj). 

11.6. If y « e®^ dyjdx = naj**^y, d^jdx* = n(n— l)a?»'“*y+nV®**y, and 
so 2+4a?* » n(n— l)a?®~*+nW®^*, which is satisfied by n « 2, so that 
y » is a solution. Write y ~ ue®S where u is a function of x; then 
Dy «w s®*2)u+w2)e**, i>*y = e®*I)*tt+21)u.JDe**+«i>*c^* and so y « tie®* 
is a solution provided e**i>*u+2i>tt.I>e»*-f tiP*e** « 2(l+2aj*)tic»* » tii>*e** 
(since e®* is a solution)* i.e. BHi-f » 0; write v » Du* then 
Bv+iatv « 0* i.e. (ljv)Dv+ix « 0, whence logo «= logo— 2ac*, v » or**®*, 
and so u » a J er*«*«te+6, whence y « oc®* J e-*®*da:+6e»*. The integral 
I er^dx cannot be expressed in terms of any combination of circular or 
exponential functions; its value is given by integrating the series 
|-(2(s)Vll+(2s!)*/2!-(2a!)VS!+... 

*0 ti»t / d* - »-(2*)»/lt6+(2«)»/2ll0--(8*)’/*« W+.... 
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Alternatively ttie second solution may be obtained as fpllowS; let 
and y ~ yi be two solutions, so that 

cPyj/da?* as 2(14-2a?*)yi, = 2(l+2a!*)y|, 

whence yid*yi/da?*— yid*3/,/d»* a= 0; write W = ytdyjdx^yidy^ldxp then 
dWIdx =s ytd^i/da^—yid^Jdai^ =* 0 so that W « constant = a; hence 

DMy») = = a/»? = «■***. 

taking for y^ the solution a”*, and therefore 

yi = ay, J e“*** d^+^yi == J c"**®* (to+6c**. 

Since J e~“** dx = (1/V2) J c“®* dy, y = afV2, the solution ma ‘s 
written in the form yj = oa®* J e“** 

11.6. Lot y = l-fajV3!+ir*/6I+...; the series is convergent for any vi^, 

of «, therefore JDy = a;V2!+a*V6!+... and Z)*y == a;+a:^/4!+.,. so i»iiav 
I>*y+^+y = ~ (D*4-^-f“l)y ~ C®« When a: = 0, y == 1 

and Dy = 0. The general solution of (D*+-1^4-l)y = e* is 

y = }a*+e~*®{Aco8 jV3a?-f -Bsin jV3ar}; 
taking a? = 0 in y and 2>y, we find 1 = i+A and 0 = J— A/2+BV3/2, 
whence A = }, B = 0. 

11.7. = ^a!» = «»{|+^loga:| and so (li-l)y = ^»log*, 

whence J Uy (fc-1) J -^(&+logo. 

i.e. logy = logo+(fc— l)logloga! or y = o(loga!)*-*. 

11.8. -jy^l(D<f>)* ■= 1/^, and so D»^/l>^+D^/0 = 0, 

whence log -flog ^ i*®’ 2^-0^ — ® 80 

11.9. The Wronskian of ti, U i 


W(U,U) 

s: aI’SE 

1 

«vii>a • j epa 0 ‘ 

•net w fk 


1 pe*** pa?e*^»+e**** | * 0 e** | 


W(Ui,Ut) = 

bin ^ 21 * 

/»na/f^ -- ~.af 8 in*ax 4 -cos*aja) « —0 0. 

1 

aru^fttfz^R — 

-AAinizd 






sinaa? 

COB ax 

irsinaa? 

xoosax 

acosaua 

— osinod? 

axoo&ax+Binax 

axBmax+ooeax 

-*a^sinaa? 

-^o^cosajc 

— a^ sin oo? +3000800; — o*a;oosair— 2 osinafl 

1 ^ 0*006009 

a* sin Oja 

‘*- 0 ^ 00800 ;— 3 o* sin od? a^sinop^So^oosciu; 

sin os? 

cos OP 

0 0 


0008 oo; 


sinoa; oobox 


-8^0* sin aa? 

-^ 0 * 008 OP 

2000800 ; •- 2 asinao; 


•^0*008 oar 


— Sa’sinao; --Sa^oosoo; 
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sinoa; 

oosoz 

0 

0 


0 

0 

sinofB 

cosao; 


t 

a*Bmax 

a* cos 04? 

2acosa£B 

— 2asinaz 


2a^ COS CUB 

sin BUB 

— 3a*sine»B 

— 3a*cosaa: 


sin ox 

COSBKB 

0 

0 


0 

0 

sinoa? 

coaax 


0 

0 

2aoosaa; 

--2aBmax 


2a^ooBax 

~2a^smoa; 

-“3a*8inoaj 

— 3a* cos OJB 

SSS ' 

4a* sinoj; 

cosoa; ® 

4a* # 0. 



cos CUB 

— BincKB 




11.91. If ya,..., y« is a fundamental set of solutions of L(D)y » 0, 

then any other solution r) is such that rj - Aiyi-|-Aaya+...+A„y,^, where 
each Af is constant. The Wronskian of y^, y*,..., y,> is not zero for any x, 
in particular for ir » a, so that the set of equations ^ 

0 < r < n— 1 , is solvable at a? ~ a. Thus Ai, A*,..., are uniquely 
determined by the value of at « = a, 0 < r < n— 1 , and therefore 
is uniquely determined. 

If a* 0, at a; ss a, 0 < r < n—1, then 2 = 0, at a? « a, 

0 < f < n— 1 . Since the determinant of the coefficients of the Aj^’s is 
not zero, the only solution of the set of equations ^ ^ 0^ 

0 < r < n— 1 , is A^ ~ A| = ... =* A,^ = 0 , and therefore 97 ~ 0 for aQ 
values of ar. 

11.92. Since the determinant is zero at a; =» a, the s4t 

equations « 0 , 0 < r < n— 1 , is solvable for Aj, A^,..., A^^ 

not all zero, at a? » a. Then ^ ^ is a solution of L{D)y » 0 such 
that, at a; » a, =« 2 >iy = I}*iy s=s ... = = 0 , and therefore, by 

Example 11.91, 17 » 0 for idl values of x. Differentiating the equation 
«* 0 repeatedly, we find = 0 , 0 < r < n— 1 . Since the A’a 

are not all zero, it follows that the determinant of the coefficients of the 
A^s is zero, for all values of a;, i.e. 971 ,..*, 97 J is zero for all vcJues of x* 

11.93. Take D— 1 tunes the second equation from the first, giving 

(Z>*+4)e =» sina?, 

of which the general solution ibv^ Asin2z+Boos2z+ismz. Whence, 
ism the second equation, 

{D+l}u » 2Acos2z— 2BBin2z+ioo8a;+jr*, 
ind the general solution of this is 

u M O0--»+|<A+2B)ccw2z+|(2A— B)sm2»+J(8ffi»+ooBz)+«^^ 
it is readily verified that the first equation is also satisfied. 
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11.04. The formula holds with n 0 for all p. If it is true for ail 
with n as 1, 2 ,...» k then ^ 

= (I>*+o*)*^{(i>*+a*)a:*'+^^sinaaf} 
as (I>* +o*>*'{2o(l; +p + 1 )sc*+*» oos o^r + (1; +p + 1 )lk +p)i)if^^^ sin ax) 

« 2o{(*+3>+l)l}{^{2D)*+jj^:^,fc.(2D)‘-H...}cosa»+ 

+(*+p+ l)l(^^^ (2D)H...)8iaa» 

+(©+©!(^<“»“+"-]*^V 

Since we may replace sinoo; by cosaa;» the formula holds also for n = k+lf 
and so by induction for all values of n. 

XII 

12 . By Eolle’s theorem /^(^) has at least one root between any two of 
f{w)f so that f\x) has at least n<-l roots; hence f^x) has at least n— 2 
roots, /'^(x) at least n--3, and so on. 

12 .01. The numbers a, b, c are the roots of the equation 
f(i) a* — 2<*+< — o6c = t(t — 1)* — o6c sss 0. 

But/'(<) = (3^— 1)(^— 1), and a root of/'(t) =5 0 lies between two of the 
roots of /(t) =a 0, by RoUe’s theorem* and therefore a<}<6<l<c. 

Sinoe /(e) =s 0* therefore ab « (c— 1)* so that a > 0* and therefore 
/(O) 3S8 — < 0. Since /'(J) = 0, J(t)S(\) has the factor (i— J)*# and 
sinoe the sum of the roots of the equation /(t)-^J(\) =» 0 is 2* the third 
root is / = f. Thus /(t) (<— 1)(^— i)*+/(i)* One root only of /(t) « 0 

lies between 0 and i and/(0} < 0, therefore /(j^) > 0. But /(c) » 0 and 
so (c— |)(c— I)* » — /(J) < Thw c < t* Hence 

0<o<J<d<l<c<f. 

U.l« By the mean^value theorem we can find such that 

/(*) =r (*-A)/'(c,); 

Jet g{X) »/'(A), then, by Ezancple S.S, g{x) is oHi* 

tiowm in (0.6). It does not follow tiiot g(m) is diffenntialile: s^ 
(«— A)(«-'A}^ but (a!'-A)i is not dififotentiaUe in an intstwsl 
wbiid). o<sitains A. 

11.11. liqnwdiate ocnueqnenoe of Enoydes 8.5 and 8.6. 
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12.12. Let 

a<x<b. 

then H{t) vanishes a,t t a, t x, and < » & and so, by BoUe’s theorem, 
JEr^(^) vanities between a and a?, and again between x and 6, so that 
vanishes (at least) once at c, say, in [a,&]. 

But H^{t) « 2^(aj)~(a?~a)(«-6)flr(0 

and so g(x) « J(a?— o)(a?— 6)g*'(c), 

which proves that g{x) # 0 in [a, b], since g^{c) 0. 

12.2. If 

{/(X)-/(a)}yto(X)~flr(a)} > {f(b)-f{a))l{g(b)-^g{a)} 
then f(X) > /(o)+{/{6)-/{a)}{fir(X)-(7(a)}/{i/{6)^fir(a)} 

and so /(6)~/(X) < {/(6)--/(a)}{g(6)-i/{X)}/{flr(6)-fir(a)}, 

whence v(X,6) < v{a,b), etc. 

12.21. {/(»)~/(<»)}/fe{«)“fl^(a)} = v{a,x) = i;{a,6) 

and so /(®)~/(a) = 

whence /'(») == g'(x)v(atb) for all a; in (a, 6). 

12.22. Since sr(a;) is differentiable we can determine q depending on p 
so that {flf(y)— «) = g'{x)+0(p) provided y— a: « 0(5^). Choose p 
so that 0(p) < A then {y(y)- g(x)}l{y--x) > A and so, if y > a?, 

y(y)— y{a;) > A(y— a?), provided y— a: = 0(g). 

If a and p are any two points in (a,&), divide (a,j9) into k equal parts 
(otrf(Xf^i)f r = 0, 1, 2,..., 1, oo = a, ~ J8, so that Or+i— = 0(g), then 

A— 1 Jfe— 1 

= 2 Wotr+l)-^^)} > A 2 («r+l— «r) = «). >•«. 

0 0 

gifi)-g(oi) > A(/S— ot). 

Divide the interval g(a), y(6) into two equal parts by the point A, Smoe 
g{a) < A < g(b) and g(a;) is continuous we can find d so that g(d) ss A* 
Now 

i.e. v(d,a)+v(^>d) s= 2v(a,6). 

Hence v(o,6) < maz{v(d,o), i<6,d)> and v(apb) > min{v(d,a), v(6,d)}. Let 
(dxpbi) denote t^t of the two intervals (a,d), (6,d) for which 

v(o,6) < vioipbi). 

Next divide ^(a^), y(6|) into two equal parts, and choose that part g(a^k 
$<&»>» eay, for which i<ai,6i) < r(ci|,&ghand8oon. Thus we have determ^ed 
intervals (df^bj each of whkh is contained in its predecessor and such that 
But 6,--o, < fe(M-ff(«»))A - -»-0, 

«ad Oil and tend to a <Knitit>oa limit ej, say; ii6iwe 
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t^*ndsto/'(e,)/jr'(c,)andsov(a^ < f'{c^)lg'(Cg). Surulariy weoaadetermta 
Cl 80 that viOt 6) > /'(CiWiCi). 

12.23% Since v(afX) i& not constant we can find X^a < X <h, such that 
p(a»X) is different from v(a»5); Suppose v{a,X) > v(a,b)p then 

v(X,6) < v{a,b). 

By 12.22 we can determine a Cj in (a^X) such that 
f'(Ct)l9'{Ct) > v{a»X) > v{a.b) 

and a Cj in {X,b) such that/'(Ci)/g'(Ci) < v(X,6) < v(a,6). Thus i/(a,&)|lie8 
between the values of f'(x)lg'(x) at Ci and Cj. Since g*(x) > 2A 0, 
S\x)lg\x) is continuous and so there is a point c, between Ci and C|, Bu|bh 
that v{a,b) -f'(c)lg'{c). 

h 

12.3. Let ^ih) = jf{z)dx-^fiO), \ 

“-h 

then ^(0) = 0, ^'W=/(A)4-/(-ft)-2/(0). 

f (0) = 0, ^'(A) = /'(*)-/'{ -h) = 2V'(c»). 

by the mean-value theorem. Hence by Theorem 12.62 there is a point « 
in (0,h) such that = ificj and so ^(&) = whate 

a=^ which is a point in [—«,«] and so a point in [—A, A.]. 

12.31. If = f /(*) dx-h{f(h)+f(-h)} then 

•“fc 

^'(A) = = -2A*/'(c»); 

^ ainoe ^0) =0, ^ 

whanoe ^(A) = — |A*/'(j9), where /S = c^,. 

ft 

12.32. If ^A)- J/(*)d*-(A/2){/(A)+2/(0)-t-/(-A)} 

--ft 

then ^0) = f(0) = 0 and ^'(A) = -(A/2){r(A)-^■/'(-A)},• 

^Hb^It {/'(A)-|-/'’(— A)}/2 lies between /'(A) and /'(—A) and so, since /'(x) k 
. acKd^uious, equals /'(c) for a certain c in (—A, A). Thus ^'(A) « — 

Wao^A)«-(A*/«)/'<y)- 

12.38. Let 

12^A) = I2|/(»)<fe~A{-/(-A)-|-8/(0)-i-iy{A)} 

Vbm 4K0) f (0) 1 ^'(0) - 0 and 

12^*'(A) - -M/-{-A)-|-6/''{A)}-8{/'(A)~r(-A)} 

» -A{/*'(-A)-l-6/-{A)-f (Jf-(c)} 
by tbe mean^valne theoi^eine 



SOLXmONS TO EXAMPLES 


43S 


But 

xDm{f‘^{-h).rm.r(c)) < m-h)+6r(h)+6r(c))ii2 

and 80 , Bmoe/*’(x) is continuous, there is a jwint between —h and h such 
that {/''(-A)+6/-(ft)+6/*(c)}/12 =/"(0x); thus = -A/*'(Cx) and so 

m = -(AV4!)r{8). 


12.831. Write 4(h) =/(o+A)-/(o-fc)-2ft/'(o), then 
^0) = 4'(0) = ^'(0), and = /'(a+ft)-/'{o_A) = 2hf»{() 

and so, by Theorem 12.62, 


^)_^(A)-^(0)_^'(c) 
h» ~ A»-0» “ 6c 


= « 


(ie). 


12.332. Write 0(ir) = g(x+h)—g(x—ih), then 

<?'(*) = g'(x+h)-g'(x-2h) = 3V’(»+8ft). -2 < < 1, 

and so 

©(o+A)— (7(o) = A©'(a+^) = 3AV(c), a—2h < e < o+2A. 

12.333. Write 

^A) * /(o+2A)-8/(o+ A)+ 8/(a- A)-/(a- 2A)+ 12A/'(o) 
then ^(0) =< ^'(0) = ^'(O) = 0 

^"(A) =. 8{/-(o+2A)-/*'(o+A)-/''(a-A)+/-(o-2A)} 

» 24Ay*(c), by Example 12.332. 

Therefore ** Theorem 12.52, 


12.334. Write 

80 that 
and 

and therefore 


<Hh) ^f{a+h)^2f[aHf(a^h)^hT(a) 
^(0) ^'(0) ^"(0) = 0, 


m rM m) 

h* 24a 12 


18.336. Write 

^A> - /{0+2A)- l^(o+fc)+3(y(a)- W(o-A)+/(o-2A)+ l2A*/'(a) 
so that ^(0) « ^'(0) <- ^'(0) « ^*(0) a. 0 

^A) « l(K/*(a+2A)-/^o+A)-/«(o-A)+/*(a-aA)} 

« 16.3AV«(£), by Example 12.332, 

andtharafoie 

12.4* By the generalised integral mean*valne theorem 

f/(»)8(») *» - 8(«) //<*)*> +8(i?)f/(») «**. n<v<N, 

j| , H V 

•Ml ,f 
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Since /(a;) > 0 and j[/(a$) dx exists, therefore forti > njj., 

a 

w H 19 

J /(») dx < |/(») dx < 1/ifc, J f{x) dx < jf{x) dx < 1/k 

« n V • 

and since g{x) is bounded, | 9 (n)| < Jf, | 9 (N)| < Af, and so 

^ 2M/k, 
n 

which proves if(x)g{x) dx converges. 

12.41. As above, 

XT V N 

j dx = g{n) j f(x)dx +g{N) j f(x) dx < 2Af{|g(n)|+|sr(N)|} 0 


12.5. N and n are integers such that Na > h/n, then 


N 


N 


/ {/(<**)— /(^)} dxlx = f f(ax) dx/x — f f(bx) dxlx 


im 


12.61. 


l/n 


1/n 


= f J(t)dtlt — f /(w) du/u, t ^ aXfU^bXf 

afn bfn 

bin Nb 

= f/(jr)da?/ar— (f{x)dxlx 


w 


bln Nb 


«-/(a/n)J cto/a?— /(JVJ3)J^ dar/a:, a<(x< bp aKpKb^ 

- {/(a/n)^/(Ni8)}log6/a 

(A— ft)log6/a, since a/n 0 and 1/JV]8 0. 

f {/(aa?)—/{6aj)} das/a? =*/(a/n)log6/a— f/(ay)da;/a? 




2/a 


= /(a/n)log6/a- 
'^Alog6/a. 


JV t/n 

]|2.62. J {/(o«)-/(6*)} dx/x -= J /{*) dx/x-flNfi)logb/x 

V* ajn 


jnu/n)duju-.. 


■/{NpiUogbla, 


"ftloga/bt 
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A 

12.6. The eecfUe^e j Dgi{llamX‘-llx)ooBax dx converges, for if ^ > n. 


IH 


{i>0(l/sm»--l/x)co8aa;}d^| = j j l^{l/Bmx'-^llx)co&ax dx^ 

» QOBajv ^ XiB( 1/sin 1/a:) ctej, n <v <Nf 

since i^(l/sina;<-l/a;) > 0, by Example 6.31, 
= |cosa/v[l/sina;~l/a;]J|*| 

< l/sin(l/n)--n < n/(6»*--l), by Example 6.32. 


Furthermore 


j J i)*(l/sinaj— l/ar)cosaa:da:j 

« |oosojrj{l/8inX-l/X}-{l/sm(l/n)-n}]|, 1/n < X* < X, 

< 1/sin X-l/X. 

In particular |j i)^( 1/sm a;— l/ar)cos aa; cb < (w— 2)/7r. 

12.61. J — J {l+2co32a?+2oo84a;+...-l-2cos2na?}(la;, 

by Example 5.12, 

= 4w. 

Furthermore 


f(^ 


8in(2n+l)j? sm(2n+l)r 


X I 


■ 1 ^“ 


8in(2n+l)a?(l/8ma:— 1/a?) <ia? 


=* 2 ^^ J Ap{ l/af)co8(2n+ l)xdx 

< (1— 2/w)/(2n+l) 0, by Example 12.6. 


Ulus I dx -»> |*r; but 


and so 


etc, f 2 ^**, |-( 2 «+l)«, 

X J ' 
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12.62. 


N N 

I ^dx = + I 


<w 


dXf 

inteRratinR by parts. 


—QOS a; 


since 

and 

Furthermon 


1 1— coaJS 

“If 


dx 




0 < < n{l-(l-l/2n»)} = l/2n->0 


/ - f 

ijn ifn l/Sn 0 

N Na CO 


12.63. 


if a » —6, 6 > 0, then 


« Jw. 


AT 

i 


sin oa? ^ f sm6a? 

aj ~ J ® 

i/« 


dt if a > 0 


— itr. 


12.64. By the mean-value theorem 


hence 

6Mr^4l 


log(»+l)--loga; s= 0 < » < c < a?+l; 
D[*{log(*+l)-logjs}] = log(a:+l)-log*-j^ = ^ ®’ 

J5[(»+l){I<»g(*+l)-log*}] = log(*+l)-logii!-j = i-j < 0, 


M> thftt is i&orearing and ^1+^j is deoreasmg for x > 0. 


deoreues fiw 


If y - »+l, tihea (l+jP - (^“p)" 

y > 1. Now (l+^' < < (1+1)*. » > 1. «B«» (l+J)"** ^ 

e ar WMW i, and thereftae 

« (l+^** ^ stoxlily iaetaasiag, 

ia <itoad% deariwwiing. «ikd a. < 6« and 3„-o,-»-0. Tlwa ftona 
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a nest of intervals which contain a unique point which is the limit of both 
Ofi and 6«. But if df > n, then 

( l\» / n«+i 

1 +-j and +- j tend to the common limit of o* and 

18.7. Let lO^(A) 

Zh 

-10 j f(x)dx 

, -an 

then 

^0) = = ^'(0) = ^*(0) = i^{0) = ^’(0) = W = 0 

and 

lQ<f,^h) = 18[243/»(3fc)+160/T(2A)+/»(ft)-/»(-fc)-160/T(-2A)- 

-243/»(-3A)]4-3At729/»i(3fc)+320/»‘(2A)+/^fc)+/’‘(-A)+ 

+ 320/»«{- 2fc)+ 729/’‘(- 3fe)]- 7290[/»(3A)-/T(- S .. 
= 18[2A/»«(«)+ 160.4fc/»«(/5)- 162.6V’*(y)]+SA[729{/»*(8»)+ 

+/’‘(-3A)}+820{/^(2fc)+/»»(-2fc)}+{/’‘(&)+/’^-A)}3, 
— < « < ft, —2h < p <2h, —Sk <y<Zh, 
< {I8(2 + 640+972)+6(730+320)}m 
s ZSBB2Mh, 

whence, integrating sue times from 0 to we have 

^(h) < {35352/10(7!)}Afi^’ =» (491/700)MA» < 


I /(»)9{®) 


9 


-l)»<to = 1(4^2+ 1); 


nX) I ^*) d» - (X-1)* I (*-l) dx - 
and, in (0, 3), |(X- 1)* < |V2 < i.^2 < 1). 

4 4 

12.81. J f{x)g(x) »*» = I {!-*)>& «i* “ - HS/l®. 

•««1 /(O) J«<») » fX» > - 112/13, X > 0. 


lSaS8« By the mean-value theorem 

|/'<*)+l| .. l/'{»)-/'(6>| - W{c)\ < 21a|/4|a| - -8 b < • < 2*. 

Smaai, a «■/(«)— /(O) »> oif'ia}, thawfow 
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Purthermore |a+&| » |a+/(a)| < ||a| so that a+6 lies in (--2a, 2a) and 

80 f{a+b) -f(a)+bf'(p), jS in (-2a, 2a), 

and so |/(o+2>)| < il/(o)| < 

xm 

13. The first five derivatives of tan« are l+i*, 24(1+**)# 2(l+4«*+8tf) 
8^2+ 5^*+3<*), and 8(2+ 17^*+30e^+ 15^*), where t stands for tanx, and tk< 
values these take for a; ~ 0 are 1, 0, 2, 0, 16, whence result follows £ro^ 
Theorem 13.621. 

Since (1— a5*)“* = l+a;V2+3a;V8+... for \x\ < 1, therefore 
8m“^a? == aj+a?*/6+3a:*/40+... 

and so the values of the successive derivatives of 8in~^a? at a; sa 0 are 
L 0, 1, 0, 9,..., whence the result follows from Theorem 13.621. 

13.01. lim(l/8in «—!/«) -= lim{(a;— sma?)/a?sma?} 

==. limsma;/(2eosa;— icsma?) 0. 

lun(l+cos7raj)/tan*iTa: = lim(— wsmirfl5/2irtan7ra?8ec*ir«) 

•-►1 

= lim( — l/28ec^) as 

{log(l+i»)}V(<«na;-sma:) = {a?~«*(i+a*)}V[a^+»^l+i9*)- {«'--«*(♦ +y«)}] 

= {1 —a^(i +«*)}*/( i +i9*+y») ^ a® » 0. 

hm co8 3a;/(e**— e’^) = hm (— 3sm3a?/2e**) = |e“*. 

»-Mr/2 r-Hr/E 

{smasin*^®— «*} = [{«--«*/6+»*(Tii7+(Xa;)}{a:+a?*/6+»*(A+^»)}--«*] 

and 

(taaajtan"*'*— a?*) = {a:+a:*/3+aj*(iflf+y*)}{a?— a:*/3+af*(J+8«)}— «• 

a= a?*{(t+ya;+8*)+(»*/3)(-3ftf+8fl,— ya.)+ic*(Tflif+y»)(i+S«)}* 
Hence lim(sinxsm~^aF— »*)/(tan»tan~*«— a?*) a= ^/f « J. 

lim{cot*«— (»— w)-*} = lim(cot*y— y"*), y = ir, 
ir->0 

s=s lim{l/8m*y— l/|f*}— 1 

*-»• 

l—8ains/a)(8+ooas) (2ii;+xoo8«->8nas)/0(2+«(M») 

1/**— ■i*llljB/B*(2+*0Ba») -V^/S <m 


yfiiiia. 
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13.02. Since =» l+y(l+av)» where 0 aa j/ -► 0, therefore 

(e*'— l)/y->l SB 

and 80 n(e*/»— 1) -► z, where y « a/n, whence n(2v/»— 1) loga:, x « e*. 

13.03. By Taylor's theorem 

»» aj» ajii+i . ^ , 

= ‘+*+ri+-"+».+s+i)i'"’ “ < * ' *• 

and since is positive, therefore V* is positive or negative according 
as aj**+^ is positive or negative. 

13.1. We have F{a)+A = 0, P(d)+A+B = 0 and so A == --P(a), 
B » Fla)-^F{b). Each choice of Q{x) gives a different form to the 
remainder. For instance, we may take (i) 0(x) == (x—a)l{b-~a) or 

(ii) Q(x) = sin(a5— a)/sin(6— o), etc. 

Since F(x)'{‘A-{'BQ{x) vanishes for a? « a and aj = 5, by RoUe's theorem 
there is a point c in (o,6) where F'{e)+BO'{c) = 0. 

In(i) F'{x) ^ --‘{h-^x)^f^^Hx)Jn\ and Gf'(ar) « 1/(6 -a) 
and so (b--c)^f^Hc)ln\ = F(a)/(6— o) since F(6) 0. 

Thus F(a) = (6— o)(6— 

/(6) -/(«)+^/'(«)+^^/'{«)+-+ 


+^^^^/"(o)+(6-o)^-^^/»+*(c), a <o<b. 
la (u) G(x) = Bm(!»-a)/tBn(6-a), thea G'(*) = ooe(*-o)/ain(6-o) aad ao 

+ ni J / w 


13.11. Here 

J"(*) » A =» -F{h), B « J'(A)-f{0) -* F{h) 

c*. 


and SO 


L^e+I(6^c) « -F{hmc)i 


but i'(A) -/( 6 )-/(a)- 

•ndtiMivfoie 

/(6) 0'(o)nt * 


lS.lt. 

k* . (A-eW*+M«+e) 
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13.13. By Taylor's theorem we can find B^ such that 

A* 

/lo+«=/(o)+V'(a)+^r(*)+...+(;^pf'^Ho)4~/"(<M-ff»A) 
and ’ 

/(a+Jb) * /(o)+)%f h), 

whence 

f(a+h)+f(a+Ji>) = 2/(a)+(A+*)/'(a)+5-^/'(a)+...+ 

. . h^»(a+e^h)+Wa+e,k) 

(n-1)! •' SI • 

Since h, k have ttie same sign, ^ bet^eeii 

f*{a+Bih) axid f^{a+B^h)t and therefore, as /"(a?) is continuous, we c4n 
find A between a+0iA, a+Btk such that 

[Ay^(a+di A)+A;V'‘(a+da^)]/(A«+*;«) == /«(A), 

whence the result follows. 

13.14. If -=/(o+A<)-/{o+Ait). then if/{t) = h'f'(a+ht)-yf^(a+kt). 
and so ^'(0) = {hr-lf)r(a)} but 

therefore 

f(a+h)-f(a+k) = (ft-fe)/-(o)+^^/*’(o)+...+ ^^^fi *~Mg)+ 

AV"(o+eA)-jfcV"(a+te) 

^ n\ 

^ 13.2. We have 

/(o+A)»/(o)+iy'{o)+^/'(o)+...+^^^^»(o)H- 

+^/«(o+e,A), 0<d,<l, 
and 

»• k«+i 

/(a+h) =./(o)+...+^j/«(o)+j^^^«+>(o+»,^.aA). 0 < 9^, < 1, 
andso 

* ~Y/*+Mo+«« 4») =/"(o+tf.A)-/"(a) - e^V^Ha+Ofink). 0 < <t. 
by the iiieati*value theorem, and so 

^ f»-UA»+l)}/*+Ma+«afiA)//*<-»(«+W,A)-^l/(n+l) as A-i-O, 
is oontinooiis taid/"*’ia) # 0. 

13.21. 8inoe/(x)->/(a)Ba«-.-a,weoanfindc[^sothat !/(»)'— /(a)| < 1/ilb 
{Kovided a < c < and thecefore 

, j/W-/<*)l - l/W-/(a)-{/{»)-/(a»| < 1/* 
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for any x^X in the interval Bntfix) is continuous in (ocj^fb) so that 

(fXjit by may be djytf ed into a finite nuxnto of parts such that, for anv x, X 
in the same part, |/(X)— /(aj)| < Ijk. Thus we can divide (a, 6) into a finite 
number of parts such that |/(X)— /(a?)| < Ijk for any r, X in the same 
part, which proves that /(a;) is continuous in (a, 6). 

18.3. If f(x) == a;+e*-9-3, /(2) *08906, /'(2) == 8*38906, and so if 

sap J, )^'{2) = 1*048...; in the interval 2— 2^/(2), 2+2 Aj/( 2), i.e. in 
(1*98, 2*03), /'(a?) = e* < 8 = M (say), and therefore 
•08906 =a/(2) < Ijimm =: *6. 

Hence we may apply Theorem 13.93, and we have in turn 

Cl « 2-f(2)IS ^ 2~-01113 = 1*98887, c, = 1-98887+ *0036/8 1*98932. 

The error in the approximation is less than == *00045, and so the 
rbot lies between 1*98887 and 1*98977, so that, correct to two places, its 
value is 1*99. 

13.31. Since J^^Bmxjx) as= (cosa?/®— sinr/r*) = — 1/ir when ® ir, 
foUowB that the function smxfx has a unique inverse near x ^ rr and so 
the equation sin®/® ^ 6 a unique solution near ® = tt. 

Differentiating sin® == ®0 with respect to 9 wo find in turn 

(cos®— fl)d®/dfl a=a ®, — 8in®{d®/dff)*+(cos®~fl)d*®/dS* « 2d®/d0, 

— 008®(«2®/dfl)*— 3sin®(d®/d9)d*®/(W*+(cos®— ff)d*®/d0* 3d^/d0*; 

hence when ® aas w and 0^0 we have dxjdO = — tt, iPxld0^ s= 2ir, 
d*xldB* ss= —IT*— Oir and therefore, by Theorem 13.621, 

X =s 7r~7rfl+7rfl*— ir{l+7r*/9)0*+S®a^, 

where 0 when 6 -► 0. 

13.32. If /(®) = I®— sin®, then /'(®) ~ f — cos®, f'^(x) ~ sin®. Hence, 
< L Take ® as a first approximation; then 

/(Jw) « (iir-l) - 0472, 

and if As =s f then kf'(^) = f and so *0472 =/(Jw) < l/12Aj*Af sss *063. 
Then 

Cl « iir-i( 0472) « 1*6118, M) = 1*0079-- *9983 « *0096, 

c, «* 1-6118-K-0096) 1*4998, /(c*) =» *9999- *9986 = *0013, 

C, « 1*4998-}(*0013) « 1*4982. 

Ihe difference between Ct and c« is *0015 and so the root lies betweei^ 
1*4967 and 1-4998, so that its value correct to 2 decimal places is 1*50. 

13.4. Since Dy;y*+y) 3y^+l 1 the funotkm y^+y ha* 

a unique inveiBe near y ^ 0. Thus j^+y « ® has a unique solution n*ar 
ytm^x^O. 

‘ IHStowntiating with reiqject to ®, we flind in tui^ 

<8y<+l)dy/*! « 1. 6y(«ii^/d®)*+{8sr*+l)«*V/<to* « 9, 

0(4yldxf^l9y(dy/dx)(d^li^^ ^ 0, 
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+(^+l)d^/das^^0. 

90(dy/cto)(d«8^/<fa?«)«+60(dy/(to)*(d«y/^^ 

whence, as y » 0; dy/dx = 1, dPy/dx^ =s 0, d^ylda^ « — .6, d^ldx^ » 0, 
d^ldx^ SB 860, and therefore y = ic*-|“3«*(l‘f€a.). 

13A1. Dy(logyly) — (1— logy)/y* = 1 when = 1 and so logy/y a® «, 
i.e. y « e^, has a unique solution for y in terms of x, near ^ 1. / 

Prom y = €** we have logy = a;y, j 

dy/dx =* y*+ocydyldx^ (Py/dx^ ~ 3ydy/d»+a?(dy/daf)**f »yd*y/daA 

« 4 (dy/d»)*+ 4 yd*y/d»*+ 3 «(dy/(fe)(dV«^^ 1 

and therefore when x ^ 0 and y = l we have dy/dx ^ 1, d^/dx^ sssl3, 
d^/da^ SB 16, whence the result follows. 

13.6. On y s= at the point a? = 0, we have dy/dx sa= 0, 

d^/da^ as 2a, d^/dx^ = 66, d^yjdx^ = 24c, d^y/dx^ = 0. 

The general equation of a conic through the point (0,0) is 

Ax^-\-2Hxy+By*'^20x-i-2Fy = 0 , 

which contains effectively four parameters. 

On the conic, denoting successive derivatives by y^ y^, and so on, n^e 

Ax+Hy+a+{Hx+By+F}y' = 0, 
A+iBu'+Btf^+iHx+By+Fysr =» 0, 
ZHiT+ZBy'ir+iHx+By+F)^ = 0 , 
*Htr+*ByY+^B^+{Sx+By+F)!/^ = 0 . 

For contact of the fourth order at a; =:= 0, y ~ 0, we require y' «> 0, 
y*' a** 2a, y* «= 66, ^ s= 24c, and therefore 

<?=ta0, A+2aP=0, 6Ha+66P=aO, 24flr6+12Ba*+34Pc « 0, 


whence 

A/F « -2a, H/F « -b/a, B/F « 2(6*-ac)/a» 
and the conic is a*y » a^*+a*6a!y+(ae— 6^)y*. 

Ccmtaot of the fifth order requires y^ ^ 0; but 

my^+BBy'yi^+lOBtrtr+{Sx+By+F)tr « 0 
end therefore Hc+Ba6 as o, whence 26* as 3a6c, i.e* the conic has contact 
cf the fifth order only If 6 » 0 or 26* «: 3ac. 

ld«51. The general equation of a parabola through the origin is 
(aiB+6y)* « 2px+2qyy 

whicAL oontaina eff ectivdy three parameters, and so on the parabola 

ivK«>4-6y') • p+m', («*+6»)6»'+(«+V)* - «*, 

(fli*+^)6*r+{a+V)6/+*(»+ V)V « W*. 
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If the par&bola has contact of the third order at the origin with the 
curve y ^ f(x) which touches the a^-azis^ then at the origin 

/ '(0) « 0, « r(0), sr « no); 

but/^(a?) s tan^ and so 

f*(x) =5 sec*^^ ^ as seo*0/p and /'*^(sr) = 3seo®^Bin^/p*— sec*^^^p*, 

whence /"(O) = 1/p, /-(O) = -p'/p*. 

Thus from the conditions on y\ we have 
p =* 0, a* g/p, 3a6/p = -qp'lp\ whence a = V(^r/p)» ^ = ~ (/>73)V{ff//>) 
and the equation of the parabola is (Zx—yp')* = ISp^. 

For contact of the fourth order we require 406^+36*^* = where 

sT - r(0) - i/p, jr - /"(O) - -p7p*. y^ - /*no) = (3+2p'«~pp-')/p», 

whence 6p'* = 9+6p'*— 3pp^. Thus the condition for contact of the fouiih 
order is p'*+9 = 3pp^ 

13.6. We have 

dxjda = 0080 , d^xjda^ = — sin^/p, ^xjda^ = -~cos0/p*+(8m0/p*)(dp/ds), 
and 

d^/ds =s 8in0, d^yjde^ = cos0/p, d^yjd^ = — Bin0/p*— (co80/p>)(dp/d8); 
at the origin a? as 0, ^ === 0 we have 0 » 0 and so dr/ds as 1, d^fda^ « 0, 
d^xjda^ = — l/p*> and di//ds 0, (Pyjds* = 1/p, d^jde* = — p7p*t whence 
a? as s— s*/3!p*+... and y = sV2^P“'P'*V3*P*+*-* 

At the origin dhijd^ = p'(p+2p')/p*t d^jd^ = {2p'*— p(p'+p^)}/p* and so 
to the fourth power of s the expansions are 

a: = s-sV3!p*+p'(p+2p>V4Ip^ 
y « ,*/2!p~pV/3!pH{2p'»-p(p'+p")}sV4!p*. 

13.601. (i) If s«(a;) =* Vna:(l—a?)» then, when 

» = If M®) 

0 < ap < 1/n, s„(a?) < a?Vn < 1/Vn, 

1/n < a? < 1, Sn(*) = (a?vW)/(l— a?)--" < («Vn)/na? « l/-vV», 

since {l~a?)~** = l+na+positive terms. 

Hence for all a; in (0,1), 0 < s,|(a?) < l/\Vi, which proves that ajix) is 
interval convergent in (0, 1), with limit eero. 

(d) If s,i(x) « aj»(l— a?) then, when 

I— 1/-\^ < « < 1, sja?) < I— « « l/^, 

0 < « < s^{a?) < (l~l/Vn)* « 1/(1- < 1/^^, 

since (l-I/^)-** « !+->*»+ positive tenns; 
thus for aUff in (0» 1), 0 < #«(«) < 1/^, so that Sn(«) “ interval convergent 
with limit aero. 
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(iii) If sj^x) w! n»(l— »)", then sJO) « «*(!) « 0 and when 0 < a: < 1, 
^^(a?) « na?/(l— »)"• < 2n»/n(n+l)a?*-^0 

for a fixed a?, so that ~ 0 for any fixed x in (0, 1). But however 

great n may be chosen^ s^{x) is not small for all values of a; in (0^ !)» since 
Sn(l/^) = (1— 1/»)* ->• l/fii so that Sfiilln) > J however great n may be. 


13.61. We have D’‘e*®**sin(»sina) = e*®®*“sin(a?8ina+wa), and so if 
J{x) = e»«“*8m(a;sino£), then |/»(«)| < if |aj| < a»and 

/<*(0) =* sinntt. 

Since /”(a?) is bounded»/(a;) equals its Taylor series and so 

'V' as** 

/(*) = 2 , 

2 x^ 

— cosna. ^ 

13.62. Smce 2 converges we can find nj^ so that ^ 

when N ^ and so 

|o,(*)+o*ti(«)+...+aw(®)l < !o»(*)|+|owi(*)l+...+|<»w(«)| 

< «.+«n+i+-+«A'(*) < |. > n > nj, o < * < 6, 

where is indepeadent of x (depending only upon the series ^ u^), which 

proves that a,|(a;) is interval convergent in (a, 6). 


13.63. 


J ~ ^5 ^(csin*0) dd, x =* c8in*J; 


but ^(a?) S5 2 ^*'(0)as*‘/fI4-iPV(a?), where €(x) 0 as a? 0 and therefore 

• r-o 

. J =* 2 y(0)|| Bin»'J<wj<!'/r!+26«| «(C8m*«)sm*«a d9. 


ISoraover. 


cfesin*0)8in*''9 d9 = c(c8in*ot) | sin*"® d?, 0 < a < Ivi 

♦ =8, (say), 

so tiiat 8, -> 0 as 6 0. 


IS.64. Sinoe the oontaot is of the nth order, and 

M A" h<H-* 

/(a+h)-/(o)+V'(a)+ 5 j/'(o)+...+Jj/W+j^</^M«)+o^^^ 

h* h* &"+* . . 

9(a-f A) «« p(a)+Jkg'{o)+g|P'(«)+...+^®"(a)4-^jj^pjjj(jf**^‘(»)+A)t 
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where tx* *-> 0, 0 when ^ 0 and ^ therefore 

Ae+i 

/(a+M-P(a+ A) « j-pjyj {/•+Ha)-(3^Ha)+y^}, where ^ « ccn^h- 

Thus for sufficiently small values of |fe|, ja oonstant 

sign» since /»*+^(a)—flf’*+i(a)+yjfc is of constant sign when h is small enough 
to mak e |yft| < l/*+^(o)— g^^(a)|. Accordingly /(a+/t)—y(a+^) has the 
same sign as and bo f{a+h)^g{a+h) changes sign, and the curves 
cross, when n is even, and does not change sign, and the curves do not 
cross, when n is odd. 

13.7. Since 2 ^f(^) converges in (0, oo], we can find so that for any 

N 

N > and for all positive a?, 2 ^f{®) < 

I Ss ^ 

2 ^ 2 lhne,.(a?) = lim ^ vJ^x) 1/A?, 

infc+l ln*+l»-*« '»*+! 

which proves that 2 converges ; incidentally we observe 

and similarly 2 
Since 

S»r(»)- 2^,1 < l2{v,{a!)-«v)|+| 2 »,(»)| + | 2 Wfl. 

1 111 I Injkfl lr;>n*+l 

€und since we can choose Nj^ so that for n > 

< Ifknt, r = 0, 

therefore, when n > NJt and p„ > nj^ 

l2‘V(«)-2«^ <3/*, i.e. 2«r(»)->2«V- 


18.71. Since log(l 1 as a? -> 0, we can find a?o so that 


As 2 K(®)| converges in (0,qo], we can find n® so that |v,.(a?)| < when 
r>»,. Henoe |log{H-»^ar)}| < 2K(a:)|, r > n,. 

Thus 2 log{l +»r(*)} oonvorgea in the intenral (0, oo], and ^ 

limlog{l+Vr{*)} = log(H-«v). 


Hence, by 1S.7, 2 log(l+«v) converges, and 


J^log{l+t^n)} -> 2 h)g(l+«r)» 

+*v(«)} -*• ^ (1 +«'f). 


and therefore 
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P e?«o*{i+*Kn)) ^ ^ ^kwca+wn)) = fj {1 +iv(n)} 

A ^ 

eSi<w(i4«r) ^ gUm^iofu+idr) _ yjjjjef smoe e* is oMitinuous, 


= limn (1+w,) = n (l+Wf)' 

1 r>l 

13.72. It follows from Example 5.2 that if n is odd sin n0 is a poljmou^ 
p(sm0) of the nth degree in sinfl; since sinnff = 0 when 6 « ±f4jn, 
r *= 0, 1, 2,..., (n— 1)/2, the roots of p(t) = 0 are < = f 4 0, 

(n-l)/2. \ 

Writing ^ for Bind we have ] 

sinnd sa 8in*ir/n)(«*--sin*27r/n)(<*— sin*3w/n)...p*— 8in*{(n— l)/2}flry 

i.e. \ 

tBinnd/sinff 

as B(l— sm*tf/8in*w/n){l— 8in*0/8in*27r/n)...[l— sin*fl/sin*{(n— l)/2}7r/n]. 

Since limsinnd/sind = limncosnd/cosff ss^ n, therefore B as n. 
s-»o 

Write nd » then 

(8in^/^)/{ain(^/«)/(^/n)}=*n*’{»-8“W«)/«“W")}- 

f-l 

Let Vf(x) as — sin*(^/aj)/8in*(rjr/aj) for a; > 2r and Vf{x) 0 for » < 2r, then 
sinoe jsinoe/al < 1 for any a and sina/ot > 2/7r provided 0 < a < W€ 
have, if a; > 2r (and therefore nr/a; < in), 

|«f(«)| ** [{(8in^/a;)/(^/aj)}/{(8innr/a?)/(nr/a;)}]^^V^ < 

s=:^V4*^ 

ahd if a; < 2r, |f;r(a;)l = 0 < |<^r(®)| < (^V^) ^ 

any x\ but 2 l/r* converges and therefore 2 \M^)\ converges in (0,ooj 
for any fixed 

Furthermore* since (sina/a;)/((x/a;) 1 as a? oo, for any therefore 

a^a;) as a; oo. ^us e,.{a;) satisfies the conditions of Example 

13»71 and therefem 

n {1— Bm*(^/n)/Bm*(nr/tt)} = fl 11 

f-l r-l W 

bat (sin^/^}/{(sm^/»)/(^/»)} ->■ whence 

sin^ ^ n ( 1 — for ®“y ^• 

»>i 


1».8. If ^A) »/(a)+r(/(o+A)-/(a)}-/(o+rA). bo that ^0) - 0, then 
^'(») « ,/'(a+A)-i/'(o+f*) = Kl-rW'WA)}. o+A > a(A) > o4-fA. 
Beitoe by the (huidby fixcmola 


M Hl-rWHc)} 

T“ «« «/. » 


0 < e < A, 
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whence ^h) = since a < a+rc < <x(c) < a+c < a+^t 

therefore a(c) is of the form a+$hf 0 <$ < h (Alternatively deduce from 
Theorem 12.541 writing a ^ y, a+h z, a+rh » x). 

Take/(ji?) ss sihit, a^i7r,h = andr ~ Then an approximation to 


sin 


‘7'w 

86 


txrlf.K AM Arrrn* 


. /tt , 1 ir\ . , TT . 1/ . TT . 7r\ 


2‘8'3 




2+V2 

6 


13.81. Let a— a; = y, so that 8 < y < a; then if y > 1 and if y = l+<2» 
so that 0 < d < a— 1, it follows from (l+~) > 1+^ 

1< y>/" < 1+^ < 1+^, 
n n 

whoDioe |y‘/«— 1| < - — ^ < S, ifn > (a— 1)18. If y = 1, 1| = 0 < S, 

n 

for all n. If y < 1, and if s xr- i/y, then 1/8 > s > 1 and 
1 1 * 1/11 

^ <8, if n > (S“i-l)/8. 

Thus in every case, if 0 < a? < o— 8 then |(a— 1| < 8 for n > n^. 
Similarly, if |/(a;)| < Af, then for 0 < a? < a— 

l(a-»)VV(a!)-/(*)| < ^|/(»)| < S, forn > V., 

and for 0 < a— x < ca < 1, 

l(a— «)V«/(a?)— /(x)l = |/(x)| < 8, for all n, 
so that |/it(^)-~/(^)| <8, n > va, and all x in (0,a). 

Furthermore /i(x) =* 

and by the mean-value theorem, since /(o) = 0, — /(x) «(o— x)/'{c(x)}, 
where x < c(x) < o, so that 

/;{*) = (a-*)V>y'(»)+i(o-*W'{c(*)}; 
henoe, if |/'(ai)| < Kt thea when 0 < se < a— 1]8> (i)« < 1 ) 

<8 if n > iiaex{2(o4-IVK/8> fi«}* 

If 0 < a~* < i^a, l/4(»)-/'(«)l < |/'(»)|+t/'{c(*))l/« < 8 by amtinaily. 

18.81 ^ “ad «> (»+»»)^+»!r ~ Os 

lisiioe« in turn, 
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^ « (2n+3?w:--iB»)y/(a?+n)», 

whence the result follows &y Taylor’s theorem. Furthennor^ 




13.83. (i) Let x> X; by the moan-value theorem we can find\ c, 
X < c <x^ such that \ 

Choose X so great that < f\c) < A; > L axid keeping X fixed 
chbose X so great that 

^'i<i @<1. 


Ihen 

/(f) < 

X 


< J+j(H8). 

and 

fM. > 

X 


')(,->) > ,_>(,+,) 

whence 



as x-> CO. 


(ii) “*■ J > therefore hence, sinoe 

flC* X * X *1 

tn 

13.9. We observe that if q and b are both positive then and 

g-fa g 

- have oimoBite signs, so that lies between - and 

g+# » ^ g+s g • 

Sinee both h«— c and c— a, are positive and 

/(».)-/(«.) _ {/(h.)-/(c))+{/(c)-/(g.)} 

(h.-c)+(c-a,) 

tbarelbre'^^S^IjflS^ lies betweso’ ^-jf— * ■ , each of which 
haa the Unit ^ (fer 6,— c < 6,— o, -► 0, c— o, < 6,-0, -> 0 ). Heooa 

f(K)-f(»n) ■ ^ 

h.“«. 

)iS.91. Using Ezantple 43.9 and the filot that the point>d 0 rivattive 
ispAMit to be oontiauoas tibs proof proeeeds exaotly as in 03.61, 13.31, 
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18.92> By Eauiqile 18.91, ghran any 9, X Sa (a. 6) wa on find «* |n [«,X1 
moh ilsMfc {/(X)— ^»)}/(Xt«) m ^k*): b)ik» to oaDifinic<pB in {a,h) 

m can find ImAtpi^dent of », X audi that ^X)~^«) m 0(n) Sot any 
s, X in (a,&) aatitol^iing X— a; * <K2>||). SteoM if X^» <=> 0{p^, then 
as*—* *» 0(p,) and iherefhre* {/(X)— /(*)}/(X— ») — 0(*»), whtoh 

provaa that/(iii) to intaml-difitoimtiable in (a, b) with derivative 


14.3. Use Example 9.61 and integrate from 0 to Sir. 
14.41. Use Examine 14.4. 

14.7. If y rs Va; then 


and ao 


-TIT* 

^ C| 

2" f —du s= j* — « 

p r 


^ j j ' 

Since a^i = >fc, Uierefine ^ ; but if k, > 1 then a^ > 1 

1 aj,n4 + 1 

for all n and eo < 5 and therefore 5slll < = so that »,-*> 1. 

If x^ < 1 then l/x, > 1 ao that, by the foregoing proof, l/x* -» 1, that to, 
X, -* 1. Fiually, if a;^ « I, iben all x« °b 1. 


Next we observe that 


J <!/*)<*» 


Km l 


2* (1/x) dx j (1/x) dx 


and an — * — ► 1, 

^ 2^x,-.l) x,~l 

iriitaii aoiD|itoteB rile piooCi 

14.yi, Siaoe ■> cJ{l+V(l+<c«)} therefore and ae 

1**1 < 

ttato the traoribanarion y «■ */{l+V(l+»*)} -« «e Ijpiee 

ya «4 
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JL 

dv 1 idy * ai* i 1 


« 

Bence 

/ Tip*-sJ 

r* ‘ 
irfsi*’ 


% i 

0 m i 


and therefore 


1 . 

TVTsde, 

!+«• 


|{lAI+..))i. 

Sit?-* 

Since 

lim” » 

l-oO ^ 



therefore 


1 


*• 

andao 

i 

rjipd. 



U«8« By the xnean-value theorem ve can find e and in (a,b) suoh thft 
J/(»)(fc=/(c) and g;|jJlog/(»)ifc = log/(c*) 

a a 

and thanfore Ai^ »/(e)> ’*/(<>*)• 

to to 

1481. jf(x,T)dx — J/(x,y) dx 

• • 

“ / [/(».y)-/(*.y)]*>+ //(»,F)<fc - J/(»,y)(b. 


% inteml ooaveigeaoe 


<j. •>«». 


<J. 

|/{/Ky)~Mir»*>|< J. 

>> tih# proofs 

^ m m 

, 141*. » 2/W»)4»V« Md 


]Biy eont ind ty , 

\ 
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• • • 

/ 2 *4.*) dv < <9 for dl<n, 

mid tlucefiite S't: S. 

FwiilMmiKHre 

||«.(*)dr»iS', foraBM, 

and therefore S < whence B^S\ 

J£u^(x) may have any sign but the oonchtionB of the theorem are satisfied 
both for tijo?) and |U||(:r)| then by addition and subtraction respectively* 
the conditions are satisfied for the poevtm functions |u,|(a;)| i:u«(a;)* whence 
by the first part 

a a 

•®d 2 / -«*(*)} <to = / 2 {|«»(*)|--««(*)} dK. 

a « 

whence by subtraction 

00 00 

2 / «•(*) de = J 2 «•(*) dK. 

a a 

14.9. Let q be greater than p, end let <>r+i <4* 

r r 

and 

8 , - 2/(‘«?Ko?+i-aJ) 

p 

- 2 {/(<dK«?+r-<d)+/(«f+x)(<,-a»+i)+..-+/W-iK«4-<i)} 
andtberefore 

8^-8, - 2 (if {/(«»-/(oS)K«!+i-«»l)l - 0(p)2(«d«-«d) « 

t ' P"«» I p 

wfaioh {ttovee tbatdf oonveigee. ' 

14<9L Bnoti^ u Itt IbeoMm 14 tre fnove 
* 2 /(flp)«i-«?)-2 mm»-m - (6-«).o(p-i). 

* r f 

IhiB pitovM tMd the iiiie{^ of /(») is iadependeut cd tl» part^sw 
fHikfkk on idiieb it is fnrnwi. 

sf ..... of -p 4 1 ^ 4 . 1 , - 6 be 4 iHilMte tv ilie 
• wikim tto itt u B ftmetiitn/(»). Tbrn 


V 
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and 


t 

* 

SO that 

1 f{x) dx+ f /<x) dx • f fix) dx. 
i i i 


14.98. Let a a> of, ef, of,..., 8 be a p-ohaia for all tbiee fimotloaB 

/(*)» 9(*)* and/(*)+{r(»), tben 

2/(<*rKaf>i-«f) //(*) dx, 2 f 9(*) «*». 

^ <1 a 

* » » » 

ao that J /(*) «*e+ J ^*) <fa <=» J {/(*)+9{*)) d». 


14.M. If m</(e)<Jlf ia (a,8], then ^ 

r 

twtvem f»2(a?+i— of) and JMf 2 i*®* between (6— a)w and 

r f 

fl^^a)Mp and therefore {6<-a)m < ]im5^ < 

* 14,941. j |/(*) dte - ^/l*) ito j - j J /(X) dx + p(x) dx - |/(x) dx j 

I r I 

J/(x)dx| < 

< 

iHtoe J8f ia a bound of |/(x)|, iritioh inorea that J/(x) dx ia ooatbnKMia. 
14.9S. We prove fiiat tlMit if o >« of, of , tf,..., « 8 ia a p*chain Cat 

' - J 9 (»)dai-* J /(»)«<») dx. 




I •?+* I 

/ 9 (»)ifx - 2 f 


^ * 




1# Jf.WX 
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• r-o .■» 


^000/(0} ttDdf(cf^.i)—f(eilf) axe all poaitive, and 




- m+ 1 {/(ar«)~/W} « f(b). 

f-0 

therefore if I and g are the least and greatest values of ^ g{ 0 )dxp where 

a < I < 6, it foUowa that 

^ W) < Sr < 9f(h). 

But -> J/(a;)g(a;) da?* and so 

« 

* < I J «fej ^/(6) < p, 

i.e. lies between two values of the eomHfmotm fiinotion 

1 0 (») ix, and therefore is itaelf a value of j g(x)'ix. Thus (here is a poSt 
c in [0,9] such that 

J /(*)«<*) «*® - /(b) f ff(z) dx. 

« • 

14.96. If for some k, (&— l)ir < |a)| < h>r, and if n > k, then 
n»-JS!» (n--ifc)(«+ife) > (n-h)* 

and so 

f 8l*|/(rV-as») < (3kfn) f l/(f«-J!!*) < (»/») | l/(r-i)» 

a n n 

- Wir)^ l/r* « 0(p), 

shiM X oMnvei^i thus T Sxf{t*n*—^) is jBterval<ooavs(gBnt Is 4^ 
inteeval t(t— l)ir,]b']. tat any t 

Md, hgr feawwpla 18.72, . 

2M‘ ■*^) « logrin*-loga» 
hy Tlteonim I4.61t 

• ‘ 
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ginee ^ - v »s ^ the result rttay be writteii 

f"sr w I TV 


ootrr : 


«o ^ 

^ x—nr' 


14.961, Bjr Ezamide 14.96 

•“** - -“>«»— w - - 2 jlH?+*S - - 2 .-=t»+i)i\ 

—flO —90 

and therefore 

^ 2 2 jhs+is - 2 


14.96S. Smoe 
1 


. . a: l—g+iB*— «!*+...+(— foT aDy n, 
l^x 1+a? 


therefore 


“Z^W+TFT-JIS' ’*«”»< 8<‘. 

0 


TSnu 

9L,^jl 

flw 


i 


/ffi— JHf. 

or* 


dx 


^ T+5 

ilO 




jpe 
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4SS 


wbenoe 



— « 


XV 


16. Takiag «, y as the independent, and u. e as the dependent vadaUes 
we find fitom the first equation, taking x and then y as the variaUe^ 


du . * du 

oosa-egj, 8m«-e^. 

whence 

S*u ,8uSv , . du . 
’'ar0y+ar^+“‘%“®- 

Fdnn the equation xsinu— ycosu = «, taking y as the variable, we find 


1 

§ 

a 

-¥ 

^1? 

H 

ig’l? 

thus 


Le. 


16.01. 

!?»£??“+!!? !1e „ 4-^ 

dx du dx dp dx du dv 

and so 

•ss*\5i+8;P' 

ibn^eriy 

a*H ,/a a\* 

” \ei»*"a») 

and so 

,a*fl a»H . 0*® A 

aSa;*®* 


Ihffnflm AB/Bv is ildiaipciidMkt of aad <n V-<> / 

i| t k tt f MMi d i iit of 9t H •» / *>+^»») ■»/(•)+#(•)• 

}i01 We torn 


IbmvNf y WWMMi aiul d^teeatie^ 

Wf W’ 



iM SQLimONB TO SXAIIFUSS 

DUtoentiatiag tibis cgoMioa witii zaspesfe to y, we find 


wl^enoe 

VHirtlieiRiiox^ 

, im 

H H * 




o** 1 J 


a*H, .«aH 
a»»+^a* ‘ 




15e04. 


an 

dr * 


an 


' dx dr^ dff dr^ dz dr 

* . ,dH , . A . »dH , .ajff 

=* oostfsm^*^+8ina8in^— +008^^. 

dH dx dH dy dH dz 
dx dy d^^ dz a^ 

: roosacoa^^+rsinacos^^— 


dz* 




aJET ooei aff 


^ajsr , ^aH 
' oosa-^+sma-r--. 
dx^ dy 


whenae 
Jtforeovar 

BB BBdx BBdy BHdz 

to 59+'^ to -rsm^sm^^+rooB^wn^^. 
w^Mioe fisfiowe the aecond resolt. 

15.05. let ^t) a>:/{».f (4—a)f,b+(B— 5)t}, so that is difioentiable 

in (0, 1), and ^0) » ^1); hsnoe by JUdle’s thearsm we can find r in [0, 1] 
aui^ that ^'(r) <» 0. le 

4*{t) « t^-d)/s{«+(4-o)«,6+(B-5)«}+(S-6)/»{o+(il-o)*,5+(B-5» 
and BO, wtiting a+(d.— o)t »<» «• b-V{B—b)t » we have 
(«-*o)jy«,^+(/i~5)/^a(,/i) *» 0, sinoe r ^ 0. 

*'^15,1. Jf n-> |]«e(«*+if*) then ~ 

• to a to If 


o*+ 


to\* 




in <# imr*ii/f*) then • 

. ^ fi/af* 5 — j * »/« * 

ssi""’^i:¥W““'5W 

^It. I^vak4iaga a« a fonetioa of n and y aatiaQiftef iKa>»ir,«) «« 
■e Oi BMMy. mpcdtofi y aa * fiaaetlDn b ftod a. 
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»Oaodi«gaitdiiig«M«fim<>ti(mofyBad[e,^+^^^j oiO; 
^djf Bg BxBy 9t WSxi^f^i^dzJj 


hmoe 


and tbarefote 


/^\ /fe\ /M * 

\at/,W//ay/i ” 


dnoe tunut of ^ *o ooio when ^ depends iqwa all tliMe «. y, i 


15.2 Under the teanafonnatum y s 
P{«,y} talces the form 

where ^(a?» w) Is a polynomial, and Ag, iln^i are polynomials in the 

n variables Oq, ^ ^ of valnes o^, Ox,..., o^x ^ chosen ^ 

so that ilo’ <^if*** aU zero; for this set of values 

P(»,y) « 


whence!, differentiating with respect to w. 


ape^ 
ay aw 


Since 

aw aw 


> 


it follows that for all values of ar, ezc^t perhaps x 




oonthmity this holds also for x ^ 0. Let w % fae a solution of 

ao ap 

=■ 0. then sinee = - # 0 when * = 0. there is, hy 15.85, n 

unique differentiable solution of the equation Q{x,v) » 0, say « «> w(n). 
If a„ as is(0) and « » w(ir)— w(0), so that a -> 0 as a; -v 0, then 


k a Bolatian of P(«.y) « 0, where a is a differentiable function of % en^ 
that a 0, as n 0. 

TheeolutiannUiyhe wiittaxinthefoimy «=■ o,+o,»+...+*^H<»*.a+/J^ 
wh«tejS« (a»H-o)a!t)O^t/}-*>0aBa!->0andwedet«nn]nea«,ai,.»,ag^ 
hy tiie a nudi tinn tfiat the ooeffloknts of a*. se^^..t in ” W 

P{*,<I,+Ol*+.<.+»iWl**“^) , 

site all wio. 

*f4?(#*y) “ 2ie*+ay-y*+a!*-aiy*+y*,aMnP(0,0) «■ Oand Pv(0,0) m 0 
M th«ie is not a unique eolutioa at tiw origin: f a irin g y w » we have 
*»P*C»,s) «• P(stf») •» a!»{2+s-.-s»+»-*e‘+:«*^ 
andao JFT(*t*) , , 

»• 0if8+s-s» -» O.i. 0 .*-. 8«s •. ~l.andPf(0,^l)<w||, 

~tsotbatP*(a,s) OhaaauniqueaidatimhifikxMriidmti^ 
4iio»dof(0»2)a»lawd^p»a(riatkmhifhenei8Jd>«whood«f i 

SmA) a^hikte is «f the Item a -• *■» 

*6 h*ohte« m libattlmaoe(aoie«i*m#»4lf*|l|* 
h •*» w*®* ®h«» ( , . # 



m soLimoNs to examplbs 


wbeDOOp fittbar 4^0 » Sp Oi » f ttg ojt «, *• -I, *« J, a* « -y, 

givHig the 8 (dutifm» y «» 10)^ y ^ 

where ^ and tend to eero with a;. 

Fncthene^ P(Opl) m Op P^0,1) » ) and so there ift $, unitiise aoihitktti 
P(s9!f tr) in, the nei^bourhood (0, 1) ghren by 

y «» eo+^*+<J|**+^(Oi+8»); 


the ooeffleienta 6i» «t» are determined so that the ooeffloients of 
o^t a^p «*p SB* in P(aapCo+eia+ 0 t^+^^) are all aero* Thus — Op 
e§-^2c0C|--i354*3dlC| aas Op 24“ei*^<^'*2e^ej--2(3^e;i+8<jc^4"3c06} « 0 
C|-~Si^ei+l-~ci--2c»Ci+3ciC|+6c0CiC|+<4 « 0 ; since y « I when a? * 
tfaerdSare «s 1, whence ^ » Op C| » »2» « --1 and the 

sohildaaia p - l-Jto«-*.(l+8,). . 

lS 4 tl. Sinoe/(a,e) is the doable limit of/(as,y) as x and y tend to o and e> 
we oan find 0^ sooh that 



|/(»iff)-/(«te)| < ^ provided a <x <ett,e <y 


and thecefoie for anjr points {x,y), ( 2 f>F) in (a>atXc>yft) 

\fiX,T)-f(x.y)\ = |/(J:,r)-/(c,c)-{/(*,y)-/(o,c)}| < i. J 

la tiie interval < « < b,/(x,e) is the oontmnoue interval limit ofJh(«,y) 
as IT •*> e, therefore lf(x,y)—f(x,e)l < ^ provided e < y < yt> whence 

j/lX.n-./<*.y)| - |/(XF)-/(Z.«)+/(»,c)~/(*,y)+/(X,c)-/(»,e)l 
< 2 provided |Z— r| <A|^c<y <7 <yt. 


ifhux lf(X,e)—/(x,o)l < ^ provided |Z—»| < At, /(rio) being oontimioas. 

thna the zeotang^ (a, &X^ ys) °xt7 be divided into a finite number o^ parts 
mch that ftr anjr two pointa (X,T), (s,y) in the same part 

|/(Z.r)-/{w.y)| < 5 . 

•<0 ”**■ 

ShuSaily w« tan find na > a, sooh that tba leotaagle \ihi^yio,4) may ba 
#*Sdad hito a finite nombar fd paii^ 

|/(Z,r)-./(».y)| < J 

Jttlliy(i«^y)i(Z,7)iatheaaiMpitrt. i, 

Am /<<a,y) is oonthwoua in the raotang^ 
irfrytengl f be subdiviaad into a ilnHe amditr of parts id awrih 

< |. diSMrdMrthatvIiqk 

*Wl^iM'<S«iM>hndiihaNiBao/[4^y)te 



4m 


SOL?nOKB TO BXAMTLBS 

le.$. -- « «^/(«+y)~ae-«<W«-y)+a«/>+j,)+r^(*_y^ 

d% 

Igl “ '(a!+y> 

l-^'C+rt-r-vc-,), .rf g-^-(.+,H-r-V(i^,). 

wheaioe the lesult foUowe. 


15.8I. ^ = ^ I »8r la* 

fr lyarly* 2 **+i^ 1 

«y»“f “dso 7*r---£+IL»i. 


Furtbennore 


toW ?a»~ P* 

end thereforo s — l+?f! * 

V/ r»^ f» ft+ir “p* 

-logr =*- — »* and ^logr «= M therefore 


ttndsmoe 




^tan~*^ as — , 
dz X «*+y* 


4.i.ten-*l' 

^ » »*+y* r» 


therefore 


Vtan-»? = §f^5?«0. 

* r* r r» f 


vhenee j> _ * »*+»•+** « 

' \ex*+0y»^to*‘ ^ 1 5* — "■ IS 


m . 8»jR 1 «■ 

2J? to “5“®"® agr*i-i9» 


Fiaalljr, 

|c ***^* ®*W'* fiuai^jr 0(c,y} «• A eaa be firand tb>ou|^ dkw diMlI 

^ '%^*4««mimiK>bitdf«miir^O(%y)aiiAiH»d#<in»v«Tl(«^y|ii^^ i 



4«0 


801,17X10^0 XO KTEAMMJaS 


•ad ^ *** aimuTteaeoady^, wIubm the loooe of pc&ite 

ofeoatMi* ^ 9,V,«4(,V^ 

The of pmbob^ XB afi/y » ooQstanCoxxd th« Husoilsr of ohtsIoB It 
«es ooxxatoat, ttkiisg the «-ooordin»toe of the given pointe 

4 

to be a— h and o*f 

The boos of points of oontaot is therefore 

« ♦ 2a?f (aj-o)*+P*-*6* . o\ a>*/2(«--a)\ 

, FI ? X 

’^ie. y*— («— o)*+6*+«(«— «) « 0 or y*4*o(a?— a)+6* m 0, whk^ it^a 
pOMhole* 

15*4le On » 0 we have 


vrhenoe 




and no the centre of curvature at (a;,p) is 
f 8» jc— }s/^ *** 

By 15,41 ^ 

Ji « (y— «?)• *« 

|f A%y) »* ainty+sby then « oosa;,^^ » *->sint;,^i^ ** 0,^ « Ooay, 
ani^f* ^tinyandto 

" a* « {oOB%4-<»B^)*^tm*oosV+«»y«^^ 

<|i| the curve, abe+tby » c ^ 

4 cot%-f coe^ *» oortp+1— {c-sine)» « 2oot^+5o«ii»-<^l 
i£tlM9ed3r aiiiacot*y+sbycot% » e(H^V*-c«ina) 
M^tteMotegbih^ 

V o(l*f«in%^cnoa)/(2cot^+2ctlna*^iii*)i 

U41 X4vt the oftgb be the dated point, and let nooea+yiuta «» p be 
dhb^m a^d the Iboos of the variaUe paa»bohu Then the 

’ f dj^g^y) » <e-*A)*4^y*-p)**-(»e^^ 
yUkfm^ Attfaeoriihi 

^ ^ , ^v-fpeoig-^ 4f^P9iu.0t^fh 



soLTMONs TO muomxa 


Ml 


If the incltaetiott of tilM tangent at the oitigin ii —B, whem S i$ o«»tant, 

tll€Ol 

(|i«Q8ai*^A)/oodS «B (paina«-/i)/sia8 as v, say* 

&noe the oonatant India, 

fi » 8) » v/cds^a— S)e 

Thdrefdfo 

A «*» |?ooa«— pcosSoos’Ca— 8), =* p8iiia-^/>8ia8ooa*(a*^8)> '* 

wbenoe p* « A*+p* P*+/)*oos<(a-8)-0ppoo8»(<!e--8) 

and BO poos{a— 8) » ip, 

i.a. i/}OOBSoosa+|/98m88i&a ^ 

Whii(dipi!OV68tihat th6dlia(H:riXfl?C(MaH^ =» p pagaea 
point (IpoosSt IpsinS). 

Furtibermore, fi?om 

it f<d)ov8 that , 

, pcos(a— 8}-*(Aoo88+p8m8) ** pooi^(a— 8), 

wliBiioo />(Aoo68+pam8) « 4^*, 

A*+/i*+J/9(Aoo8S+p8in8) » 0^ 
which shows that (A,p) lies on a fixed clrdle. 

18.44. Let ^Xt7) m (X— o>*+(F— 6)» » be the okole throngb P* 

Pi» where a» 8, e are fnnotions of x, the sr-oocrdinates of P| P|g 
Ibe |>olntB {x^f(x)}f {xi»/(a^)}« {a;|t/(a?t)} lie on the oirde and so ^ 

Henoe by B<dle*s theorem we can find in {x^Xi) and cc^ in {x,x^} IkiA 

and lHnoe> by ano^Or ajqpUoKtkm of RoQa’e theorem, thii thne to tho 

ire oan find y in (%, 0%) n»h that 

I+/‘^yJ*+(lf“ft)/*(y) •" ® (aiopo ^ 4n " ^)‘ 
S«*W» M -► *. 4^ ao that # 1 -► », 0 ( 1 -*• *, then 0 , b» 0 ttad to iwtoiea 

On (|i aatiWying tfat eqawttans 

"• 4 * 

iiiiei>wa»ii»i«iinii iiiiiii umiimIm 



m SQlXJTIDm TO BXAMPLgS 

15.5* Wxite u+p » Wp and tvaat a; as the independaiit vaxiaUae 
aaad eaadir as fomstions of o^, a» te; then 8 ii:ie 6 /(y,e)*-/( 9 »ie) Oirs have, 
diffeomtiathig isith raipeot to u. 


^ as au ' 


0, 


aald differentiating t»+v ^ 
whenoe 


Bv 


s 10 with respeot to u, it follows that 
^ I dy * 


Op 


du dv 

in<l[|IMnd«at of o, ao that ^/Su ia a fimotion of , alone. ' 
1S.S1. 


a fi f 
«m h Sm 
** /* 


A» Sm~“'*afm~~?9Sp 


(/-«/.- 




aincej^ ! 


15JI2. Sinoe iS a o^— iy* 
a fimotion of a, A bo 

But at 


'/«***+//( Ar 
0 , therefore £f.ot(+AA ' 


0 , regarding y aa 


A»-°A 


y(y-'*y.-A'a)‘ 

a.ot+fl’, A nguding » aa a fhnetion of a, A vul therefore 

A ^ g| 8(01, A 


«» __ 

eillida oom^^etea the proof. 


KA 

/s(*,A„A 

JS{»,S)\ 

«bA 




1 & 8 SL 


£ 


a d y 

«• 

«m ^ Y» 

+ 

et Y 

4* 

et $ Y 

^ % Vm 


.«i» A ya 


0 0 0 


o(» A y« 

<v A ya 


«, A y# 


«» A y» 


0 0 0 


0 , 


Mid abailMljr 


£ 


« 


i8 

A 


y 


% A y# 


0 . 


KdiA & <■ the ooedt, y ■»« the oImmA iod ««>• A /}m 0 tbi 

MNimM Mi iM Mda at» j 3 MM be ebeaap ao thM 

wad# » 



SOLTmONB TO BXAMPlJW 


«is 


But, by U Jl, 


• OOOStttlltt 


a fi Y 

Ob Ai y* 

<*¥ Ar y# 

«incse(x»jS»y^lmaa9£bai^^ Hanoe, aiiioe y » 

8^ ass 2{hx+by+f)^ therafora 

t di 

J (te+m!y+n)(?ia5+^^^^^^ “ Alog^+B, 

where A and B axe ooxistaiit8« whence the reniit foUowat aiaoe the jper* 
pendieulaxs from a ouzrent pomt P to the tangents a « 0, jS 9 ai^e 
proportional to a and fi, 

*♦ 

i5.6. We have jf « f*-f e+ie =» 2a?+*, sss ve+vta+taa « ie*— gs, 
{ as» uow s» a*/y, and 


Thus 

d(UfVtW) 


and 

9{x,y^) 


8(x,y,t) d(x,y,x)l d(u,v,wY 

— (u— »){«— wMw—w)* 


1 v+w no 

1 to+w wu 

1 «4-u «v 


2 6sr 

0 


1 9ie 0 

0 — « 

-**/»• 

0 1 1 

1 -» *«»/y 


1 ~y 4tf 


wfaioh ocoi^etes ^ |iroof. 


15.61. 


■adao 


aff aHfti ag gp , 
&B “* ft* a«'^5B a»’“ 




eg 




loAaWIWiy 





and 


80X.imOH9 TO BaCAIBPLBa 

m m 


•ft <lafe tlw lasadfaRoad agnation is 

, 19 9\m 


U.6S. Wahava 

» ” §{(“+»)•+(«-»)•}. 


and 


^ da* 


ag\« , g gy mm 


a*/ _ 9 »f (ax\( 9 g\^ 8 V 


apt^aa* 

But 
and 

aotbat* 
andibarafore 


Is) 


at) 


» “ *{(*»+»)••-(•*-»)•}. 


a»//ay\* a/a^ iya*y 
‘ay*W ‘^aaaa*‘''81yatt*' 

*. 4fa*a. a/av 


+^\a;/ +toa;s+^a5S' 
Sf 


g » 2((«+p)-*-(«_p)a-l} „ g, 
^_0*y ^ d ^ !l^ 

at**“ai4ai»“at)* au*‘“at)*’ 


aw* ae* “ Vaa»‘“ay*/ivau/ “Vaa/ i 




_/a*/ a«/\ „. («>-«)«)» 
■■\5S*"’a^/ «*~a* ' 


llLdtl. BaffKKdjng y aod e aa Ainotiona of a and w wa bava^ fimu 
*y*>e(a^y) and «)»>«(«), y), ^ 


©.(©.-TO.-©.®, 


U^, Begaid • and y aa ftaotfoni of < aatiiiybig «a *« Stay fyt aS 
Bub ftp "o bi «ad ao 

) i) f (f ^ 



495 


imdao 


sottmoNB TO muaafim 

*t m-‘m I 
m(h 6--J(») Sofery "" SdfeVy 


(H)- 


10.7. 


w2i]|^ oomi^eteb ^ proof. Ezainple 16.60 k dfioouise a apeoial caaa of 
Example 16.68. ^ ^ 

6JEr 
6u ' 

ft? a?““V+*^«>8^Mn^+^8inV. 

«*H ^ -a*£r , , . , a»jj . .. 


* 6® du^ By du 


-^cos^+~8in^. 


ajsr . BH 

--UOOB^^U 


wlienoe 
Write « < 


’- a»*+ay*- 


a«g . i 8 «g . 1 gg 

ft**"**!** ft» ‘ 

rsmtf, riim « » ueos^ and y «> ttoin^, and so 

0*g a*g a*g a*g 1 e*g 1 ag a»g 
a**'*' ay* at* “ aM»'^«* au'^'as** 

and similarly, smoe u =• rsind, t = roosd, therefore 

a*g . 1 a*g . 1 ag 


a*g.a*g 
au* ■*■ at* ' 


ar*+?i 


■^r ar 


and 

ag sa dr SHdB 9Hu SB t 

aS-f £+wS“f F+WP' -i«» fl”****-**./^ 

Thus * 

8»B ,8>H ,s»H a*g . 1 e*g . 1 a*g . 2 ag . ootdag 

e»*‘’"ay*'^at* “ ar*'*‘r* ad* ’^r*8m*tf aj?"*'? ar'^'7*^a?* 

16.71. Sinoe ®, y may be regarded aa fbnctioiia of p and q therefore Z is 
• fnnotkm of X and F. ^ » 

IfTarndto * 

andabrilarily Q a. y. Regarding JT, 7 aa fimotkoa of g and ire harit 


SF’ 

Bmoa 


ap 

'a»' 


>*■» aS 


az 

SQ' 


a*t 

'asay' 


ar 

ap’ 


ao' 


% 

‘g’ 


ra+*S m ^ . §’+|| 1 

fS+aa* - 

iMairi|)r«g>f49 - 0, tS+tT — l,and <8Mrafai» 

r at 16*^ ^ ^ 

wa Rh 



409 


TO «xAiiPU» 


1$.79« "Wftham 

ST BT BT ^ — 

jw+»+« - 

daM T bjiaiaaganeaw w^of dkeaecoad degne in s, 1^4, 
in. * . !>»+»+« =■ sr. 

8iiK» f •» m+Hy+gz, q -» h»+bff+fih r « gx+fy+m, and iL, — - 
nanti A ia an* idantik»% aero, dkereftee va can aolva for «, y. e in foms 
<d p, q, and r (aa veil aa «,«). 

Bagatding a, y, a aa fonotiona of the five independent variahlee p, m r, 
u, and V are havd > 

♦ /22!\ jJE.(^\ I 

. 

But, difierentiating (i) vith respect to «, 


+ff 


imd l^ierefoie 
Stmilidy 


iBT\ M 


(f)„-©„a+(f)-a-aa- 


i^liramO) 2 


'*+J»(s:;) +« 


arbenee, aiiee p-^. etc., we have ® «*• Similady (S -i 


iw 

il.A Xnt av y, a be the roota of the eqnation, foen f «• a-fy+a* 

ijMsqir+fia+WtC^ayttaadao . 

_ 1 a+« ase 

1 I «+y ap I ■" j* 

*** ' ^SSmsSt^^rn <*+'>** 

^ *“ (tt-i-Dy* (n+*)yw« (»+»)y^ 

(•i4<I)a* (it+*)iK*« (n+fiy^^*!’ 

• <a+IK*t+*X*i-fiyVb«j I • y 

1 y y 

■ 1 y # 

* , t 

^ , 1 ’ / >. 



SOLXmOKS TO KXAMHJIiB 


467 


todthflnl'oiw 

^ ~(n+lKn+J»X»H-»){". 

16.6, K « = I(a!y),v »= l(ii’)+I(y)1iheaua =« yV{9g) «■ y/xy ■« l/»;» > 6, 

»> 0. SimilMflyfi,- !/»,»,=* l/«k«,« 1/y, whence « 0 

ao that there is a fhnotkmal idation oonneotiDg it and v, eay « »> ^«), i.e. 
l{x)+l{y ) « ^av)}i hence, if y 1, l(x) => 4^*)) fo^ all a > 0, and 
thorefoie l(s)*i-l(y) = = ^*y)» I»ovided « > 0, y > 0. 

16.91. If M=>/(®+y), «=/(«)/l[y) <hen ti. «>/'(s+y) » «> 

w, =/'(®+y) =» M and tv« >=/'(»)/(y) “ »* »»=•/{»)/'(»)*= t>, whence 

= tw— tw =o 0 and so t» — ^«), Le. /(«)/(y) » ^(*+y)} for eB * 

and y. Taking y => 0 we have, for all x, f(x) 4{f{x)}, and theehfure 

/(*)/(y) = ^(*+y)} =/(«+y). 

16.92. If 

«=/(*+y), v^/(x)g(y)+f(y)g(x) then «•«/'(«+»} °» 9(«+y). 

tt, = y(*+y) and f>« = y(»)ff(y)-/(*)/(y), = 9(*)9(y)-/(»)/(y) 

whence a 0 for all X and y. Accordingly 

/(*)«<y)+/(y)S<x) =» ^<x+y)} 

for all o; and takings^ ss Owehaveyfora]la?,/(:D) » and the^oaa 



/{x}y(y)+/(y)y(x) - ^(x+y)} - /(x+y), eto. 

16M. 

0 * 

hence 

d.|x*+o>--5)'t*“'’® i'^+od+o*)- 

a 

But 

d f 1 f *« rf,, *• 1 

daj x*+o* J (x*+o*)* ^o*H-a* «i*+a»' 

• a 

whence 

J (x»H-o^)* *’**»•*“ ’®'"8a»"’4«fM+a»)* 

A 

BtetheniMra 


m Mh& 



MS 

and 
vbanoe 


■I 


Sj 5?+^ 


BOhxmom To bocampioss 


1 




■1 

(!?+»)** 


» ^._ 8 »r ( a -- l )(* o »-. a »+* a - a ) 

.-jtan ««-gg5i • 


15 . 911 . Since 


f 

« (m-l) j 


theviefcNre 




i 


ty»-if(t)dt=^{m 




/(*)*. 


15.SSa. Smoe/(s,y)isoontinuoasin£,weoanfindjksothst |/(Ciy)| <ib 
in& 

JjtHi B be (a^CiXy^yi) choose } oontoining e, and contalfted 
{xW*ll) ooxli that if |y— b| < js— alb, and n Ika in {xftof), then y lies 
GaU leotimj^ £*. 

We prove fitst that if » lies in (a^>af ) then ^^{x) liee in {y»yi), for any n. 
Fee «• I f/(»>h) dej < |«-a|ib, so that ^(a) lisa in (y„yt), and 

if lies in (y„yi) then «■ |//{*.^,{®)}drj < jo-oHv 


eMai pnwes ti>at ^^(®) lies in (y«.yt) whenoe> by indnotion, ^(«) lies 


Xaitis bii a boond 

\ n », y )- My )\ < df | y--yi 


It iPlieilV wIMw 




<^\f |l^N4(*)-^JWl **»|* ' 



SOttmOllB TO gXAMPLBS 
Henee |^(*)-«A»(*)1 < -*^1/ < Af/*1®~«1, 


4 «» 


tuul 


< Af I J |^,(*)-^(*)| d® : /taf»| / l*-al d® ^ 
fcMrif®>a, jjl®— a|di® *= J(®— a)dK * 


and if flp < a, iftieii 


J I®— al dx j (a—®) d® « ^ sa — ; 

and if, for some t 

pi 

then 

Thus |^iH.i(«®)““^«(«^)l < for any m 

Since ^ ^ =» is interval-convergent in any inter<M» there- 
fore 2 *® int«cval-oonvergent m E\ and* therefore 

^ interval-convezgent in JR*, i.e. the sequenoe ix 
interv^-oonvergent m JR*, 

w 

But |/{®.^«+i{®)}-/(».^,(®)>| < 

tx) 2 |/{®i^<M-i(®))— /{®>^«<®)}i >B interval-oouvargeat, wheoee Uw 
8e<iaenoe/{®,^,(»)} is intemd'ooavargent. 

Furthennoie *=’/(®«s(h(®)}> and therefore, if ^®} -a 

it ihilows Theorem 14.61 that -'/{®^i^®)}* ainoe/f®,^) i» ««&• 

twuous, and so y » ^®) is a solution of tiie equation ^ tsoUhHr^ 

toore,^J.o) » 6, for all n, so that ^o) >- h. 

It leBaains to {»ove that y m ^») is the only solution in B* o| tike 
(dWacential equation uhieh takes the value h at ® «• a. ^ 

IttHywm ca(«}beaacdution Of the diflemtial equation in B* taikhig ti^ 
value h at ® so Of Divide the interval («$',0 hato p eqtuii yea^ hy ai|# 
paWa af — * £i> £i> it *• 

eawii part is lass than l/Uf. *" 

W« tbosr Ont that if •* #(«) 'at aoma point of a el gaad iiiMiti 
ilm i)K») -X fo(«) thxon^^ 



470 soumom to 

JM ^«) - u(9) a4 » a tt in <*“» ^ l<») “ #»)-«(*). 

\m \ « / {^(*)~«'w} *1 - 1 / [/ft <» 


< jf I f *1 - Jtf| j iff(t)i 

tta for a in by the mean-value theorem* 

* < in tfr644*)/»ino« l»-«| < |^r+x-^rl < 1 

Henoe if Cg k the value pf ei{x) at a? » C|» Cg the value of Cg at aj » Cg* aim 
80 on. then |*(a!)| < *|jp(Ci)| < i|jr(o,)| < ... < ~sr(e„), fiw any »} but 

| 0 («)| is oontinoouB, and so bounded in (ir,(r+t)> nnd ^-* 0 , and therefore' 

|^a»)| ss 0 at all ppints of (if^ ^, 44 )* Le. w(x) » in (iff In particular 
w(x) » ^x) at x*^ if and at a; » and bo* by the foregoing argument* 
w(x) « tluoi%hout both (^r.i*|t) and (£^r+i»^^r+i)* step by step 
the equhlii^ extgpds to all the mtervals and so to the whole 

interval ^ We have proved that if <o(x) ^(x) at one pomt in 

then the equi^ty holds throughout the mterval; but f 

w(a) » ^a) =s 6* 

h 

and therefore w(x) »x throughout (a?j'*af ). 


15.94. Let M be the rectangle (a*&)(e,d); smce u(a;*y) is continuous in 
(a*b)(c*iU)^it is ai-oontinuous in (a* 6 ) for any y in (c*d). 

Btone by Sxample 13.91* if (PfQ) and (P*Q) lie in (a* 6 )(c*d)* there is 
a between p and P such that 

’ * ^p•, Q). 

^—P * 

— v(p,g*), 

Uuntian _ ^ 

, -= (P-J»K«(J>»«)+0(«)}+«?-7){«(P.?)+0(»)}. 


mmrldii tm 0—; •» 0(3i«), sinoe «(«.y} and v(«,y) are «(»> 
IblkMli i|l JIa 

Wmmi{n»ifyUdS)l0mi!dti^ in Bniih n-4ari|nativoM(n«y) and y>dsriv»« 
^ UjML tM. 
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thw 

/<»+&• y + Aj)-/(iP+A, y + A j)+/(»» y) 

» by the zzieen-value theorem, 

by the meaii*value theorem, 
*“ Wb{/«y(»,y)+0(n)}, provided h t« 0(p„), h «* 
fidnoe/Bv ^ continuous. 

But 

te±*» . y»*) ast-o. 


and 

Hence 


a8*-^0. 


/v(«4-^,y)-/v{«.S 

h 


provided * p* (HPii)» 


wliioh proves theAf fyjpo^y) exists and equals /By(a;,y) 
15.96. For non-zero values of x and y. 


) 


ic* t/* v* a?^ V* f/* 

/, = 4-Bm|-**yco8|, = ~-,8m|+2**co85. 


Furthermore 


/w = -4^sm|^+7aj*cos^+2ay*sm'^ 
/,(g,0) = = 0, for all as. 


X-*** JL-^X 


smce sm^ < 1, ett. 

X 


XVI 

16. Lat take a maxanom or nununum value o at (a,6) <an 

9(«>y) =« 0; the tangent to 0(«,y) =» 0 at ^6) is (a— a)gs+(|r-i-&l^ «» 
and the taogtnt to /(«»y) »: o is (a— a)/^(y-~&)/t » 0. But 
statHmaxy at (a,b)« wheuoe/i-f Agg » 0 as /t+Afii^ and so , 

(»-ol/,+(y~6)/6 as 
16JL Use Uxamj^ 16. 

16.S. a >a 6* 000 $ as !• , 

16.4. Mtoimuin vahiM 4/{4+SV», 4/(4t-a^), 

14.4. CoosMer tT(X+tfp wiwto X .* s^i r ». g*. 

/ 


8*0 
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itM, I<e4 0 «•■>-/ be tlu (Useotrix aikdi (itwm0, adai) the fbeiu; 
eqpwfewn of the penbola » 

y*— 2airid&9--20(/+«ooB#)+4>*‘~/*'** 0< 

14.9S. Eavelepe fa e = y » y(ai(f)f*}> when the ftmotfan a(t) 

fa to be so ohoeen tl^at tiifa oitrve tonohee each of » a «(«><)> y = y{v,t). 
Condition for ocmtaot fa 


Bxfdydei dfA dyibie dct dx\ 


thatW 


dt * 0(0!, <) 


16.94. Beganb a, & ae ftmotions of a single variable t, sa1fafying\ 
A(a,6) m 0. Envelope satisfies ^ = 0, d^}dt » 0. But, 


whence 


S{a.b) 


d^_d^da ^ . SiK^ bXdb 

a* ~0o’d«‘^a6'd« ““ dadt^Sbdt 


0 , 


A 


0; conversely if 


0(^_ 

0 ( 0 , 6 )” 


0 and 


0A do 0A d6 
0a dt'*'^ A 


0 then 


0A 0^ 

06 ’ 0t 


0 and so 


at 


0 , 


Binoegg vt 0. 


i 


Nonndl at (a,6) on ^0,ff) 0 fa given by (0— a)^»— (y— 6)^, » (}, 

^0,6) m 0, wfamee envelope satisfies 

“ ii+H- 

Sdving^^fa equation with that of the normal we obtam the evolute as 
given inExample 16.41. 

16.95. Family of rectangular hyperbolas is 

ai*+sytenfi<*-y*— 0seo9+2ysin9— rin*fi = 0. 


16.96. ‘nieie fa a maaimiBin at « y a, where 


xvn 

17.1. IMvide the triangle S^tmuaded by y n, y-w, 4-^0, and 0 » 1 
into !Z\ bonndsd l^ryt^n, y«>2, 0»1 and Tf boande4(||by y a> 4->0, 
y «S,|«. l,andifpl^j[ 

^ ' is- 

j «fa4*.y jfatt I ® “• 
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17«4. If 0 is t&e bwaiidary of «Ma Mquired then 


0 AA 

wherev aa a^/y,vae y*lat,m>litMxy » {foandtitonfoten n «M,y » u^vl, 

J dxdy = 

17.6. EzprasB the donlde integral in two waya aa a repeated integral. 

17.6. Under the givep taca^ormation the dlipee 1 

beoomee the line segment 0 < « < Sjt, u = constant, and so S transforms 
into tile rectangle (^< « < Shr, 0 < « < ahrHtfc. * 

l/Pi+l/fi = 8echu/{c*ch*M— c*eoB*») 
and the Jacobian of the transformation is c*(ob*w--cos*tf),* whence 
, ^ A~‘bl« , 

(l/ri+ i/ff) da% ~ / J 2coh» dudv » 4^. 

17.8. Take 0 < e < VJ, and let Q be the quadrant of tiie oinde 
(E*4.p> aas 2X whieh contains the square (0,VZ)(0,VJt), and let be Q 
lees the quadrant of the circle = e*. Then * 

/« \i \/vx \ 

< I («<)**+^e“*'**^<li«B ** I J 8in**+>dooS"*W^itf|, 

t m rcM0 and it as rrigk$, 

u 

"ITT^TTiTn f **^V«dai!, where *iaT», 


and so, letting c 0, 

(J r^f 


®»»+*e-«<i»< 


4{(2a+l)l} 




fasV*d»«» 2 f »«•<*, 


but jfasV*d»«» 

tilwttDeteldi>yX«B»weAMli4 < nwy^ 
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